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1. Introduction

In the last decade, there have been extensive works on studying of robustness measures, where
one of the most powerful ideas is the concept of the stability radii, introduced by Hinrichsen and
Pritchard [1]. The stability radius is defined as the smallest (in norm) complex or real perturbations
destabilizing the system. In [2], if & = Az is the nominal system they assume that the perturbed
system can be represented in the form

¢ = (A+ BDC)z, (1)

where D is an unknown disturbance matrix and B, C' are known scaling matrices defining the “struc-
ture” of the perturbation. The complex stability radius is given by

-1
_ —1
max [C(tT - A) B | (2)

If the nominal system is the difference equation x,41 = Az, in [3] they assume that the perturbed
system can be represented in the form

Znt1 = (A+ BDC)z,,. (3)

Then, the complex stability radius is given by
1

max ||C(wI —A)7'B|| . (4)
weC:|w|=1
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Earlier results for time-varying systems can be found, e.g., in [4, 5]. The most successful attempt
for finding a formula of the stability radius was an elegant result given by Jacob [5]. Using this result,
the notion and formula of the stability radius were extended to linear time-invariant differential-algebraic
systems [6, 7]; and to linear time-varying differential and difference-algebraic systems [8, 9.

On the other hand, the theory of the analysis on time scales, which has been received a lot of
attention, was introduced by Stefan Hilger in his Ph.D thesis in 1988 (supervised by Bernd Aulbach)
[10] in order to unify the continuous and discrete analyses. By using the notation of the analysis on
time scale, the equations (1) and (3) can be rewritten under the unified form

22 = (A+ BDC)x, (5)
where A is the differentiable operator on a time scale T (see the notions in the section 2).
Naturally, the question arises whether, by using the theory of analysis on time scale, we can
express the formulas (2) and (4) in a unified form. The purpose of this paper is to answer this question.
The difficulty we are faced when dealing with this problem is that although A, B, C' are constant
matrices but the structure of a time scale is, perhaps, rather complicated and the system (5) in fact is
an time-varying system. Moreover, so far there exist some concepts of the exponential stability which
have not got a unification of point of view. In [11], author used the classical exponent function to
define the asymptotical stability meanwhile the exponent function on time scale has been used in [12].
The first obtained result of this paper is to show that two these definitions are equivalent. To establish
a unification formula for computing stability radii of the system (1) and (3) which is at the same time
an extention to (5), we follow the way in [12] to define the so-called domain of the exponential stability
of a time scale. By the definition of this domain, the problem of stability radius for the equation (5)
deduces to one similar to the autonomous case where we know how to solve it as in [13].
This paper is organized as follows. In the section 2, we summarize some preliminary results on
time scales. Section 3 gives a definition of the stability domain for a time scale and find out some its
properties. The last section deals with the formula of the stability radius for (5).

2. Preliminaries

A time scale is a nonempty closed subset of the real numbers R, and we usually denote it by
the symbol T. The most popular examples are T = R and T = Z. We assume throughout that a time
scale T has the topology that inherits from the standard topology of the real numbers. We define the
forward jump operator and the backward jump operator o,p: T — T by o(t) = inf{s € T : s >t}
(supplemented by inf ) = supT) and p(t) = sup{s € T : s < t} (supplemented by sup () = inf T).
The graininess ju : T — RTU{0} is given by u(t) = o(t)—t. A pointt € T is said to be right-dense if
o(t) = t, right-scattered if o(t) > t, left-dense if p(t) = t, left-scattered if p(t) < t, and isolated if ¢
is right-scattered and left-scattered. For every a,b € T, by [a, b], we mean the set {t € T : a < ¢ < b}.
For our purpose, we will assume that the time scale T is unbounded above, i.e., supT = oo. Let f
be a function defined on T. We say that f is delta differentiable (or simply: differentiable) att € T
provided there exists a number, namely f*(t), such that for all € > 0 there is a neighborhood V around
t with |f(ao(t)) — f(s) — f2(t)(o(t) — 5)| < €|o(t) — s| for all s €V. If f is differentiable for every
t € T, then f is said to be differentiable on T. If T = R then delta derivative is f (¢) from continuous
calculus; if T = Z then the delta derivative is the forward difference, A f, from discrete calculus. A
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function f : T — R is called regulated provided its right-sided limits (finite) at all right-dense points
in T and its left-sided limits exist (finite) at all left-dense points in T. A function f defined on T is
rd-continuous if it is continuous at every right-dense point and if the left-sided limit exists at every
left-dense point. The set of all rd-continuous function from T to R is denoted by C,q(T, R). A function
f from T to R is regressive (resp. positively regressive) if 1+ u(t) f(t) # 0 (resp. 1+ u(t)f(t) > 0)
for every t € T. We denote R (resp. R") the set of regressive functions (resp. positively regressive)
from T to R. The space of rd-continuous, regressive functions from T to R is denoted by GqR (T, R)
and, C,qRT(T,R) := {f € ClqR(T,R) : 1 + u(t)f(t) > 0 forall t e T}. The circle addition
@ is defined by (p @ q)(t) = p(t) + q(t) + u(t)p(t)q(t). For p € R, the inverse element is given
by (©p)(t) = —% and if we define circle subtraction © by (p © q)(t) = (p ® (5q))(t) then

— p)—g(®)
Pe ) = Fmen-

Let s € T and let (A(t));>s be a d x d rd-continuous function. The initial value problem
A _ _
a= = A(t)z, x(s) = zo (6)

has a unique solution x(¢, s) defined on ¢ > s. For any s € T, the unique matrix-valued solution,
namely ®4(t, s), of the initial value problem X* = A(#)X, X (s) = I, is called the Cauchy operator
of (6). It is seen that ®4(t,s) = Pa(t,7)Pa(7,s) forall t > 7 > s.

When d = 1, for any rd-continuous function ¢(-), the solution of the dynamic equation 2 =
q(t)x, with the initial condition x(s) = 1 defined a so-called exponential function (defined on the time
scale T if g(-) is regressive; defined only ¢ > s if ¢(+) is non-regressive). We denote this exponential
function by e, (¢, s). We list some necessary properties that we will use later.

Theorem 2.1. Assume p,q: T — R are rd-continuous, then the followings hold

i) eo(t,s) =1 and e,(t,t)=1,
ii) ep(o(t), s) (14 pu(t)p(t))ep(t, s),
iii) ep(t, s)ep(s,r) = ep(t,r),

Jep(s,
iv) ep(t, s)eq(t, s) = epayq(t, s),
V) Z:Ei Z) epoq(t, ) if q is regressive,
Vi) pr eR' then ep(t,s) >0 forallt,s €T,
vii) f p(s)ep(c, o(s))As = ep(c,a) — ey(c,b) for all a,b,c € T,
viii) If p € RY and p(t) < q(t) for all t > s then e,(t,s) < e4(t,s) forall t>s

Proof. See [14], [15] and [16].
The following relation is called the constant variation formula.
Theorem 2.2. [See [17], Definition 5.2 and Theorem 6.4] If the right-hand side of two equations

2 = A(t)z and 22 = A(t)x + f(t, ) is rd-continuous, then the solution of the initial value problem
2 = A(t)x + f(t,x), x(tg) = zg is given by

t
x(t) = P a(t, to :E0+/<I>A f(s,z(s))As, t>tp.

to
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Lemma 2.3. [Gronwall’s Inequality]. Let u,a,b € C.q(T,R), b(t) > 0 for all t € T. The inequality
t
u(t) < a(t) + / b(s)u(s) As for all £ > &g
to

implies

u(t) < alt) + / a(s)b(s)en(t, o(5)) As for all £ > .

to

Corollary 2.4.

¢
L. If u € Cu(T,R), b(t) = L > 0 and u(t) < a(t) + L [u(s) As for all t > o implies

to

u(t) < alt) + LjeL(t, o(s))a(s) As for all t > t.

to

t
2. If u,b € Coq(T,R), b(t) > 0 for all t € T and u(t) < up + [ b(s)u(s) As for all ¢ > ¢, then
to
u(t) < ugep(t, to) for all t > to.
To prove the Gronwall’s inequality and corollaries, we can find in [14]. For more information
on the analysis on time scales, we can refer to [17, 18, 19, 20] .

3. Exponential Stability of Dynamic Equations on Time Scales

Denote T+ = [tg, 00) N T. We consider the dynamic equation on the time scale T
:UA = f(tv fL'), (7)

where f : T x R? — R? to be a continuous function and f(t,0) = 0.

For the existence, uniqueness and extendibility of solution of initial value problem (7) we can
refer to [15]. On exponential stability of dynamic equations on time scales, we often use one of two
following definitions.

Let z(t) = (¢, 7, x0) be a solution of (7) with the initial condition z(7) = z, T > to, where
xo € RY,

Definition 3.1. [See S. Hilger [10, 17], J. J. DaCunha [11], ...] The solution z = 0 of the dynamic
equation (7) is said to be exponentially stable if there exists a positive constant o with —a € R
such that for every 7 € T* there exists a N = N(7) > 1, the solution of (7) with the initial condition
x(7) = z0 satisfies ||z (t; 7, 20)|| < N||zolle—a(t, 7), for all t > 7,t € TT.

Definition 3.2. [See C. Potzsche, S. Siegmund, F. Wirth [12],...] The solution x = 0 of (7) is
called exponentially stable if there exists a constant o > 0 such that for every 7 € T there exists
a N = N(7) > 1, the solution of (7) with the initial condition z(7) = x( satisfies ||z (t; T, z¢)|| <
N|zolle =), for all t > 7,t € T+.

If the constant N can be chosen independent from 7 € T+ then the solution z = 0 of (7) is
called uniformly exponentially stable.
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Note that when applying Definition , the condition —a € R™ is equivalent to pu(t) < é This
means that we are working on time scales with bounded graininess.
Beside these definitions, we can find other exponentially stable definitions in [21] and [22].

Theorem 3.3. Two definitions and are equivalent on time scales with bounded graininess.
t
Proof. If —a € RT,t > 7 then e_,(t,7) = exp { [ lim MAS} where

T ouN\p(s)
lim In |1 — aul _ {;g_a“(s)) %f u(s) =0,
u\u(s) u = w(s) > 0.
So
lim M < —a, forall s € T.
uN\pu(s) u

Therefore, e_o(t,7) < e=*t~7) for all @ > 0,—a € Rt and ¢t > 7. Hence, the stability due to
Definition implies the one due to Definition .
Conversely, with o > 0 we put

e -1 {—Oé if p(t) =0,
lim — =

sty S % if p(t) > 0.

It is obvious that a(-) € R* and ezy(t,7) = e U=7) Let M := sup,ep+ pu(t). If M =0, ie.,
p(t) = 0 for all t € T, then a(t) = —a. When M > 0 we consider the function y = ¢~ —1

u
with 0 < w < M. It is easy to see that this function is increasing. In both two cases we have

a(t) < f:= lim e ==L for all t € T*.

a(t) =

Therefore, e5(.(t, 7) = e—o(t=7) eg(t, ), for all ¢ > 7. By noting that —3 > 0 and § € R"
we conclude that Definition implies Definition . The proof is complete.

By virtue of Theorem , in this paper we shall use only Definition to consider the exponential
stability.

We now consider the condition of exponential stability for linear time-invariant equations

D = Au, (8)

where A € K¢ (K =R or K = C). We denote o(A) = {\ € C, X is an eigenvalue of A}.
Theorem 3.4. The trivial solution © = 0 of the equation (8) is uniformly exponentially stable if and
only if for every A € o(A), the scalar equation ™ = \x is uniformly exponentially stable.
Proof.
“ =" Assume that the trivial solution = = 0 of the equation (8) is uniformly exponentially stable
and A\ € o(A) with its corresponding eigenvector v € C¢\ {0}. It is easy to see that ey (¢, 7)v
is a solution of the equation (8). Therefore, there are N > 1 and o > 0,—a € R such that
lex(t, T)v| < Ne_q(t, 7)||v]|, ¢t = 7. Hence, |ex(t,7)| < Ne_o(t,7), t > 7.
“<="7 Let (®4(t,7))t>r be the Cauchy operator of the equation (8). We consider the Jordan form
of the matrix A

J1 0

STTAS = :
0 JIn
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where J; € C%*di g a Jordan block

Ao 10 0
Ao 1 0
Ji = . )
i
and \; € 0(A),dy +do+ ...+ d,=d, 1 <i<n<d.
Since
Py, (t,7)
<I>A(t77_):S S_la
it suffices to prove the reverse relation with
A1 0 -+ 0
A1 -0
A = . . )
0 A

where the equation 2 = Az is uniformly exponentially stable. Let 2 = (zxy, xo, ..., 24). The equation
2 = Az can be rewritten as follows

:131A = \r1 + T2
:132A = A\T9 + T3

............ 9)
:L'C% = \Zq,
with the initial conditions z(7) = :L'g, k=1,---,d. The assumption that the equation z® = Az is

uniformly exponentially stable implies |e(t, 7)| < Ne_q(t,7), with N;a > 0,—a € R" and t > 7.
The last equation of (9) gives z4 = ex(t, 7)zY. So

lza(t)] = lea(t, 7)Y < Nl|z9le_olt, 7) < Nl||zolle_a(t,7), forallt>r.

By the constant variation formula, we have the representation,

zq_1(t) = ex(t, 7))z | + /eA(t, o(s))ex(s, 7)z9As

Therefore,

t
2a1(8] < Neoaltlal |+ [ Noeoalt,o(e)e-als DlaliAs
t
< Nlahle-altr) + Nal [ e_an(to(s))e_sp(s,7)As

t
1
_ 0 210
N|:L'd_1|€_a(t,7')+N|:L'd|/T a 23& (s))e_zg(t,s)e_zg(s,T)As

As

¢
< N|2%_ le_a(t, 7))+ N?|zYe at,T/i.
|zg_1le—2(t,7) |zgle_2a ( )T T (s)
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Since —a € R™, we have 1 —au(s) > 0 which is equivalent to 1 — 27‘“@(5) > % for all s € T. Hence,
a1 ()] < Nlwg_ile—g (8, 7) + 3N?|ag|(t — T)e_za (£, 7).

Further, from the relation (—§)®(—$)(t) = —270‘4—(—2?0‘)2#(75) > —2?0‘, it follows that e_%(t, 7').6_%(75, T)
= e(_%)@(_%)(t, T) = _QTa(t, 7). On the other hand, e_2(t,7) < exp(—@) for any t > 7.

Therefore, (t — T)e_a(t,7) < (t —7) exp(—a(tg_ﬂ) < 30’(1;(_1). Thus,

[wams (1)) < K aolle_s (£, 7).

where K1 = N 4 3N (=1
(0%
Continuing this way, we can find K > 0 and 8 > 0 with 3 € R™ such that

|lz|| < K||xolle—p(t,7), forallt>r

The theorem is proved.
Remark 3.5. It is easy to give an example where on the time scale T, the scalar dynamic equation
x® = Az is exponentially stable but it is not exponentially uniformly stale. Indeed, denote ((a,b)) =
{n € N:a <n < b}. Consider the time scale

T = 22n’ 22n+1 22n+1’ 22n+2 .

U[ ] LnJ(( )

Let \ = —2 and 7 € T, says 2™ < 7 < 2™+, We can choose & = —1 and N = 2"*! to obtain
lex(t,7)] < Ne_i(t, 7). However, we can not choose N to be independent from 7.

4. The domain of exponential stability of a time scale

We denote
S ={X € C, the scalar equation 2 =z is uniformly exponentially stable}.

The set S is called the domain of exponential stability of the time scale T. By the definition,
if A € 9, there exist & > 0, —a € R" and N > 1 such that |e)(t,7)] < Ne_o(t,7) forallt > 7
Theorem 4.1. S is an open set in C.
Proof.

Let A € S. Thereare a > 0, —a € RT and N > 1 such that |e) (¢, 7)| < Ne_,(t, 7) for all ¢t >
7 and assume that p € C, |p— A| < ¢, where 0 < € < %. We consider the equation 22 = pz =
Az + (p — ANz with the initial condition z(7) = xg.

By the formula of constant variation, we obtain

t

(1) = ex(t 7)o + / ex(t, o () (1 — Na(s)As.
This implies
|z(t)| < Nl|zole—a(t, ) —I—/ Nee_o(t,0(s))|z(s)|As

_ Nlaole_at >+/tL (t,5)|a(s)]A
= N|xole_a(t, T j 1—oz,u(s)e_a ,8)|x(s)|As,
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or
0L g [ e Ly,
ealt,m) ST T —ap(s) ecals,T)
Applying the Gronwall’s inequality, we have
t
Ol ¢ Niggle_x._(t,7),
e_q(t,7) T=an()
or

|z(t)| < N|zole (t,7) = Nlwole_(q—ne(t, 7) for all t > .

—a@ e
It is obvious that «— Ne > 0 and —(a—Ne) € R™). Thisrelation says that {u € C: |u—\| < €} C S,
i.e., S is an open set in C. The proof is complete.
Example 4.2.

1. When T =R then S = {\ € C, R\ < 0}.

2. When T = hZ (h > 0) then S = {\ € C, |1+ Ah| < 1}.

3. When T = |J;2[2k, 2k + 1] then S = {A € C,RA+ In|1 + A| < 0}.

Indeed, if A = —1 then for all 7' € T there exists ¢t € T,¢ > T such that 1 + A\u(t) = 0, this
implies z(o'(t)) = 0. Therefore, in this case the equation 2 = Az is (uniformly) exponentially stable.

Now assume A # —1. When 2m = s < t = 2n we have |ey(t, s)| = ™A1 4 \P—™ =
eI IEAN(=m)  Thys, A € S if and only if RA +In|1 + A| < 0. If s,t € T such that 2m <
s<2m+1and 2n <t < 2n+ 1. Since, |ex(t, s)| = | H1=9)ey (20, 2m 4 2)eM 20 (1 4+ )| <
Newatin|14))/2(t, s) we have the proof.

4. Similarly, if T = {J;2 o[k, k+ o], € (0,1) then S = {A € C,aRA+1In|1 + (1 — a)A| <
0}, where we use the convention In0 = —oo.

5. Stability radius of linear dynamic equations with constant coefficients on time scales
Assume that the nominal equation
B = Ax (10)

is uniformly exponentially stable, where A € K%*¢ (K =R or K = C).
Consider the perturbed equation

22 = Az + DAFE, (11)

with D € KR! F € K7%¢ and A € K'*9 is an unknown time-invariant linear parameter disturbance.
Denote N = {A € KXY, 0(A+ DAE) ¢ S}.
Definition 5.1. The structured stability radius of the dynamic equation (10) is defined by

r(A; D; E) := inf{||A|| the solution of (11) is not uniformly exponentially stable}.
By the assumption on (10) and due to Theorem , we have o(A) C S and
r(A; D; E) = inf{||A]| : A € N} = sup{r > 0,0(A+ DAE) C SV A e KX A < r}.
Let A € p(A) :=C\ o(A), we define
ra(A; D; E) :=sup{r > 0, \ € p(A+ DAE) for all A € K¢ with |A| < r}.
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For a subset 2 C p(A), we define
ro(A; D; E) := sup{r > 0,Q C p(A + DAE) for all A € K™ with ||A]| < r}.

1
Theorem 5.2. [See [13]] For all A € p(A) we have r)\(A; D; E) = B — A—D] where I is

the identity matrix.

1
3. 131 If Q C p(A) th A; D; E) = inf .
Corollary 5.3. [See [13]] C p(A) then ro(A; D; E) inf TEOT = A) D]
Applying this result with = S = C\ S we have,

Theorem 5.4.

1
A D;FE)= A;D; FE)= inf
T( y ) TQ( y ) )\lélﬂs ||E(AI—A)_1D||

Denote G()\) := E(M — A)~'D. By virtue of the properties /\lim G(\) = 0 and S to be
closed, we see that ||G/()\)]| reaches its maximum value on CS. Moreover, since the function G()) is

analytic, the maximum value of ||G(\)]|| over CS can be achieved on the boundary 9CS = 9S. Thus,
Theorem 5.5.

-1
r(4; Ds B) = ra(4; D; B) = { max |GV }

We now construct a destabilizing perturbation whose norm is equal r(A; D; E). Since ||G(\)]]
reaches its maximum value on CS, by the theorem , there exists a \y € S such that r(A4; D; E) =
IGo)lI

Let u € C' satisfying ||G(A\o)ul| = ||G(Xo)|, ||u|| = 1. Applying the Hahn-Banach theorem,
there exists a linear functional y* defined on K9 such that y*(G(Xo)u) = ||G(Ao)ul| = ||G(Xo)|| and
lly*|| = 1. Putting A := ||G(Xo)|| " tuy* we get

IAT < IGO) I lulllly™ = 1Go) I

From
AG(Ao)u = [[G(o) | uy* G(No)u = u,
we have
1A= (G o)lI 7
Combining these inequalities we obtain
1Al =[G (o)l

Furthermore, let = (Aol — A)~!Du and from
(Ml — A — DAE)xz = (Aol — A)(MoI — A)"'Du — D||G(No)|| tuy* E(NoI — A)"'Du
= Du — D||G(Xo)|| " tuy*G(No)u = 0,

it follows that \g € o(A+ DAFE)NCS. This means A € N and it is a destabilizing perturbation.
Example 5.6. Let T = (J;2 [k, k + %] and

0 —2 11 0 2
a=(V 3) o-(5 o) mae=(7 2).
We have the domain of exponential stability of this time scale is

1 2
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Fig. 1. The domain of stability.

It is easy to see that o(A) = {—1,—2} C S. The boundary of S is the set 95 = {\ €
C,iRA+In[1+ A =0} and

( g(,\+1) ; 2
G(\) = [ M3 +2 A fi/\zﬂ .

0 NZ+3A+2
With the maximum norm of R2, i.e., ||(x,y)|| = max{|x], |y|} we have
20+ 1]+2 A+ 2| }_2(|/\—|—1|—|—1)
A2 43X +2] A2 +3X+21)  [A24+30+ 2

|G| = max {

- |Ai2|<1+ |/\—1|—1|>'

Put A = z + yi. From A € 9 we have (22 + 3)2 + 4y = 9¢~3% and z < 0.
Then

IGO)|| = F(z) = 2 14 ! <2 = F(0) for all < 0.

9e=iv 4 g4 I \/m
| = [IG(0)[| = 2 and r(A; D; E) =
1,1) it yields

1G(O)ull = IG(0)]| = 2
Take the functional y* = (1, 0), we have y*(G(0)u) = ||G(0)u|| = ||G(0)|| = 2 and ||y*|| = 1. Let

Aﬂm@wwfz@ )

We see that (A + DAE) = {0, -2} ¢ S which implies A € N and r(A4; D; E) = 3 = ||A||.

Therefore max ||G(\ 3
A€0S

—~

With the vector u =

6. Conclusion

In this paper we have considered the exponential stability and given a formula for the stability
radius of time-invarying linear dynamic equations with linear disturbance on time scales by giving
the domain of exponential stability and showing the existence of a ”bad” perturbation whose norm is
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equal to the stability radius. In the theory of stability radii, the investigation whenever the real stability
radius and complex one are equal is very important. Since the structure of the stability set is rather
complicated, so far we have to leave it as open question.
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