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Abstract. The equi-boundedness of solutions and the stability of the zero of nonlinear differ-
ence equation with bounded multiple delay

.
Tyl = Ay + Zoz;F(xn,mn), n=20,1,---
=1
are investigated.
Keywork: stability, fixed point theorem, contraction mapping, nonlinear difference equation,
equi-boundedness.

1. Introduction

Let R denote the set of real numbers, Z the set of integers and Z ' the set of positive integers
numbers. In this paper, we study the equi-boundedness of solutions and the stability of the zero of
nonlinear difference equation with bounded multiple delay

Tpt1 :)\naanrZozle(xn,mn), n=20,1,--- (1.1)
i=1

where of fori = 1,2,---,r and X are functions mapping Z to R; ' maps R to R; m maps Z to ZT.
The properties of solutions of delay nonlinear difference equations has been studied extensively
in recent years; see for example the work in [1-6] and the references cited therein. In [1], [2] and [3],
the authors studied the oscillation and the asymptotic behaviour of solutions of the following nonlinear

difference equations

Tpt1 — Tp (N2 =0, n=0,1,2,---

LTn+1 _xn+zal<n>mnfmz - 07 n = 071727"'
=1
Tn+1 _mn+05<n>f<xnfm) =0, n=0,1,2,---
and
Tt = Ap@p + Z a;(n)F(Zp—mm,;).
=1
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It is clear that these equations are particular cases of (1.1). We are particularly motivated by the work
of the authors [1-6] on the stability, boundedness and convergence of solutions of difference equations.

Throughout this paper, we assume that there is a K > 0 so that if || < K then F(z) < K|x|.

If m is bounded and the maximum of m is &, then for any integer g = 0, we define Zg to be
the set of integers in [ng — k, ngl. If m is unbounded then Zgy will be the set of integers in (—oo, ng).

Let v : Zg — R be an inital discrete bounded function.

We say 2, 1= @y, ng,y 18 @ solution of (1.1) if 2,, = v, on Zg and satisties (1.1) for n > ng.

The zero solution of (1.1) is Liapunov stable if for any ¢ > 0 and any integer ng > 0 there
exists a 6 > 0 such that [¢p,| < 6 on Zg implies |@,, 5y,| < € for 7 > ng.

The zero solution of (1.1) is asymptotically stable if it is Liapunov stable and if for any integer
no > 0 there exists r(rg) > 0 such that |1),| < r(ng) on Zy implies |2, 5, — 0 as 7 — oc.

A solution @, 1= @, 5y, 0f (1.1) is said to be bounded if there exists a B(ng, ) > 0 such that
| %m0, | < B(no, ) for n > ng.

A solution of (1.1) is said to be equi-bounded if for any ng and any By > 0 there exists

By = Bs(ng, B1) > 0 such that [¢,,| < By on Zg implies |@y, | < B2 for n > ng.
b b
For any sequence {xy}, we denote: > ap =0, [[ xx = 1 for any a > b.
k=a k=a

2. Main results

2.1. The Boundedness

Lemma 1. Assume that \, # 0 jor all n € Z. Then {x,} is a solution of equation (1.1) if and only
i

n—1 n—1 r n—1
Xy, = Xy, H As + Z ZaiF(mt,mt) H As.

s=ng t=ng 1=1 s=t+1

Proof. We first prove that equation (1.1) is equivalent to the equation

A(mn ﬁ A;l): ia;F<xnmn> ﬁ AL (1.2)

s=ng s=ng

Indeed, we have

n

Lp+1 ﬁ >‘;1 = Ay ﬁ >‘;1 JVET:OZZLF(*%’nfmn) H >‘;1
=1

s=ng s=ng s=ng
n n—1 r n
-1 -1 i -1
Ln+1 H >\s = n H >\s + § OénF<xn*mn) H >\s )
s=ng s=ng =1 s=ng

or

A(mn ﬁ )\;1): zr:ozle(xn,mn) ﬁ AL
i=1

s=ng s=ng
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Now, summing equation (1.2) from ng to n — 1 gives

t

ni: A ﬁ A= i io@ﬂxm) 1"

t=ng s=ng t—ng 1=1 s=ng
n—1 n—1 r t
-1 i -1
T H Ay = Xy + E E o F(2e m,) H Ag
s—ngp t=ng 1=1 s—ngp
n—1 n—1 r n—1
i
T = Tng H As + E E OétF<xt*mt> H As
s=ng t=ng 1=1 s=t-+1

93

Theorem 1.  Assume that \,, # 0 for n > ng and there exists M € (0, +o00), « € (0, 1) such that

n—1
12 <
s=ng
and
n—1 r n—1
S Il | T 2 <o
t=ng |1=1 s=t+1

Then solutions of (1.1) are equi-bounded.
Proof. Let By be a positive constant. Choose By > 0 such that
MB; + aB3 < Bo.
Let ¢ be a bounded initial function satisfies || < By on Zg. Define
S =A{¢:Z — Rlpn = ¢y on Zo and ||]| < Ba},

where ||¢|| = max |p,|. We shall prove that (S, ||.||) is a complete metric space.
ne

+||.|| is a metric.
) Vio,n €5l —nll = max|(p —n),| > 0.

lp=nll =0 & max|(p—mn),| =
& (p—n),=0,YneZ
S 0, —N=0,YneZ
& O =", VN EZ
= @ =1.
1) Vo, n € S, we have
lp —nll = max|(p —n),,| = max|e, — |

= max|n, — | = max|(n —¢),| = [In— ¢l
ne nc

(1.4)
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i) Vo, n, v € S, we have

lp =nll = max|(p —4),| = max|p, — ¢n| = max |pn =1 + 1 — 0l
< max (pn =] + 10— Pnl) < max|n — | + max|, — |
= e =nll +Illn =2

+ Suppose that {*} is a Cauchy sequence in S. We have
Ve > 0,3 : Yk, 026 ||t —F|| <&

orVe > 0,3 : Vk, €= 4 : mgx‘(goe—gok)n‘ <&
or

Ve > 0,3 k£ > Ly : ‘(gof—gok) ‘ <enel
Fixed n, {¢’} is a Cauchy sequence in R. In view of R is a complete metric space,

EISOn ceR: Pn — eliglosofl

We prove ¢ € S. Indeed, since o € S, ¢!, = 1, on Zg. It implies p,, = elim @b = 1y, on Zy.
— 00

Moreover, since ||¢f|| < Ba. ||¢|| < Bo.

Define mapping P : S — S by (Py),, = v, on Zg and

n—1 n—1 r n—1
<P30>n - wno H >\s + Z ZaiF«Otfmt) H Asyn Z Ng.

s=ng t=ng 1=1 s=t+1

We first prove that P maps from S to S. Indeed, we have

|(Po)nl

n—1 n—1 r n—1
¢n0 H >‘s + Z ZO‘%F«Ot*mt) H >‘s

s=ng t=ng 1=1 s=t-+1
n—1
11 »

n—1 n—1 r
Y S
s=t+1

s=ng t—ng [1=1

,7’1,27’1,0

< e

[F(#t-m, )] , T = no.

Since |||l < Bz, |¢t-m,| < Bz So Fpr-m,) < Ballpt—m, || < B. Hence,

n—1 r n—1
(Pl < BB Y S| | T A o= mo
t=ng | i=1 s=t-+1
n—1 r n—1
< B1M+B§Z Zozi H As|,m = ng
t=ng |1=1 s=t+1

< BM +aB32 < Bo.
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Hence P maps from S to itself. We next show that P is a contraction under the supremum norm. Let
¢,n €S, we get

n—1 r n—1 n—1 r n—1
[(P@)n — (Pn)n| = Z ZO‘;‘F“Otfmt) H As — Z ZO‘;‘F@tfmt) H As
t=ng 1=1 s=t+1 t=ng 1=1 s=t+1
n—1 r n—1
< By Do ail| T Al e —nl
t=ng |i=1 s=t+1
< Boalle —all.

Next, we prove that Boar € (0, 1). Indeed, since MB—]? >0,1— MB—]? < 1. On the other hand, from
MBq + ozB% < By we have ozB% < By — M By, which implies that

By

aBy <1 — < 1.

2

This shows that P is a contraction. Thus, by the contraction mapping principle, P has a unique fixed
point ¢* € S. We have

n—1 n—1 r n—1
(P )= pn ="t [] X+ DD aiF(eim) T s
s=ng t=ng 1=1 s=t+1
Since ng € Zo and ¢* € S, 1, = ;. Hence
n—1 n—1 r . n—1
SOZ - SOZO H >‘S + Z ZQ;F«O:fmt) H >‘87
s=ng t=ng 1=1 s=t-+1

1.e ¢ is a solution of (1.1). This prove that solutions of (1.1) are equi-bounded.

2.2. The Stability

Theorem 2. Assume that there exists v € (0, 1) such that | 3. ob)| < v and |\,| < 1 —~ for all
i=1

n € Z. Then the zero solution of (1.1) is Liapunov stable.

Proof. Put

M=(0—-7)(n—ng),N=(1—9)""1 a=~(n—ny)N.
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We have
n—1 n—1
Sl < Y- =(-Nn-—n)-M
et -
II>» < JIa-w=0-y"""'=nN
s=t+1 s=t+1
n—1 n—1
>N < Y Il
s=ng s=ng
n—1 r
D all < y(n—ng)
n—1 r sfno n:l
Z|ZO‘§|| H Al < y(n—ng)N = a.

s—ng i=1 s=t-+1

Let € > 0. Choose ¢ > 0 such that
M6 + ae® <.
Let ¢ be a bounded initial function satisfies |¢,,| < § on Zg. Define
S =A{¢:Z — Rlp, = ¢, on Zo and [|¢]| < ¢},

where ||¢|| = max |©n| . It can be verified that (S, |].||) is a complete metric space.
ne
Consider the map P : S — S by (1.5). We have

n—1 n—1 r n—1
¢n0 H >‘s + Z ZO‘;‘F«Ot*mt) H >‘s

[(Pe)nl = ;1= Mg
s=ng t=ng 1=1 s=t+1
n—1 n—1| r . n—1
< |¢n0| H As| + Z ZO‘; |F<90t*mt)| H As|; M = ng
s=ng t=ng | i=1 s=t-+1
n—1 r . n—1
< (5M+522 Zoé H As|,n = ng
t=ng | 1=1 s=t+1

< M+2a<e

and

n—1 »r n—1 n—1 r n—1
Z ZQ%F(S@tfmt) H As — Z ZoziF(nt,mt) H s

[(Pe)n — (Pn)nl =

t=ng i=1 s=t+1 t=ng i=1 s=t+1
n—1 r . n—1 n—1 r . n—1
< =)ol T Asllle=nl <22 Do ail | T sl lle =l
t=ng 1=1 s=t-+1 t=ng | i=1 s=t-+1
< ealle —nll.

It is easy to check that a= € (0, 1). This show that P is a contraction map and for any ¢ € S, || Pel|| <
e. Therefore the zero solution of (1.1) Liapunov stable.
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Theorem 3. Assume that the hypotheses of Theorem 2 are satisfied. Assume, in addition, that
n—my, — 0o as n — oo. (1.6)
Then the zero solution of (1.1) is asymptotically stable.

Proof. Since |\,| < 1— forall n € Z and y € (0, 1), it follows that |,| < 1. Consequently,
n—1
H)\s—>0asn—>oo. (1.7)

s=ng

Let ¢ be a bounded initial function satisfies |v,| < r(ng). Define
={¢:Z — Rlp, =, on Zy, ||¢]| < £ and |p,| — 0, as n — oo}.

Define P : S* — S* by (1.5). From the proot of Theorem 2, the map P is a contraction and it maps
from S* to itself.
We next prove that (Py),, goes to zero as n goes to infinity.

Since (1.7), it follows that v, 1:[ As goes to zero as n goes to infinie. We have only to prove

s=ng

n—1 .

o>y oziF(got,mt) H )\s,( > ng) — 0 asn — oo. Let ¢ € S* then |¢p—m, | < 2. Also,
t=ng

SINce Yp_m, — 0 asn — mn — o0, there exists a n; > 0 such that for n > nq, |¢n_m,| < &1 for

g1 > 0.
Indeed, by the condition (1.7), there exists no > n; such that

H s —12 VYn > ny
s=n1
Hence, for all n > ns, we have
n—1 r . n—1 n—1 r . n—1
ZZO‘;F@OFmt) H As| < Z ZO‘;F“Otfmt) H As
t=ng i=1 s=t+1 t=ng | i=1 s=t+1
ni—1| » . n—1 n—1 r . n—1
< Z ZO‘;F“Otfmt) H As| + Z ZO‘;F“Otfmt) H As
t—ng |i=1 s=t-+1 t—nq [1=1 s=t-+1
ni—1
D51 S VRRERED S1) 9 | Y
t=ng |1=1 s=t+1 t=n1 | 1=1 s=t+1
ni—1 ni—1
2 51 ST VRN | ERERES
t—ng |i=1 s=t-+1 s=n1
n—1 ni—1| r ny—1
T S Seif | 1 0 o
s=nq t=ng | i=1 s=t-+1
n—1 -
1
< 2o H Ao| +eta < Pa- 82—@+5%oz.
s=n1

2
< &1 teja.
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Now, by the above, it follows that (P¢),, — 0 as n — oco. By the contraction mapping principle, P
has a unique fixed point that solves (1.1) and goes to zero as n goes to infinity. The proof is complete.
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