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Abstract. We propose in this paper the construcion of non-commutative Chern characters
of the C'* —algebras of spheres and quantum spheres. The final computation gives us clear
relation with the ordinary Z/(2)—graded Chern chracters of torsion or their normalizers.
Keyworks.: Characters of the C'* —algebras.

1. Introduction

For compact Lie groups the Chemn character ch : K*(G)QQ — H},,(G; Q) were constructed.
In [4]-]5] we computed the non-commutative Chemn characters of compact Lie goup C* —algebras and
of compact quantum groups, which are also homomorphisms from quantum K —groups into entire
current periodic cyclic homology of group C' * —algebras (resp., of C*—algebra quantum groups),
chos @ Ky (C*(@)) — HEL(C*(G))), (resp., ches : K (C*(G)) — HEL(C*(G))). We obtained
also the corresponding algebraic vesion chqyy @ Ki(C*(G)) — HP.(C*(G))), which coincides
with the Fedosov-Cuntz- Quillen formula for Chemn characters [5]. When A = C*(G) we first
computed the K —groups of C*(() and the H F,(C?(()). Thereafter we computed the Chern character
cher » K (CHG)) — HEL(CX((G))) as an isomorphism modulo torsions.

Using the results from [4]-[5], in this paper we compute the non-commutative Chern characters
cher + Ky(A) — HEL(A), for two cases A = C*(S™)), the C*—algebra of spheres and A =
C*(S™), the C*—algebras of quantum spheres. For compact groups G = O(n + 1), the Chern
character ch : K*(5™) @ Q — Hj},z(S5™; Q) of the sphere S = O(n + 1)/O(n) is an isomorphism
(se, [15]). In the paper, we describe two Chern character homomorphisms

chos @ K (C*(S™) — HE,(C*(S™)),

and

cher + K (CFH(S™)) — HEL(CZ(S™)).
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Finally, we show that there is a commutative diagram

Chc &

KL (C*(5™)) HEL(C*(5™))

1 :

K(CWN) 2<% HEL(C(NT,))

gl lg

K*(Np,) —2 HEHR(N5,))

IR

(Similarly, for A = C*(?), we have an analogous commutative diagram with W x S! of place of
W x §™), from which we deduce that chc« is an isomorphism modulo torsions.

We now briefly review he structure of the paper. In section 1, we compute the Chemn chracter of
the C*—algebras of spheres. The computation of Chern character of C*(S™) is based on two crucial
points:

1) Because the sphere S = O(n +1)/O(n) is a homogencous space and C*—algebra of S™ is
the transformation group C*—algebra, follwing J.Parker [10], we have:

C*(8") 2 C*((O(n)) @ K(L*(S™))).

i1) Using the stability property theorem K, and H F, in [5], we reduce it to the computation of
C*—algebras of subgroup O(n) in O(n + 1) group.

In section 2, we compute the Chemn character of C* —algebras of quantum spheres. For quantum
sphere S™, we define the compact quantum C* —algebras C*(S™), where ¢ is a positive real number.
Thereafter, we prove that:

D
crsm=cishe @ /5 K Hy ),

eFweW

where C(H, ) is the elementary algebra of compact operators in a separable infinite dimensional
Hilbert space H, ; and W is the Weyl of a maximal torus Ty, in SO(n).
Similar to Section 1, we first compute the K,(C*(S™) and H F,.(C*(S™), and we prove that

chox K*<C:<Sn)) — HE*<C:<Sn)>

is a isomorphism modulo torsion.

Notes on Notation: For any compact space X, we write K*(X) for the Z/(2)— graded topo-
logical K —theory of X. We use Swan’s theorem to identify K*(X) with Z/(2)— graded K*(C(X)).
For any involution Banach algebra A, K,(A), HFE.(A) and HP,(A) are Z/(2)— graded algebraic or
topological K —groups of A, enire cyclic homology, and periodic cyclic homology of A, respectively.
If T is a maximal torus of a compact group G, with the corresponding Weyl group W, write C(T)
for the algebra of complex valued functions on T. We use the standard notation from the root theory
such as P, P for the positive highest weights, etc... We denote by Np the normalizer of T in G, by
N the set of natural numbers, R the fied of real numbers and C the ficld of complex numbers, (2 (N)
the standard ¢? space of square integrable sequences of elements from A, and finally by C*(G) we
denote the compact quantum algebras, C*(G) the C* —algebra of G.
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2. Non-commutative Chern characters of C*—algebras of spheres.

In this section, we compute non-commutative Chern characters of C*—algebras of spheres.
Let A be an involution Banach algebra. We construct the non-commutative Chern characters cheo« :
K.(A) — HE,(A), and show in [4] that for C*—algebra C*(G) of compact Lie groups &, the
Chemn character che+ is an isomorphism.
Proposition 2.1. ([5], Theorem 2.6) Let H be a separable Hilbert space and B an arbitrary Banach
space. We have

K (K(H)) = K (C);
K.(B®K(H)) =~ K.B)

HE(K(H)) = HE/(C);
HE.(B®K(H)) =~ HE(B),

where K(H) is the elementary algebra of compact operators in a separable infinite dimensional
Hilbert space H.

Proposition 2.2. (|5], Theorem 3.1) Let A be an involution Banach algebra with unity. There is a
Chern character homomorphism

chox @ Ko(A) — HEL(A).

Proposition 2.3. ([5], Theorem 3.2) Let G be an compact group and T a fixed maximal torus of
G with Weyl W .= Nq/T. Then the Chern character chex : K (C*(G)) — HE(C*(G)). is an
isomorphism modulo torsions. i.e.

ches + K (C*(@) @ C ——— HEL(C*(Q)),
which can be identified with the classical Chern character

chox @ Ko (C(N1)) — HE(C(NT)),

that is also an isomorphic modulo torsion, i.e

ch: K.(Nt) @ C —— H},(Np).

Now, for S = O(n + 1)/O(n), where O(n), O(n + 1) are the orthogonal matrix groups. We
denote by T, a fixed maximal torus of O(n) and Ny, the normalizer of T,, in O(n). Following
Proposition 1.2, there a natural Chemn character chex @ Ky (C(S™)) — HE(C(S™)). Now, we
compute first K,(C(S™)) and then H F,.(C(S™)) of C*—algebra of the sphere S™.

Proposition 2.4.

HE,(C(S")) = Hpp(Tn)).
Proof. We have

HE(C(S™) = HEJ(C(O(n+1)/0(n)))
HEL(C*(O(n)) @ K(L*(O(n +1)/0(n))))

IR
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(in virtue of, the K(L?(O(n+1)/0O(n)))) is a C * —algebra compact operators in a separable Hilbert
space L*(O(n + 1)/0(n)))
= +(C(O(n))) (by Proposition 1.1)
«(C(NT,))  (see [5]).
Thus, we have H E,(C*(S™)) = HE*(C(NT,)).
Apart from that, because C(N,,) is then commutative C* —algebra, by a Cuntz- Quillen’s result
[1], we have an isomorphism

HE
HE

HP(C((Nr,)) = Hpr(NT,))-
Moreover, by a result of Khalkhali [8],[9], we have
HP,(C((Nt,,)) = HE(C((NT,,))-
We have, hence
HE(C*(S")) = HE(C(Nt,)) = HP(C((NT,))
> Hpr(Nt,) > Hpp(NT,)  (by [15]).
Remark 1. Because H 5 (Nr,,) is the de Rham cohomology of T,,. invariant under the action of the
Weyl group W, following Watanabe [ 15], we have a canonical isomorphism H ] (T,,) = H*(SOn)) =
A (@3,27, ..., x2:43), Where @o;43 = o*(p;) € H*3(S0(n)) and o* : H*(BSO(n),R) —
H*(SO(n), R) for a commutative ring R with a unit 1 € R, and p; = 0;(t2,13, ..., t3) € H x (BT, Z)
the Pontryagin classes.
Thus, we have
HE*<C*<Sn)) =A (.%‘3, LTy aeny $2i+3).
Proposition 2.5.
K (C(5™) = K*(HT,))-

Proof. We have

KA(C(5™) =

5
3

=R
<
—
D
=
=
&
o
w
=
S
=
o

Thus, K. (C(S™)) = K.(NT,).
Remark 2. Following Lemma 4.2 from [5], we have

K.(Nt,) = K*(SO(n+1))/Tor

= A (BA); ey BAn-3,Ent1),

where 8 : R(SO(n)) — K 1(SO(n)) be the homomorphism of Abelian groups assigning to cach rep-
resentation p : SO(n) — U(n + 1) the homotopic class 3(p) = [i,p] € [SO(n), U] = K 1(SO(n)),
where i, : U(n + 1) — U is the canonical one, U(n + 1) and U by the n — th and infinite unitary
groups respectively and £, 11 € K~ '(SO(n + 1)). We have, finally

K*(C*(8™) = A (B(A1), s BA3,Ent1)-
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Moreover, the Chern character of SU(n + 1) was computed in [14], for all n > 1. Let us recall
the result. Define a function

¢  NXxNx N—Z,
given by
k
_ i-1f " \.g-1

Theorem 2.6. Let T,, be a fixed maximal torus of O(n) and T the fixed maximal torus of SO(n),
with Weyl groups W := N /T, the Chern character of C*(S™)

cher K (CF(S™)) — HEL(C*(S™))

is an isomorphism, given by

n

ches (B(Ak)) = Z((—1)i*12/(2¢—1)!¢(2n+1,k,2¢)x2i+1 (k=1, ..., n-1);

chor(eait) = D (=1 12/(2i - 1)!)((217 > ol2n t 1,k 20,

Proof. By Proposition 1.5, we have
KL (CH(5™)) = K«(C(N1,)) = K¥ (N,
and
HE(C*(S™) =~ HE(C(NT,)) =~ Hpr(NT,)  (by Proposition 1.4).

Now, consider the commutative diagram

Chc &

KL (C*(5™)) HEL(C*(5™))

gl lg

K.(C(NL)) 2% HE(C(Ng,))

gl lg

K*(Nr,)  —%= Hpp(Nr,)).

Moreover, by the results of Watanabe [15]. the Chern character ch : K*(Nt,) @ C — H},n(N7,,))
is an isomorphism

Thus, chex @ K (C*(S™)) — HE,(C*(S™)) is an isomorphic (Proposition 1.4 and 1.5), given
by

chor(BO) = D ((=1)712/(2i = DDe(2n + 1, k, 20)azi 1 (k=1, ..., n-1);
i=1
cher(enin) = D ((=1)712/2i = 1)) ((52) D 62n 1 1,k,20) Jwasia,

; n’ 4
i=1 =1
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where

1

K*(C*(S™) A (BA); ey BA-3, Eng1)
HE*<C*<Sn)) ~ A <$3,$7,...,$2i+3).

3. Non-commutative Chern characters of C*—algebras of quantum spheres

In this section, we at first recall definition and main properties of compact quantum spheres and
their representations. More precisely, for 5™, we define C*(S5™), the C*—algebras of compact quantum
spheres as the C* —completion of the *—algebra F.(S™) with respect to the C* —norm, where F.(S™)
is the quantized Hopf subalgebra of the Hopf algebra, dual to the quantized universal enveloping
algebra U(G), generated by matrix elements of the U (G) modules of type 1(see [3]). We prove that

Cr(S™) = e P /

eFweW

where C(H, ) is the elementary algebra of compact operators in a separable infinite dimensional
Hilbert space H,, ; and W is the Weyl group of 5™ with respect to a maximal torus T.

After that,we first compute the K —groups K,(C¥(S™)) and the HFE.(CX(S™)), respectively.
Thereafter we define the Chern character of C*—algebras quantum spheres, as a homomorphism from
K (C*(S™)) to HE(C*(S™)), and we prove that ches : Ky (C*(S™)) — HEL(C*(S™)) is an
isomorphism modulo torsion.

Let G be a complex algebraic group with Lie algebra G =LieGG and ¢ is real number, £ # —1.
Definition 3.1. ([3], Definition 13.1). The quantized function algebra F.(G) is the subalgebra
of the Hopf algebra dual to U.(G), generated by the matrix elements of the finite-dimensional
U.(G)—modules of type 1.

For compact quantum groups the unitary representations of F.(G) are parameterized by pairs
(w,t), where ¢ is an element of a fixed maximal torus of the compact real form of GG and w is a element
of the Weyl group W of T in G.

Let A € P, V.()\) be the irreducible U.(G)—module of type 1 with the highest weight .
Then V.(\) admits a positive definite hermitian form (.,.) such that zvq,v2) = (v, 2*vg) for all
v1,v2 € Vo(A), @ € U(G). Let {v};} be an orthogonal basis for weight space V.()), u € PT. Then
U{v}} is an orthogonal basis for V(). Let C () = (207, v8) be the associated matrix elements

of V2(\). Then the matrix elements C;) l”(whe}rle A runs thrlz)ngh PT, while (i, 7) and (v, s) runs
independently through the index set of a basis of VZ(\) form a basis of F.(G)(see [3]).

Now very irreducible *—representation of F. (S Lo(C) is equivalent to a representation belonging
to one of the following two families, each of which is parameterized by S = {t € C\|t| = 1}

1) the family of one-dimensional representations 7;

ii) the family 7; of representations in £(N)(see [3]).

Moreover, there exists a surjective homomorphism F.(G) — F.(SLz(C)) induced by the
natural inclusion SLy;C — G and by composing the representation 71 of F.(SLyC) with this
homomorphic, we obtain a representation of () in ¢?(N) denoted by 7,,, where s; appears in the
reduced decomposition w = sy, Siy, ..., S5, More precisely, 7, @ Fo(G) — L(£*(N)) is of class
CCR(see [11]).i.e, its image is dense in the ideal of compact operators £(¢£%(N)).
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Then representation 7; is one-dimensional and is of the form
’E(Cli‘,s,“,r) = 0p,50,0 exp(2mV—1p(z)),

if t = exp(2nyv/—1u(x) € T, for @ €LieT(see [3]).
Proposition 3.1. ([3]. 13.1.7). Every irreducible unitary representation of F.(G) on a separable
Hilbert space is the completion of a unitarizable highest weight representation. Moreover, two such
representation are equivalent if and only if they have the same highest weight.
Proposition 3.2. ([3].13.1.9) Let w = s;,, 54y, ..., 5i, be a reduced decomposition of an elementw of
the Weyl group W of G. Then

i) The Hilbert space tensor product p,; = Ty, @ Mgy & e Q Ty, @ 1 is an irreducible
*—representation of F.(G) which is associated to the Schubert cell S,;

i) Up to equivalence, the representation p; does not depend on the choice of the reduced
decomposition of w;

iii) Every irreducible *—representation of F.(G) is equivalent to some p,, .

The sphere S™, can be realized as the orbit under the action of the compact group SU(n+1)
of the highest weight vector vy in its natural (n + 1)—dimensional representation V. of SU(n + 1).
Ift.s, 0<r s<n,arethe matrix entries of V| the algebra of fiunctions on the orbit is generated
by the entries in the “first column” Ly and their complex conjugates. In fact,

f(Sn) = C[too, ...,tno,f()o, ,fno]/ ~,

2

where 7 ~ 7 is the following equivalence relation

n
teo ~ st < Ztsofso =1.
s=0

Proposition 3.3. ([3]. 13.2.6). The *—structure on Hopf algebra F.(SLy(C)), is given by

o~

lys = (=) “qdet(T,s),

where T, is the matrix obtained by removing the ' row and the s column from T.
Definition 3.2. ([3],13.2.7). The *—subalgebra of F.(SL,+1(C)) generated by he elements 4, and
txg0, for s = 0, ...,n, is called the quantized algebra of functions on the sphere S™, and is denoted
by F.(S™). It is a quantum S L, 1(C)—space.
We set z; = 50 from now on. Using Proposition 2.4, it is easy to see that the following relations

hold in F.(S™):

Zpozs =€ Vzgz, ifr < s

ezt =t ifr £ s

Zezt — 2z (1) Y, Z2E =0

7 *
o0 2s-25 = 0.

(CP)

Hence,F.(S™) has (C'P) as its defining relations. The construction of irreducible *—representation of
F-(S™), is given by.
Theorem 3.4. ([3].13.2.9). Every irreducible * —representation of F.(S™) is equivalent exactly to one
of the following:

i) the one-dimensional representation po; t € S, given by po(z%) =t and po4(z}) = 0
ifr >0,
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ii) the representation po;, 1 <r <mn, t¢€ S, on the Hilbert space tensor product £2(N)®",

give by
pra(z5)(er, @ ... @ ex,) =

gl ki) (] — g 2kenit )26, @ . Qep, ek, +1Q ek, D...Qe, if s <7

110 = kj+r)ek1 Q... e, ifs=r

0 if s >r.
The representation po. is equivalent to the restriction of the representation T, of Fo(SLy1(C))
(cf.2.3); and or r > 0, p, is equivalent to the restriction of T4, @ ... @ T, @ Ty.

From Theorem 2.6, we have

m ker Pw,t — {0}7

(wt)eWXT

1.e. the representation @, cw f;? pw,tdt 1s faithful and

. lifw=e
dimpe =4 .
’ 0if w # e.

We recall now the definition of compact quantum of spheres C* — algebra.
Definition 3.3. The C*—algebraic compact quantum sphere C*(S™) is he C*—completion of the
*—algebra F.(S™) with respect to the C*—norm

1f1l = sup (O f € F(5™)

where p runs through the* — representations of F.(S™) (cf., Theorem 2.6) and the norm on the right-
hand side is the operator.

It suffcies to show that || f|| is finite for all f € F.(S™), for it is clear that ||.|| is a C* —norm,
ie. £ = II/]I*>. We now prove that following result about he structure of compact quantum
('* —algebra of sphere S”.

Theorem 3.5. With notation as above, we have

B
cxsm=cishe P / K(H, )dt,

etwew /St
where C(S') is the algebra of complex valued continuous fiunctions on S* and KC(H ) ideal of compact
operators in a separable Hilbert space H.
Proof. Let w = s;,.5;,...5; be a reduced decomposition of the element w € W into a product of
reflections. Then by Proposition 2.6, for » > o, the representation p,, ; is equivalent to the restriction of
Ty @ v Qs ® 7Ty, where 7y, is the composition of the homomorphism of F.(G) onto F.(SLy(C))
and the representation 71 of F.(SL2(C)) in the Hilbert space ¢*(N)®"; and the family of one-
dimensional representations 7z, given by

Ti(a) = t, T(b) = T(c) = 0, Te(d) =t
where ¢ € S' and a, b, ¢, d are give by: AlgebraF.(SLo(C)) is generated by the matrix elements of

b . .
type <(Z d> . Hence, by construction the representation p, ; = Moy @0 QT @ 7:. Thus, we have

gyt CH(S™) ——— CH(SLa(C)) — L(P(N)®").



H.H. Bang et al. / VNU Journal of Science, Mathematics - Physics 25 (2009) 249-259 257

Now. 7, is CCR (see, [11]) and so, we have 7, (C*(S™) = IC(H,, +). Moreover T,(C*(S™)) = C.
Hence,
pu(CE(S™) = (Te, @ . @7y, ©T)(CE(S™)
= 7, (C2(57) © ... @y, (C2(57) @ T(CZ(S7))

~ K(H)®..@ K(Hsik) ®C
= K<Hw,t>7
where H,; = H,, @ ....Q H,, @ C.
Thus, Puwt(CE(S™)) = K(Hy ).
Hence,

P J, e @ [ i

weW weW

Now, recall a result of S. Sakai from [11]: Let A be a commutative C* —algebra and B be a C* —algebra.
Then, Co(2, B) = A® B, where 2 is the spectrum space of A.

Applying this result, for B = K(H,, ;) = K and A = C(W x S!) be a commutative C* —algebra.
Thus, we have

CH(S™) =~ o P /
e#wGW

Now, we first compute the K. (C*(S™)) and the H F,.(C*(S™)) of C*—algebra of quantum sphere S™.
Proposition 3.6.

HEL(CZ(S™) = Hpp(W x §1).

Proof. We have

HE,(C*S™) = e P / H,,4)dt)

= HE,(C(S") ® HE( @/ H,)dt))

1

HE(C(W x SYY@K (by Proposition 1.1)
~ HE(CW x Sh)).

Since C(W x S') is a commutative *—algebra, by Proposition 1.5 §1, we have
HEL(C*S™) = HE(C(W x SY)) = Hr(W x S1).

Proposition 3.7.
K (C*(S™) = K*(W x S1).
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Proof. We have

KACHS™) — KJC(SHe P / K(H)dl)

~ K. (C(W x SY)Y®@K (by Proposition 1.1)
~ K,(C(W x ShH).
In result of Proposition 1.5, §1, we have
K. (C(W x 1)) = K, (W x SY).
Theorem 3.8. With notation above, the Chern character of C « —algebra of quantum sphere C x.(S™)
cher + K (C #, (S™) — HEL(C %, (S™))

is an isomorphism.
Proof. By Proposition 2.9 and 2.10, we have

HEL(CX(S™)) = HE((C(W x §1)) = Hpp(W x §1)),
K. (CF(S8™) = K (C(W x §1)) = K*(W x §1)).
Now, consider the commutative diagram

chox

K(C2(5™)) HEL(CZ(5™))

gl lg

KL (C(W x 81)) 29, g c(w x §1))

%l ch lg

K*(W xSt —=— Hy (W xSh)).

Moreover, follwing Watanabe [15], the ch : K*(W x S1) @ C — H}, (W x S!) is an isomorphism.
Thus, chox : Ky (C . (S™) — HE(C *. (S™)) is an isomorphism.
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