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ciia biéu thirc cho hoc sinh kha, giéi cudi cap trung hoc
pho théng : \b Luén viin ThS. Gido duc hoc: \ Nguyén
Thi Thanh Thuy ; Nghd. : PGS.TS. Bui Van Nghi

1. Li do chon dé tai

Theo Luat gido duc Viét Nam nam 2005, muc tiéu gido duc
pho thdng cua ching ta 1a “Gilp hoc sinh phét trién toan dién vé dao
dire, tri tué, thé chat, tham mi va C&c Ki ndng co ban, phdt trién ndng liec
ca nhdn, tinh nang dong va sang tao, hinh thanh nhan cach con nguoi
Viét Nam X& hoi chu nghia, xdy dung tw cach va trach nhiém cong
déng, chuan bi cho hoc sinh z‘ié}o tuc hoc Ién hoac di vao cudc séng lao
déng, tham gia xay dung va bdo vé Té quéc”. Vé phuong phap gido duc,
can phai “Phat huy tinh tich cuc, tw gide, chii déng, tw duy sdng tao ciia
nguoi hoc; boi dwéng néing le tw hoc, 10ng say mé hoc tdp va y chi vieon
1én”, “boi dwdng phwong phdp tw hoc, rén luyén ki ndng vdn dung kién
thire vao thue tién; tic déng dén finh cam, dem lai niém vui, hitng thii
hoc tdp cho hoc sinh”. MOn Toan la mon hoc cong cu, gitt mot vai tro
hét strc quan trong trong chuong trinh THPT. Trong d6 cac bai toan vé
tim gia tri 1on nhét,gia tri nho nhat 13 nhimg bai todn yéu cau cao & hoc
sinh vé tu duy, vé ki ning. Song, d6i voi hoc sinh thi dang toan nay la
mot trong nhitg dang toan kho, can phai chii ¥ va c6 nhitng bién phap
dé rén luyén ki ning giai dang toan ndy, gop phan nang cao chat lugng

day hoc chu dé nay.



T nhitng 1i do trén, dé tai duoc chon 1a: “Reén luyén ki ndng fim
gia tri l6n nhat, gid tri nhé nhdt ciia biéu thirc cho hoc sinh khd, gici
cuéi cap THPT”.

2. Lich st nghién ciru

Hién nay d4 c6 mot sé cong trinh nghién ctu gan giii véi dé tai
nay, nhung chu yéu nghién ctru vé rén luyén ki nang cho HS trong giai
toan Hinh hoc. Mot s6 trong nhiing dé tai d6 1a: “Rén luyén ki nang giai
bai toan Hinh hoc khong gian bang phuong phap toa do ¢ truong THPT"
- Luan van thac si cia Thai Thi Anh Thu, PHSP HN, nam 2004; "Rén
luyén ki ning giai cac bai toan thiét dién cua cac hinh khéng gian trong
chuong trinh Hinh hoc PT" - luan vin thac si cia Nguyén Tién Trung,
PHSP HN, nam 2006, "Rén luyén ki ning giai toan vé Puong thang va
mat phang trong khéng gian, Quan hé song song cho hoc sinh 16p 11
Trung hoc phd thong”, luan vin thac si caa Nguyén Thi Pinh, K3,
DPHGD - PHQG HN, nam 2010 v.v....

Pé tai nay khac nhitng dé tai noi trén vé chu dé can rén luyén va
d6i twong hoc sinh. D6 14 chu dé tim GTLN, GTNN va ddi tuong 1a HS
kha, gioi cudi cap THPT.

S& di ching tdi chon dbi tuwong 13 HS kha, gioi cudi cip THPT, bai
vi, ¢6 & cudi cap thi cac em méi biét duge nhiéu phuong phap giai dang
toan nay. Hon nita, nhu chung t6i d& trinh bay ¢ trén, day la dang toan
khd, nén vai HS kha, gioi 1a phu hop hon.

3. Muc dich va nhiém vu nghién ciru
+ Muyc dich nghién ctru: Dé xuat mot giai phap nham rén luyén c6 hiéu
qua kinang tim GTLN, GTNN cho HS.
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+ Nhiém vu nghién ctru:
- Nghién ctru hé théng 1i luan vé ki nang giai toan, giai bai tap toan hoc.
- Nghién ctru cac dang toan va cac phuong phap tim GTLN, GTNN.
- Nghién ctru va dé xuat mot giai phap rén luyén c6 hiéu qua ki ning tim
GTLN, GTNN cho HS kh4, gioi cudi cap THPT.
- Thue nghiém su pham nham kiém nghiém tinh kha thi va hiéu qua cta
dé tai.
4. Poi twong nghién ciru va khach thé nghién ciru
- Béi twong nghién ctru: 1a qué trinh day hoc tim GTLN, GTNN & trudong
THPT.
- Pham vi nghién ctru: 1a cac bai toan tim GTLN, GTNN & truong
THPT.
- Khach thé nghién ctru: 1a HS kha, gidi cudi cép THPT.
5. Mau khio sat
Mbt s6 16p 12, truong THPT chuyén Tran Pha, Hai Phong.
6. Van dé nghién ciru
- Cé4c ki nang tim GTLN, GTNN cta mdt biéu thtrc?
- Giai phéap rén luyén ki nang tim GTLN, GTNN cua mdt biéu thirc cho
hoc sinh kh4, gioi cubi cap THPT?
7. Gia thuyét khoa hoc

Giai phap quan trong cho viéc nang cao ki nang giai toan tim gia tri
l6n nhat, gia tri nho nhat caa biéu thite cho hoc sinh kha, gioi cudi cap
Trung hoc pho théng 1a viéc hé thong hoa duge cac dang toan, cac ki
nang tim gia tri 16n nhat, gia tri nho nhat caa biéu thirc va ¢ bién phap
thich hop ren luyén cho hoc sinh.
8. Phuwong phap nghién ctru



- Phuong phép nghién ctru 1i luan
- Phuong phap diéu tra quan sat
- Phuong phap thuc nghiém su pham
9. Cau triic luin vin
Ngoai phan mé dau, két luan, tai liéu tham khao, noi dung luan

van duoc trinh bay trong 3 chuong:

Chuong 1. Ki nang giai toan

Chuong 2. Giai phap ren luyén ki nang tim GTLN, GTNN cta mot
biéu thirc cho hoc sinh kha, gioi cudi cép THPT

Chuong 3. Thuc nghiém su pham



CHUONG 1
KI NANG GIAI TOAN

1.1. Quan niém vé Ki niing, ki niing giai toan
1.1.1. Quan niém vé ki ning, ki ning gidi todn

Tuy theo cac phuong dién nhin nhan khac nhau vé ki ning: xét vé
tdm li, hanh vi, hay xét theo nang Iuc van dung, hanh dong, hay xét theo
phuong dién gido duc, ma c6 nhitng cach dinh nghia khac nhau vé ki
nang. Trong luan van nay, chung téi quan niém: Ki ning 1a kha nang van
dung tri thire (khai niém, dinh 1i, thuat giai, phuong phap) dé giai quyét
nhiém vu dit ra. Nhu vay, tri thic (bao gdm ca tri thire sy vat, tri thic
phuong phap) 1a co s& cta ki nang. Trong Toan hoc, ki nang 1a kha nang
giai cac bai toan, thuc hién cac chirng minh ciing nhu phan tich ¢6 phé
phan céc loi giai va chirng minh nhan dugc. Ki nang giai bai tap toan clia
HS la kha nang st dung ¢6 muc dich, sang tao nhiing kién thiic toan hoc
da hoc dé giai bai tap todn hoc.
1.1.2. Piéu ki¢n dé cé ki ning

Mubn c6 ki ning vé hanh dong ndo d6 chu thé can phai: Co kién
thire dé hiéu duoc muc dich ciia hanh dong, biét duoc diéu kién, cach
thie dé di dén két qua, dé thuc hién hanh dong; Tién hanh hanh dong d6
véi yéu cau cia nd; Pat duoc két qua phil hop voi muc dich da dé ra; Co
thé hanh dong c6 hiéu qua trong nhitng diéu kién khac nhau; C6 thé qua
bat chude, rén luyén dé hinh thanh ki ning.
1.1.3. Cac mirc do cuia ki ning gidi todn

Ki nang giai bai tap todn hoc ¢ thé chia thanh ba mic do khic
nhau:biét lam, thanh thao; mém déo, linh hoat, sang tao.

1.2. Nhiém vu ren luyén ki nang giai toan cho hoc sinh
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1.2.1. Muc tiéu day hoc mon todn

Trang bi cho HS nhitng tri thire, ki nang, phuong phap toan hoc
pho thong, co ban, thiét thuc; GOp phan phat trién ning luc tri tué, bdi
dudng pham chat tri tué cho HS; GAp phan hinh thanh va phéat trién cac
pham chat, phong cach lao dong khoa hoc, biét hop tac lao dong, c6 v chi
va thdi quen tu hoc thuong xuyén; Tao co sd dé HS tiép tuc hoc CD,
PH, TCCN, hoc nghé hodac di vao cudc séng lao dong.
1.2.2. Yéu cdau rén luyén ki néing gidi todn cho hoc sinh & truong THPT

Gilp hoc sinh hinh thanh va nam viing nhitng mach kién thirc co
ban trong chuong trinh; Gilp hoc sinh phat trién cac ning luc tri tué (Tu
duy I6gic va ngobn ngit chinh xac; Kha nang suy doan, tu duy triru tuong
va tri tudng tuong trong khong gian; Nhitng thao tic tu duy nhu phan
tich, tong hop khai quat héa; Cac pham chat tri tué nhu tu duy doc lap, tu
duy linh hoat va sang tao).
1.3. Giai bai tap toan hoc
1.3.1. Vai tro cua bai tdp todn hoc

Bai tap c6 vai tro quan trong trong bd mon toan. Thong qua viéc

giai bai tap hoc sinh phai thuc hién nhitng hoat dong nhit dinh; Nhitng
bai tap ciing thé hién nhitng kha niang khic nhau huéng dén viéc thuc
hién céc muc tiéu day hoc mon todn ; Thong qua bai tap, gido vién cd thé
hoan chinh hay b6 sung nhiing tri thifc ndo dé da duoc trinh bay trong
phan 1y thuyét. Piéu quan trong hon cé 1a théng qua bai tap gido vién s&
ren luyén cac ki nang giai toan cho hoc sinh.
1.3.2. Y nghia ciia viéc gidi bai toan theo nhiéu cdch

Viéc di sau vao tim hi€u nhiéu cdch giai khdc nhau cho mot bai
toan c6 vai tro to 16n trong viéc rén luyén ki nang, cung co kién thic, rén
luyén tri thong minh, 6¢ sang tao cho hoc sinh.
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1.4. Nhirng tri thirc lién quan dén bai toan tim gia tri 16n nhat, gia tri
nhé nhat cia biéu thire
1.4.1. Nhitng phwong phdp thong thwong im GTLN, GTNN ciia biéu
thirc mot bién so

Dua vao bat dang thirc; Dya vao khao sat ham sé; Tim tap gia tri.
1.4.2. Nhitng phwong phdp thwong dung trong bai todn tim GTLN,
GTNN ciia biéu thirc

Str dung bét dang thire; khao sat ham sé; hinh hoc hoa, luong giac hoa.
1.4.3. Nhigng bit dang thirc thuwong ding trong bai toan tim GTLN, GTNN

Gom nhimg bt dang thiic co ban c6 trong SGK, nhimg BDT mo rong.
1.4.4. Méi lién quan giia bai toan chizng minh BPT va bai toan tim
GTLN, GTNN ciia biéu thirc

Céc phuong phap chimg minh BT 1a cac phuong phap chi yéu sir
dung trong bai toan tim GTLN, GTNN cua biéu thirc va nguoc lai; Vé co
ban hai dang toan nay co thé chuyén hoa cho nhau, tuy nhién ciing c6 nhitng
diém khac nhau; Vé yéu cau: Bai toan tim GTLN, GTNN cua biéu thic thi
bat budc phai chi ra dang thirc xay ra khi ndo, con bai toan chirng minh BDT
khéng nhat thiét phai lam diéu do.
1.5. Mot s6 dic diém vé phong cach hoc tap ciia hoc sinh kha, giéi

Nhiing HS kha, gioi thuong c6 mot s6 dic diém vé phong cach hoc
tap nhu sau:
- Thé hién 18 nhimg dic diém cta tu duy toan hoc (theo Vién si B.V. Go-
nhe-den-c6, =6 1a: Nang lyc nhin thay sy khong rd rang caa qua trinh suy
luan, thdy duoc su thiéu sot cua nhimg diéu can thiét trong chimg minh;
Su ¢6 dong; Su chinh x4c ctia cac ki hiéu; Phan chia rd rang tién trinh

suy luan; Ii I8 day du va légic).



- Thé hién dugc nhimg nét doc dao cua tu duy toan hoc (theo A.la. Khin-
chin, =6 1&: Suy luan theo so do 16gic chiém wu thé; Khuynh huéng tim con
dudng ngan nhat dan dén muc dich; Phan chia ranh mach cac budc suy luan;
Str dung chinh xac céac ki hiéu, Tinh c6 cin ctr day di cia 1ap lun).
- Thuong ngai tinh toan, khong thich 1am di 1am lai nhiing diéu da biét
néu khong c6 gi méi. HS kh4, gioi thuong suy nghi nhanh va hiéu qua,
nhung thuong ngai tinh toan cu thé, khong thich lap di lip lai nhimg kiéu
lam nham chén.
1.6. Pinh huéng cho giai phap rén luyén ki nang giai toan cho hoc sinh
1.6.1. Quy trinh hinh thanh ki nang

Theo ching t6i, quy trinh hinh thanh ki nang giai toan ndi chung,
ki nang tim GTLN, GTNN cho HS gom ba buéc sau:
Budc 1: Hudng dan HS giai mot s6 bai toadn mau & trén 16p, c6 phan tich
phuong phap suy nghi, tim 15i giai, luu y cho HS nhiing diém can thiét.
Bude 2: HS tu rén luyén ki ning giai toan theo hé thong bai toan c6 chu
dinh cta gido vién, gido vién phan tich, khac phuc nhitng khé khan, thiéu
sot cho HS.
Budc 3: Rén luyén ki nang giai toan & mirc d6 cao hon, tong hop hon.
1.6.2. Nhitng yéu cdau déi véi gido vién trong viéc hinh thanh ki ning
gidi toan cho hoc sinh

Dé hinh thanh ki ning giai bai tap todn hoc cho HS, gido vién cin
thyc hién t6t cdc van dé sau: Xdc dinh ting ki nang cu thé trong hé
thong ki nang giai bai tap toan hoc cho HS THPT va muc do ctia n6 &
moi 16p hoc, cap hoc tuong tng; Xéac dinh hé thong bai tap toan hoc
twong tng chu yéu dé HS luyén tap ki nang giai cac bai tap co ban, bai

tap tong hop; Xay dung so d6 dinh huéng khai quat, cdc thuat toan giai
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moi dang, loai bai tap; Huéng dan hoc sinh hoat dong tim ki€m 10i giai,
bai tdp mAu va bai tap tuong tu nhim giip HS nidm dugc so do dinh
huéng giai bai tap toan hoc néi chung va méi bai tap cu thé noéi riéng; S
dung hé thong bai tap sau moi bai, méi chuong dé giip HS luyén tap theo
mau, khong theo mau, thuong xuyén va theo nhi€u hinh thitc giai khac

nhau; Cha ¥ dén tinh hé théng cia céc ki ning.



CHUONG 2
GIAI PHAP REN LUYEN KiI NANG TIM GIA TRI LON NHAT,
GIA TRI NHO NHAT CUA BIEU THUC CHO HOQC SINH

Trong chuong trinh nay ching toi trinh bay viéc rén luyén ki nang
tim GTLN, GTNN cua biéu thic cho HS theo timg dang khac nhau.
Trong mdi dang s& sir dung mot s6 PP nhu d4 xac dinh & muc 1.4
chuong 1. Ching tdi trinh bay theo céu tric nhu vdy mot mat dé thuan
loi cho viéc rén luyén ki ning cho hoc sinh theo ting bai, mit khac moi
dang c6 thé co nhiéu PP giai khac nhau. Mdi phan nho s& duoc trinh bay
theo ba budc nhu da xac dinh & muc 1.6 chuong 1.
2.1. Dang tim GTLN, GTNN ciia ham so
Vi du 1: Tim GTLN, GTNN cuta f(x)=-x*+3x*+2 trén mdi tdp hopD
cho duéi day: a. D=[1,4] Db. D=[1,4) c. D=(34] d. D=(34).
Bai nay gitp HS phéan biét dugc GTLN, GTNN cua ham sb trén mot
khoang dong, khoang khong dong: Trén khoang khong dong thi phai dya
vao bang bién thién ham s6 dé két luan; Trén khoang dong [a;b] thi chi
can tim GTLN, GTNN trong tip hop céac gia tri cia hdm so tai a;b;Cac

diém t&i han thudc doan [a;b].

. . T \ x> +3
Vidu2: TimGTLN, GTNN cua y=————
X"—=X+2

Céch 1: Tim tap gia tri caa ham sb; Cach 2: Dung khao sat ham s6
2.2. Dang biéu thirc chi chira mét bién

Néu biéu thirc chi chira mot bién s6 thi dwong nhién ta co thé sur
dung phuong phap khao sat hdm s6 nhu ¢ muc 2.1 trén. Tuy nhién,

khong phai ham s6 nao ciing dé dang khao sat dugc, nén muc ndy cha
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yéu s& trinh bay nhitng phuong phap khac ngoai phuong phap khao sat
ham s6.

2.2.1. Sir dung cdc bit ding thirc d3 biét

2.2.2. Xét biéu thirc cé lién quan

Vi du 3: Tim GTLN, GTNN ctia ham sé y=+/x—2 +/4—x.

Hurdng déin: Xét y?.

2.2.3. Dt an phu

Vi du 4: Tim GTNN cia y=(2+3)" +(2-v3)" —3[(2—ﬁ)x +(2+ﬁ)x]
ChU y: HS d& mic phai sai 1am khi tim tap gia tri cia an phy; it an phu
trong mot sé6 ham phan thic hiru ti thuong gip: dang a +%, dang can

thuec....
2.2.4. Sir dung diém thudc dé thi ham so

X2 —x+1

Vidub5: Xét (C)y=
N () x-1

. Tim trén (C) diém M dé tong khoang cach

tir M t6i hai duong tiém can xién cua (C) dat gia tri nho nhat.
2.2.5. Lwong gidc hoa

+ Pa thitc Tré-bu-sep: 2x? -1 =cos2t; 4x° — 3X = c0s3t ...

X =asint,t e{—z;z}
2 2

x = acost,t € [0, 7]

+ Dang vJa’ - x* : xe[-a,a]-Dat

Vi du 6 : Tim GTLN cta ham sé f(x) = V1-x*x.(2x* ~1)(8x* ~8x* +1) trén
[-11]
Hudng dan:

Do xe[-11] nén Jte[0;z]:cost=x, f(x):sintcost0052t0054t:%sin8t:g(t).
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2.3. Dang biéu thirc chira hai bién

Vé6i nhitng dang toan ma diéu kién rang budc giira hai bién 1a bac
nhat, dé dang rat dugc bién nay theo bién kia, quy vé mot bién roi khao
sat ham s6 mot bién dé thi phuong phap giai bai toan da rd rang. Tuy
nhién, trong trudng hop ndy, gido vién cd thé khuyén khich hoc sinh tim
cach giai khac nhanh hon, do c6 nhitng nhan xét tét hon. Phan trinh bay
dudi day chu yéu quan tdm toi nhitng phuong phap khac véi phuong
phap quy vé mot bién.

2.3.1. Dwa vao truwong hop xdy ra ding thirc khi siv dung BPT Co-Si

Vi du 7: Cho {iyylxgy:l _Tim GTNN ciia P: p=x' + "

Pang thirc xay ra khi X =y = «=+2-1, nén phai 4p dung BPT C6-si phu
hop:
X'+at+atrat 28X atatat =4xe’ Yy vat rat vat 24y atatat =dyat=

. 40’ —-(6+a)a’
B 1+«

— const =2(2—8ﬁ+12—4ﬁ+1)=30—24ﬁ o x=y=+2-1,

2.3.2. Dwa vao tinh doi xirng ciia hai bién

2.3.2.1. Quy vé danh gid cdac don thire, da thirc doi ximg
(X+ )95 (X +2).o.

Vidu 8: Cho x+y=1. TIm GTNN ctia A=x*+y>+xy

Céach 1: banh gia xy, tir d6 danh gia A

Cach 2: Rut vé 1 bién y=1-x. Bién d6i A vé ham so6 doi voi bién x.

1
X==+t

Cach 3: Pua vé bién méi. it 2 Bién d@di A vé ham sb déi voi

y ZE—t
bién t.
2.3.2.2. Bdt én phu
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2 2

X*+y
X—y

Vidu9: Cho xy=1;x>y. Tim GTNN cia A: A=

1
2
X\ +—

Céach 1: RGOt y:E.CéI A= X Piat P
X 1 X

X_i

X

Cach 2: Xét A= Xy’ Xy (do xy=1) Dat t=x>+y2.
(x=y)* X +y -2

2.3.2.3. Panh gid téng nghich dao

Vi dy 10: Tim GTNN ciia P: p:X_j+y_j_z(X_z+y_j]+i+z
yt X yv2 X2 )y X

2.3.3. Dwa va0 ddu hiéu rang budc ciia hai bién trong gid thiét

2.3.3.1. Bai toan c0 gid thiét x+y=k (kla hang s6)

Chly: GTNN thuong dit ra cho nhitng biéu thire dang: (x"+y");ned ..
GTLN thuong dit ra cho nhitng biéu thirc dang: xy;vx+a++/y+b.

x>0y>0

Y S
x+y=1 " J1-x 1-y
2.3.3.2. Mt s6 dang khdc

Tim GTNN cua P.

Vi du 11: Cho {

Vidy 12: Cho x* +y* =1 Tim GTLN, GTNN ciia P: p= 20 *%%)
. 1+2xy+2y

2.3.4. Khdo sdt theo tirng bién
Vidu 13: Cho xe[0;1];y €[0;2] .Tim GTNN cua P=(1-x)(2-y)(4x-2y)

Huong dan: P = 2(1-x)(2-y)[(2-y)-2(1-x)].X€t D={(x;y):0<x<L0<y<2}

:1— ,
bat {:_2 );.COI uel0;1];ve[0;2]; P:2uv(v—2u):2(—2u2v+uv2):g(u;v).

min P :(m)inDlg(u;v) = min (rr}(i)rlw]g(u;v)j VO1D, = {(u,v):0<u<10<v<2}

(x;y)eD ve[0;2]

Xét ham s6 f(u) = —2vu? +vu ; u e[0;1]; Vo1 tham s6 v e[0;2].
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min f (u) = min(f (0), f () = min(0;v2 —2v). Xet h(v) V&i v e[0;2]. SUy ra minp = -2

ue[0;1]
2.3.5. Luong gidac hoa
Nhitng truwong hop thuong dung phwong phap lwong giac hoa.

X =asint,t e [_E;ﬁ}
2 2

x = acost,t €[0, 7]

+ Muon khtt cin Va? —x* : x e[~ a,a]-Dit

+ Mudn khir va—x,vJa+ x: Dit x = acosz{t e[O%D

Ja—x =,/al—cos2t) =+/2a.sint; ~a+x =,/a(l+cos2t) =+/2a.cost
+ Mubdn bién doi (1+ xz): bat t = tan x(t e(—%;%n :cO:

1+x* =1+tan’t =

cos’t
=asint
+ Co: X2 +y° :aZ(a>0)<:>E|te[O;Zn]:{);_ZiI:St
x> y? _ . 1 |x=asint
¥+F:1(a,b>0)©3t€[0,2ﬂ] y:bcost
+ C6 biéu thirc 2~ : Pat x = tanu, y = tanv;C6 fanu —tanv = tan(u —v)
1+ xy 1+tanutanv
e - X
+Co: ==t , 2t2; ZtZDatt:tan—
1+t2 1+t° 1-t 2
L 1-t? 2
Co: ~=C0SX; —— =SsinX; —— =tanx
1+t 1+t 1-t

+ Mudn khtr can: +x* —1: Pit x = i(t € [O;n]/{%}]

cost
X2 —-1= 12 —1=\tant\
\ cos? t

Vidu 14: Cho x* +y* -2x-2y+1=0(1). Tim GTLN, GTNN cua P:
P:\/§(x2 —yz)—Z(\/§+1)x+2(\/§—l)y+2xy+2
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X—1=sint

H r d: . _12 —12:1 dt 0,2 .
udng dan: () < (x-1)" +(y-1) < 3te027] {y—l:COSt

2.3.6. Hinh hoc héa
(x=x,) +(y-v,) =R’ & M(x,y)e duong tron tdm 1(x,;y,);ban kinh r.

ax, +by, +c=0 <> M(x,y,) € duong thang: ax+by+c=0.

JO =% Y + (v, =y, ) = MM, Vi M, (% %,)iM, (%,:Y,)

|ax, + by, +¢| .

————=d(M;(A)) VO1 M (X,;Y,);(A):ax+by+c=0
[ag_‘rbg ( ) ( 0 0)

k=§: hé s6 goc duong thang OM V&i 0(0;0);M (a;b)

Vi du 15: Tim GTNN cua f(x)=+/x*> —2px+2p> +/x* —2gx +99°
(p=q)

Huréng din:

Xét A(x— p,|p|)B(x—q;-al), OA=+/(x- p) + p*;0B =/(x-q) +q°

{Ae(Al):y:\p\

Be(Az):y:_‘q‘

(A, XA,) thudc hai nira mat phang bo 1a tryc hoanh.

x=p |p|

Do f(x)=0A+0OB > AB = const. Vay khi O thudc doan AB < q
X—q -

=0

thi min f(x)=+/(p-q)° +(|p|+|q ZQX:p|q|+q|p|
(o) (pl+lal)” = x= R0

2.4. Dang biéu thirc ¢6 tir 3 bién so tré 1€n

2.4.1. Dang biéu thirc doi xirng hodc xoay vOng déi véi cdc bién theo
diéu kién rang budc bién

2.4.1.1. Dang cé rang bugc bién: {F

X =X,=.X,eD

Dang nay GTLN hodc GTNN xay ra khi {F (% x)=0 Tir d6 ma co
cach danh gia phu hop.

15



Chl y: Mot s6 hé qua caa BPT Co-si:

PR 2
+ vx >O(i:1,n); l+i+...+i2 n
X X, X, X+ X, ot X
+ vx zo(i :L_n);(1+ X ) (1+X,)...(1+ xn)2(1+;1/x1x2...xn )n
— 1 1 1 n
+ vx >0(i=1Ln); >
% (I n) 1+x1+1+ X, " +1+xn 1+ 8% %X,

Diu "=" Xay ra < x =X, Vi;j=Ln, i #

Mot s6 hé qua ctia BDT Bu-nhia-cop-ski:

+ a2 +b? +4c2+d? >(a—cf +(b-d) . Dau "="xay ra < ad =hc

2 2 2 2 J4
+ X_+V_+Z_ZM va,b,c>0. Dau "=" xayra < X

xX_y_z
a b ¢ a+b+c a b c

Vi du 16: Cho a;b;c>0;abc>1. Tim GTNN cua P; Q:

a’ b? ¢’ a’ b? c? L .
P= + + ' Q= + + VG1 «, >0 cho trude
b+c a+c a+b ob+pc ac+pfa aa+pb
I X . . hY ? . a=b=C>0
Huong dan:P dat GTNN khi va chi khl:{abc—l oa=b=c=1.

Ta c6 thé ching minh: P 2%(a+b+c) theo nhiéu cach, dwa vao cac BDT

R 2 2
quen thudc. Chang han: -2+ b >2,|-2 bre_g
) " b+c 4 b+c 4

a>0;b>0;c>0
Vidul7:Cho{1 1 1 Tim GTNN cua
E+B+E£3

P=+va?+b?+ab++b2+c2+bc++/c?+a’+ca

Q=+a?+2b% +ab+b?+2c2 +bc++/c? +2a% +ca

Huéng dan: P:
a’ +b? +ab:%(a+b)2 +£(a—b)2 2%(a+b)2 = +a’ +b*+ab 2§(a+b)

4
= pP>3/3 khia=b=c=1.
2.4.1.2. Dang c¢é rang budc hai bién cé lién quan dén biéu thirc lwong
giac
16



Vi 3 s6 duong x;y; z: xy+yz+zx=1; lubn ton tai mot tam giac ABC sao
A B C
© X=tan—; y=tan—; z=tan—,
cho: Y > >

Néu thém GT 3 s6 X; y; zclng nho hon 1 thi tén tai mot tam giac nhon

théa man tinh chat trén.

NG 2X ) 2X X A

=COoS A; =sin A; =tan A; =sin—.

1-—
1+x 1+ x° 1-x2 1+ x2

Vi du 18: Cho 3 s6 duong cung nhé hon 11 x;y; z: xy+yz+2x=1;

Khi do:

X y Z

TimGTNNCﬁaP:le St ——+

/ X A . y ) 1
Huodng dan: Ton tai tam giac ABC nhon va P = E(tan A+tanB+tanC),

2.4.1.3.Dang c6 rang bugc hai bién c6 lién quan dén biéu thirc hinh hoc
Vidu 19: Cho ab,ce[0;2],a+b+c=3. Tim GTLN, GTNN cua T =a?+b* +¢?
Hudng dan: a,b,ce[0;2]< M(a;b;c) € khéi 1ap phuong :
{0<x<2,0<y<2; 0<z<2}co 4 dinh:0(0:0,0); A2:0:0); B(0;2:0); C(0;0:2).
M(a;b;c) VO1 a+b+c=3< M(a;b;c)e mp(a) x+y+z=3; mp(a)=mp(lJK)

M (a,b,c) thoa man 2 diéu kién trén khi va chi khi M thudc thiét dién tao
boi mp(IJK) cat khéi 1ap phuong.
Thiét dién d6 12 luc giac EFPQRS
(trong d6 E, F, P, Q,R, S lan luot
la trung diém cac canh).

KL: MaxT =5 {a;b;c}=1{07;2};
" minT=3e<a=b=c=1

17



2.4.2. Dang biéu thirc khdc (khéng déi xirng, khéng xoay vong)
2.4.2.1.Bdanh gid dwa vao Cac bat dang thire théng dung

Vi du 20: Cho a;b:c>0.Tim GTNN ciia P; p=2 . 4 | =

b+c c+a a+b

Hudng dan: Xét P+12=(b3—a+3j+( 4 +4)+( 5Cb+5j

+C c+a a+

:(a+b+c)( 3 ;4 .00 j

b+c c+a a+b

%[(wa)z+(¢c+a)2+(¢a+bﬂﬂ JEm %”

Panh gia tiép theo BDT Bu-nhia-cop-ski.

Vi du 21: Cho tam giac ABc. Tim GTLN cua M =2(cos A+cosB)+3cosC

A-B B

Huong dan: M :3(1—25in2%)+4sin%cos :—65in2%+4sin%cos A; +3

M 31—31. Dau "=" xay ra < AABC Can tai C: sin

N O
Wl

2.4.2.2. Lwong gidc hoa
Vidu 22: Cho 3 s6 duong x;y; z: xy+yz+2zx=1. Tim GTLN caa M:

2(1_X2)+ 2(1— y2) +3(1— zz)

M =
1+ x? 1+y? 1+ 2°

Huéng dan:  Ton tai tam giac ABC sao cho:

A B C
X=tan—; y=tan—; z=tan—
2 2 2

M = 2(cos A+cosB)+3cosC .
2.4.2.3.Hinh hoc hoa
B6 dé: Véi 3 sb duong cho trude x;y;z, lubn ton tai 1 tam gidc ABC ¢6 do
dai cac canh dbi dién A:B;C 1an luot 14 a;b:c Sa0 cho:a=y+z b=z+x;

C=X+Yy

18



Vidu23:Cho x,y,z>0:xyz(x+y+2z)=1. TIMGTNN cta P = (X + y)(y + 2)
Xét AABC cO: AB=x+Yy;BC=y+2,CA=2+X

(x;y;z 12 d0 dai cac tiép tuyén ké tir A B,C t&i duong tron noi tiép AABC)
Huéng dan:Dit BC =a;CA=b;AB=c¢

Suc =y P(p—a)p-b)p-c)=(x+y+z)xyz=1 B

Soc = %AB.BC.sin B < %AB.BC = ABBC >2= (x+y)y+2)>2

x=1=y(x+y+2)=1

Dau = xayra® {x, y,2>0

a’+b*+2a+2b+1=0 (1)

. Tim GTNN cua P:
c’+d?+17=6(c+d) (2)

Vi du 24: Cho{

y
p=(a-c) +(b-d) i
D
_________ Lo
(C2)
-1 ‘
'BX|0 3 X
L, )1
A
(Cy)
Hudng dan:

(1) = (@a+1)] +(b+1) =1< M(a;b)e(c).

(2) = (c-3) +(d-3) =1< N(c;d)e (c,)

P=MN, (C,),(C,) & ngoai nhau.

(C)n(C,)=¢.

Goi A, B, C, D lan luot 14 giao diém 1,1, véi (C,),(C,),
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vM,N lan lugte (C,),(C,), BC <MN < AD

=11, -(R +R,)<SMN <LIl,+(R,+R,)=4/2-2<P<4J2+2
P=4J2-2cM=B:N=C:P=4J2+2=M=AN=D

1 1
maxP=4V2+2=a=b=-1-—:c=d=3+—
A2 A2
min P = 4«/2—2<:>a:b:—1+i;c:d zg_i
N2 N2

2.5. Dang biéu thirc lwong giac

2.5.1. Sir dung bit ding thirc lwong gidc

Vidu 25: Tim GTNN cua y:(coszx+ 12 J +(sin2x+ _12 j
cos’® X sin? x

Hudng dan:

1, 1 . 1Y
y=—=| COS" X+ ——=—+SiN" X+ —
2 COS” X sin“ x

1 1 1 4 Y
= — l+ﬁ = — l+ . o
2 SIN“ XCOS” X 2 sin“ 2x
2 25

1
>1 >—(1+4.1) =—
=y 2( + ) ;

Do 0<sin?2x<1=

sin? 2x

. 25 T T
Vay miny=—o x=—+k—
Y y 2 4 2

ChU y: Mét sé HS sai lam la danh gia GTNN cua tieng sé hang, nhung
khéng chii y xem déng thitc ¢é xdy ra hay khéng, dan dén miny = 8.
2.5.2. Pwa vé tong cdc s6 khong am, khong duwong

Vidu 26: Tim GTNN cua y =4sin3x+cos2x—cos6x +6

Huréng dan:

y = 2sin?3x — 1+ 4sin3x + cos 2X+6
cos2x > -1

VX
(sin3x+1)° >0

= 2(sin3x+1)2 +14+C0S2X+ 2> ZVX,dO{
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sin3x=-1

Dau "=" Xay ra <
cos2x=-1

<:>sinx:1<:>x:%+k27r

Vay miny:2<:>x:%+k27r
2.5.3. Quy Vé mgt ham sé lwong gidc
Vidu 27: Tim GTLN, GTNN cua y = 2(1+sin 2x cos4x)—%(cos4x—0038x)

Huomg dan: y = 2 +sin 2x(2cos 4x —sin 6x). Dt t =sin 2x(t e [-1,1])
y=2+t(20-2t?)— (3t —4t*)) = 4t* —4t° -3t + 2t + 2 = f(t);

Bai toan dwa vé tim GTLN ; GTNN ciia ham s6 f () trén [-1,1]
Két qua: maxy=5; miny = 1

2.5.4. Sir dung bt ding thirc phu

Vi du 28: Tim GTNN cua y=(1+ij(1+ij trén (o;lj

sin X COoS X 2

Hudng dan: Sir dung BPT phu: (1+u)(1+v)2(1+\/u—v)2VU,v>0.

min y:3+2\/§<:>x:%.

Xe O;E
2

2.6. Dang hinh hoc
Vi du 29: Cho M (111). Lap phuong trinh mit phang qua M, cat céc tia
Ox,0y,0z tai AB,C sao cho ti dién oABC ¢ thé tich dat GTNN.

X

Huwéng dan: Phuong trinh mit phang (ABC) la g+%+§:1; M (1L12) e (a)

Vonsc :%OA.OB.OC =%|a|.|b|.|c| =%abc =V.

TheoCc‘)si:1=1+1+323.s,/1%.5= 3 :3ab023:>vzg.
a C

a b c /abc

Vay minV:% (dvtt) @ a=b=c=3.
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CHUONG 3
THU'C NGHIEM SU PHAM

3.1. Muc !ich, ndi dung, t6 chirc thue nghiém sw pham (TNSP)

+ Muc dich TNSP: kiém nghiém tinh kha thi va hiéu qua cua dé tai.

+ Noi dung TNSP 1y tir chuwong 2 cta luan vin

+ To chirc thuc nghiém:

- Lép thuc nghiém: Lép 12 Ty nhién 1 trudong THPT chuyén Tran Phi.

Si s6: 50.

- Lép ddi chimg: Lép 12 Tu nhién 2 truong THPT chuyén Tran Phu.
Si s6: 50.

- Thoi gian: Day TNSP vao 4 tiét boi dudng cta 16p, vao cac ngay 20,

24/10/ 2010

- Gi4o vién day TNSP: Nguyén Thi Thanh Thuy

3.2. Gido an thue nghiém sw pham (cé trong luan van)

3.3. Két qua thwe nghiém sw pham

3.3.1.Dé kiém tra ( 45 phit ) va Két qud Iam bai ciia HS:

Bai 1Cho x>0; y>0; xy+x*+y*=3. Tim GTNN cta Q: Q=x"+y*

. . 1
Bai 2 Cho x>0; y>0; x+y=1.TImMGTNN cua P: P=———+—+4xy
X2 +y?  xy
2 2
Bai 3: Cho {X>y.T‘|m GTNN ciia A: A=XFY
Xy =1 X=Yy

Bai Kiém tra ndy tac gia nham muc dich kiém tra ki ning tim
GTLN, GTNN cua biéu thirc d6i xtimg doi véi hai bién bang cac phuong

phap d& néu trong giao an.
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Két qud bai kiém tra

60 -
50 A
40 -
30 A
20 A
10 -

O Thuc nghiém
B Doi ching

Bai 1 Bai 2 Bai 3

Biéu do 3.1: Két quda sé hoc sinh cia I6p thiee nghiém va\ép doi
chirng lam ding tirng bai

Mot s6 nhan xét: Pa sé HS 16p thuc nghiém déu nhanh chéng tim
duoc nhiéu cach giai va lam aing, mot sé6 em & 16p d6i chimg tuy ciing
lam dugc bai nay nhung cling loay hoay mot thoi gian kha 1au mai tim
duoc hudng giai, cac em cOn lai thi sa vao bién d6i dai sd phirc tap,
khong tim duoc hudng giai.
3.3.2. Két qud ddnh gid ciia cdc gido vién, gido sinh dg gio' TNSP

Ching t6i d3 bién soan cic phiéu danh gia va phiéu hoi dé lay y
kién cta gido vién va hoc sinh, theo cac mau. Két qua duoc xir 1y sau
thong ké cho thay:
- Gio day thuc nghiém d4 c6 duoc khong khi hoc tap soi noi, hoc sinh rat
hing thu, thi dua nhau vé téc d6 phat hién huéng giai, tich cuc 1am bai.
Hiéu qua rat r6 1a cac em d3 thyc su chac chan trong viéc giai nhiing
dang toan dd duogc rén luyén. Hon nira, cac em c6 sy binh tinh, tu tin
dtng trude bai toan kho, ¢ toc dd xir Iy bai toan nhanh hon va tot hon.
- Céc giao an TNSP c0 tinh kha thi va hi¢u qua.
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KET LUAN
Luan vin c6 nhimng két qua chu yéu sau day:
1. Téong quan mot sd van dé thudc vé 1i luan lién quan dén ki ning giai
toan ndi chung va ki nang tim GTLN, GTNN cua biéu thirc néi riéng;
tom tat nhimng tri thirc lién quan dén bai toan tim gia tri 16n nhat, gia tri
nhé nhat ca biéu thirc.
2. Tir nhitng can ct i luan, dong thoi can cir vao nhitng dic diém vé
phong céach hoc tap cia hoc sinh kha gioi, luan van da xac dinh phuong
hudng cho giai phap rén luyén ki nang giai toan cho hoc sinh thong qua
quy trinh ba budce hinh thanh ki ndng giai toan néi chung, ki nang tim
GTLN, GTNN néi riéng cho hoc sinh va nhimg yéu cau d6i véi gido
vién trong viéc hinh thanh ki nang giai toan cho hoc sinh.
3. Pé xuat mot giai phap rén luyén ki nang tim GTLN, GTNN cua biéu
thire cho hoc sinh thong qua hé thong gom 6 dang khac nhau, véi 58 vi
du c6 phan tich, minh hoa. Viéc thiét ké hé thong theo dang thuan loi cho
viéc rén luyén ki ning cho hoc sinh theo timg bai, mdi dang c6 thé co
nhiéu phuong phép giai khac nhau.
Trong mdi dang, gido vién thuc hién theo quy trinh ba budc hinh thanh
ki ndng giai toan cho hoc sinh.
4. Giai phéap rén luyén ki ning tim GTLN, GTNN cua biéu thic cho hoc
sinh dé xuat trong luin vin mot phan di duoc kiém nghiém, 4&nh gia
qua Thuc nghiém su pham. Tuy pham vi thuc nghiém chua rong nhung
da chung to duogc tinh kha thi va hiéu qua cta dé tai.
5. Luan vian c6 thé 1a mot tai liéu tham khao b6 ich cho cac dong nghiép

va sinh vién khoa Toan cac truong DHSP.
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