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Abstract. Let p be the probability measure induced by S = 220:1 37" X,,, where
X1, X3, ... is a sequence of independent, identically distributed (i.i.d) random variables
each taking values 0, 1, a with equal probability 1/3. Let a(s) (resp.c(s),@(s)) denote

the local dimension (resp. lower, upper local dimension) of s € supp u, and let

a = sup{a(s) : s € supp pu};a = inf{a(s) : s € supp u};
E ={a: a(s) = a for some s € supp pu}

Inthecasea =3k+1fork=1 E=[1— W, 1], see [10]. It is conjectured

that in the general case, for a = 3k + 1 ( k € N), the local dimension is of the form as

the case k = 1, ie.,, E = [1 — blfogga?), 1] for a,b depends on k. In fact, our result shows
that for k = 2 (a:7),wehaveazl,g:1—% and F = [1—%,1].
1. Introduction

Let X be random variable taking values a1, as, ..., a,, with probability p1,p2, ..., Pm,
respectively and let X, X5, ... be a sequence of independent random variables with the
same distribution as X. Let S = >, p"X,,, for 0 < p < 1, and let u be the probability
measure induced by S, i.e.,

wu(A) = Prob{w : S(w) € A}.

It is known that the measure is either purely singular or absolutely continuous.

An intriguing case when m =3,p=p; =ps =p3s =1/3 and a1 = 0,a2 = 1,a3 = a.
According to the "pure theorem” of Lagarias and Wang, in [7],if a =0 (mod 3) ora =1
(mod 3) then p is purely singular.

Let us recall that for s € supp p the local dimension a(s) of p at s is defined by

o log u(Bh(s))
o) iy, ) »
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provided that the limit exists, where By, (s) denotes the ball centered at s with radius h. If
the limit (1) does not exist, we define the upper and lower local dimension, denoted @(s)
and a(s), by taking the upper and lower limits respectively.

Denote

a = sup{a(s) : s € supp pu} ; a = inf{a(s) : s € supp u};

and let
E ={a:a(s) = a for some s € supp u}

be the attainable values of a(s), i.e., the range of function « definning in the supp p.
In the case a = 3k + 1 it is conjectured that the local dimension is of the form as

k =1, it means that £ = [1 — bl‘l’o%, 1] for a,b depends on k. Our aim in this note is to

prove that this conjecture is true for k = 2. In fact, our result is the following;:

log(14+v/3 log(14+v/3
gZ;S(logS ) and E = [1 - g?p(log;S )71]

The paper is organized as follows. In Section 2 we establish some auxiliary results used in

Main Theorem. For a =7 we havea =1, a=1—

the proof of the Main Theorem. The proof of the Main Theorem will be given in the last

section.
2. Some Auxiliary Results
Let X3, Xo,... be a sequence of i.i.d random variables each taking values 0,1,7

with equal probability 1/3. Let S =3 ., 37°X;, S,, = Y., 37°X; be the n-partial sum

of S, and let u, u, be the probability measures induced by S,.5,, respectively. For any

s=3>0" 13"z, €supp u, x, € D: = {0,1,7}, let s, = > 1, 3 “z; be its n-partial

sum. It is easy to see that for any s,,s!, € supp i, |sn — s),| = k3~ for some k € N.
Let

(sn) = {(z1,22,...,25,) € D™ : Z3‘im‘i = Sp}-
i=1

Then we have
tin(8n) = #{5,)37" for every n, (2)

where #(s,,) denotes the cardinality of set (s,).
Two sequences (z1, 2, ...,Ty) and (z}, 5, ...,2),) in D™ are said to be equivalent,
denoted by (z1,22,... ,&n) = (@), ah, ... ,a}), if i 37w, = > 1 37"z}, We have

2.1. Claim. (i) For any (z1,22,... ,%,), (@},25,...,2),) in D" and s,, = > ., 3 x;,
sh,=>r 37l If s, — s, = 2=, where k € Z, then z,, — z/, =k (mod 3).

n (2

(ii) Let s, > s}, > s’ be three arbitrary consecutive points in supp p,. Then either

Sn — S, or s, — sl is not 5= and either s, — s/, or s), — s/, is not 2.

n
Proof. (i) Since s, — s}, = 2%, we have

3" oy —2) +3" 2z —2h) + .. 43z — 2, )+, — 2, =k,



Singularity of Fractal Measure Associated with... 9

which implies x,, — 2}, = k (mod 3). The claim (i) is proved.

(ii) We can write

/ //

T
s — ¢ n " s
_Sn_1+_and5n TL 1+3n,

Sn —sn1+ 30

3”’

where s,-1,8),_1,S_1 € Supp pin—1 and x,,z,,z, € D. Assume on the contrary that

Sn — ) = s, — sl = ==. Then

I+, -z, 14z, -z, 1

3n N 3 grn—1’
o 1_5,,1:1+:1:Z—1:;L:1+x;{—:1:% 1 ‘
T T 3n 3 3n—1

Since s — s, = 3k,t € Z whenever sy, s), € supp pi, we have (1 +z;, —z,) =0 (mod 3)

and (1+ 2z —x!) =0 (mod 3). Because (1 + z|, — z,,) =0 (mod 3) and z,,x,, € D, we
obtain z), = 0. Then 1+ 2] — !, =1+ 2! € {1,2,8} for any =, € D, a contradiction.
Similarly, we have either s,, — s}, or s}, — s/, is not . The claim (ii) is proved.

2.2. Claim. (i) Let s,4+1 € supp pn+1 and sp41 = Sy, + %%, Sp € Supp ln- We have

#<5n+1> = #<Sn>af0r every n > 1.

(ii) For any sy, s, € supp p, if s, — s, = 3%, then z/, = 0,2, =1 or x,, = 7 and

#(s,) < #(sn). I 2 =1, then s,y = s,,_; and if 2, = 7, then s}, | = s,_1 + 57,

’
/ !/ z / /!
where s, = s,—1 + §%, sn =58,_1 1t 3% and s,,—1, 8, 1 € Supp fn—1,Tn, T, € D.

(iii) For any s,, s, € supp fn, if s, — s/, = 3n, then z,, = 0,2/, = 1lor a2/, = 7.
Moreover, if x;, = 1, then s,—1 — s/,_ 1 = 3n1 r and if z), = 7, then s,,_1 — s,_; = %,
where s, = s,_1 + 5%, 8, =8, + 2 7% and s,_1,5;, | € SUPD fin—1,Tn, Ty, 6 D.

(iv) For any s,,s,, s € supp pin, if s, — s, = 3% and s), — sl = 3n, then s, =
Sn1+ g7 = sh_1 + 37 and s, = sl + g% or s) = s)_; + 3 = s + 37 and

— 1 " * s
Sn = Sp—1+ 3%, Where s, 1,8, 1,8, _1,8,_1 € SUpp fin_1-.

Proof. (i) It follows directly from Claim 2.1.
(ii) Since s, — s), = 5=, by Cla1m 2.1 () xp,—x), =1 (mod 3). Then z], =0,x, =1
or z, = 7. Therefore s, = s/,_; + 5. By Claim 2.1 (i) we have #(s,,) = #(s/,_;) and

7
n—1t 3, then

n_1 T 3% If s,, has an other representation s,, = s
#<S;l> If z, = 1, then s, 1 — 3{”’_1 = 5%_1 — 'S;L—l 0. If z,, = 7,

1
Sn = Sn— 1+3_n_3,

#(sn) = #(s)_1) =
then s, = sh_; + o=, Sp, = Sh_1 + 5= It implies
1 , , 7
3_n:Sn_sn:Sn 1_sn71+3_n‘
Therefore
, 2
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(iii) It is proved similarly to Claim 2.2 (ii).

(iv) Since s, — s}, = by Claim 2.2 (ii) we have

3n7
! ! ! * 7
Sp =S8 3_71’8”:8”*1—’_3_71:87171—’_3_”'
On the other hand
2
Sn Sp = 3n’
so if )
1" 1 12
s =35 — =35 —
n n—1 + 3n n—1 + 3n
then
1

/ "o * _
Spn—1 " Sn—-1 = Sp—1 " Sp—1 = gn—1’

a contradiction to Claim 2.1 (ii). Therefore s/, = s/ _; + 5. Similarly, we get the last

assertion.

Remark 1. 1) By Claim 2.1 (i), it follows that if s,,41 € SUpp gn+1 and spi1 = Sp+ 50,
then it can not be represented in the forms

7
3n+l ’

/ "
Sn+1 = S, + PUESE or Sp41 =S8, +

where s, s, s» € supp . Thus, any s,4+1 € supp f,+1 has at most two representations
through points in supp py.

/ : o I
2) Assume that s,, s, € supp p, if s, — s, = 3n or 8, — 8§, = 3n, then s,,s] are

two consecutive points in supp fiy.-

. . ,
2.3. Lemma. For any two consecutive points s, and s,, in supp f,, we have

Proof. By (2) it is sufficient to show that iéi?i < n. We will prove the inequality by
induction. Clearly the inequality holds for n = 1. Suppose that it is true for all n < k.
Let sp11 > s}, 41 be two arbitrary consecutive points in supp pgi1. Write

Th+1
Sk+1 = Sk + Py Sk € Supp g, Tk+1 € D.

We consider the following cases for xj,1.

Case 1. If 2,11 = 7 then s = si+ %% Assume that s;1 has an other representation
Sk41 = S), + %, Zp+1 € D. Then s}, > si, where s} € supp py.

Let s, € supp pi be the smallest value larger than si. Then s) > sj are two consecutive

points in supp .
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a) For s}, :sk—i-g%. If s} > s}, then s} — s, > 3% = 312%1‘ We have

7 "
Sk+1=8k+ﬁ<8k+wgsk,

SO Sp+1 has the unique representation through point s; in supp ux. Hence #(sgy1) =

#(sk)-
Since sp4+1 > 3;: 41 are two arbitrary consecutive points in supp pr+1 and Sgy1 = s+

7T 4 ! _ o 1 / :
3e7T = S}, + 3e¢T, We have s} | = s} + 557 Assume that s) , ; has an other representation

/ 7 7 ! no__ 2 : : ! _ mo_ 1 : :
Sky1 = Sy t+3e57- Then s) —s;” = 7. It implies s} — s, = s — s} = 37, which contradicts

to Claim 2.1 (ii). Hence #(s}_ ) = #(s}). Therefore

H#(skr1)  F#{sk)

<k<k+1.

#(Shq1)  #(sk)

b)For,s;g:sk—F%k:skngk%.Wehave

Sk+1 =Sk + 57 =

It follows that 0
#(sky1) = #(sk) + #(sp) and s = 53 + 3EHL

Hence #(s}, ;) = #(s},). Therefore

#skv1) _ #(sk) + #(sp)
#(3;34,_1) #<3k>

<k+1.
C)Forsjcksk—i-g%:sk%—%.Wehave

/
Sk+1 = Sk + 57 < Skt g S Sk

SO Sp+1 has the unique representation through point s; in supp ux. Hence #(sgy1) =
#(5k)-

Since sp+1 > s;_ﬂ are two consecutive points in supp pg4+1 and sgy1 = si + ?)k% <
Sk + 3,9% < s, ) 41 only represents through points not bigger then sy in supp ug. Let
s}, < s be the consecutive point for s in supp pr. We consider following three cases.
cl) If s, = s§ + 3%, then sj  , = s} + 3;9% is the unique representation through point sj
in supp p. It implies #(s} ;) = #(s;). Therefore

#(sk+1)  #{sk)

_ <k<k+1.
Hop) A ST

2) If s, = s} + 5, then s}, | = s} + 5557 = Sk + 37 - SO

H#(Spy1) = #(sk) + #(sk).
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Therefore

#(S}11) _ #(sp) + #(sw)
#(sk+1) #(sk)

c3) If s, > sf + 3k, then sk+1 = s + 3k+1 is the unique representation through point s

<k+1

in supp py. Hence #(s}. ;) = #(sk). Therefore

#suer1) _ #{sk) _ 4 <k+1.

#(Skr1)  #(sk)

Case 2. If 411 = 0, then si11 = sk + 3k—()+1. By Claim 2.2 (i), we have #(sk11) = #(sk)-
Then s, = s} + % < Sk4+1 = Sk. 1t implies s}, < si.

Let s). € supp pux be the biggest value smaller than s;. Then s; < s; are two consecutive
points in supp .

then by Claim 2.2 (ii)

a) If s, = s}, + 37,

#(sk) < #(sk)- (3)

We have .

> sk T k41"

Sk+1 = Sk = Sk—i- pyas)

Hence

7
/ 0
Sk+1 = Skt 3p3T 2 Sk T 3R

where s}, > s} are two consecutive points in supp p( Because by Claim 2.1, s —s) > 3%)
Thus, #(s} 1) < #(s},) + #(s}). Therefore

#shir) _ #(si) +#(si) _ #sh) + #sh) _
#lsna) ) T #Hs)

b) If s, = s}, + 2, then
/ 2 / 6 no, 1 6 7 9
5k+1:8k:3k+3_k:8k+3k+1 /8k+3_k+3kﬁ:8k+—3k+l’

with s}, > s}/ are two consecutive points in supp pux and s, — s} = 3% or s — sy > 3%
bl) If s}, = s}/ + 3,
tation of s}, through points in supp u. (If it is not the case, sj_ , = s; + #, then

then #(s}) < #(s}.), sh.1 = s + zrer and it is the unique represen-

sk — S}, = s} — s}, = 3r, a contradictions to Claim 2.1). Hence #(s} ;) = #(s}/). Therefore

#<3;c+1> #(s)

_ #k)

H#(skr1)  F#sk) — F#sk)

<k<k+1.

To show that #<s’““> < k + 1, we note that

#(s; k+1

1
Vi 12 k
Sk+1 = Sk = Sk— 1+ 3k= Skzsk—l"‘@‘
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Since sj, — s}, = 3%, we have z)) = 0 and #(s}) = #(s}_1)-

Since s, — s) = 3%, we have z — ) =0 ( mod 3). By z}) =0, we get z;, = 0. It
implies #(si) = #(sx—1). Moreover, s,_1 —s}_; = 3,%1, SO Sk—1, S_, are two consecutive

points in supp pr_1. Therefore, by the inductive hypothesis we have

#sk+1)  #sk)  F#sk-1)

= = <k—-1<k+1
#(shsr)  #Hsp)  #siq)
b2) If s}, > ]/ + 5% then
!/ / 1 1 10
5k+1:3k:3k+m>sk+%>sk+%'

Hence s, = s, + # and this is the unique representation of s}, through points in
supp py. Hence # (s, ;) = #(s},). Therefore

#<8;<:+1> _ #<8;c> <k<k+l.

#(sk+1)  F#(sk)

¢) If s > s, + 3% = sp + 3'3%1 , then s 4 = s} + 3k_7+1 is the unique representation
of 8., 1. So #(s}, 1) = #(s},). Therefore

#{sks1) _ #(sk)
#(s)y1)  F#s)

Case 3. If x4 = 1, then sg41 = s+ 3;@% Note that if s; 1 has an other representation

then sp41 = s}, + 3,6% and s —s; = 3% It implies s, s; are two consecutive points in supp

pr- Clearly ##(spr1) < #(sk) + ##(s}). Since sp41 > s, are two arbitrary consecutive
points in supp pix41, we have s, | = sp, + 3,9%. Hence #(s}, ;) = #(sk). Therefore

o) _ flow) + #(sh)

< <k+1.
(1) #(5k) *

The lemma is proved.

The following proposition provides a useful formula for calculating the local dimen-
sion and it is proved similarly to the proof of Proposition 2.3 in [10] and using Lemma
2.3.

2.4. Proposition. For s € supp u, we have

provided that the limit exists. Otherwise, by taking the upper and lower limits respectively
we get the formulas for @(s) and a(s).
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For each infinite sequence & = (x1,x2,...) € D> defines a point s € supp u by

s=5(x):= i 37"y,
n=1
We denote
(@(k)) = {(y1,- - ue) € DV < (yr,- o yyw) = (21,0 )},
where z(k) = (x1,... ,zk). It is easy to check that
(1,0,1) ~ (0,1,7), (0,7,0,1) ~ (1,1,7,7) and (1,a,0,1) = (0,a,7,7)
for any a € D. We call each element in the set
{(1,0,1), (0,1,7), (0,7,0,1), (1,1,7,7), (1,a,0,1), (0,a,7,7)}

a generator.

2.5. Claim. Let

z(3n) = (x1,x2,... ,23,) = (1,0,1,...,1,0,1)
yBn+1)=(y1,--- ,Ysnt1) = (L,21,... ,x3,) and
Z(37’L+ 2) = (2’1, e ,23n+2) = (1, 1,{1)1, Ce ,ZIJgn), (4)

where T3kt1 = T3k+3 = 1, Tag42 = 0, for k=0,1,2,.... Putting

J
_§ : —1
S5 = 3 Ti,
i=1

we have

(i) #(s3) = 2,#(s6) = 6, #(y(4)) = 3, #(y(7)) = 8 and #(2(5)) = 4, #(2(8)) =
10. and

(ii)
F#(S3(n+1)) = 2#(S3n) + 27 (53(n—-1))>
#yB(n+1) +1)) = 27-yBn + 1)) + 2#{yB(n — 1) + 1))
and #(z(3(n + 1) +2)) = 2#(2(3n + 2)) + 2#(2(3(n — 1) + 2)),
forn=1,2,....

Proof. (i) Claim (i) is clear.
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(ii) We only prove the case #(s3(n11)) = 2#(53n) +2#(53(n—1)), the other cases are proved
similarly. We have

1 0 1
S3n+3 = S3n + 33n+1 + 33n+2 + 33n+1

B 0 1 7
= S3n + 33n+1 + 33n+2 + 33n+1
T 7 7
= S3p T 33n+1 + 33n+2 + 33n+1
7 7 7
o
=S T g3t T gz T 3Eer (5)

where $3,,, sh,, and sy, € supp ps,. Therefore #(s3,13) = 2#(s3n) + #(sh,,) + #(s4,).
Using Claim 2.2, we have

1 0 0 0 0 7

"o
33n—2 + 33n—1 + 33_n’53n = S3n—3 + 33n+1 + 33n+2 + 33n+1"

/
S3n, = S3n—3 +

So #(s4,) = #(s3n—3). Assume that s, = s5,_3 + 53—z + 55— + 39 Then z3,,_3 = 0,
a contradiction to xs,_3 = 1. Hence #(s%,,) = #(s3n—3). Thus

#(53n13) = 2#(s3n) + 2#(S3n—3)-

The claim is proved.
Putting Fs, = #(S3n), Gan+1 = #(y(3n + 1)) and Hs, 2 = #(2(3n+ 2)), from Claim 2.5
we have

Py = 5o=l(1 V)™ — (1= VA,
Gomir = ﬁ[(l +V3)"2 — (1= V3)"2] and

1
Hs3pio = 5[(1—1-\/§)T”r1 + (1 —+/3)" 1.
2.6. Claim . Let z = (z1,22,...) =(1,0,1,...,1,0,1,...)orz = (1,1,0,1,...,1,0,1,...)
orz=(1,1,1,0,1,...,1,0,1,...) € D*® and s = Y .=, 3" ‘x; € supp u, we have

{— log(1 ~|—\/§)

a(s) = 3log3

Proof. The proof of the claim is similar to the proof of Claim 2.6. in [10].
We say that = (21, z2,... ,2,) € D™ is a mazimal sequence if

#(tn) < #(sn) for any t,, € supp pn,

noo
where s, = >, ;3 ;.



16 Truong Thi Thuy Duong, Vu Hong Thanh

The following fact will be used to estimate the greatest lower bound of local dimen-

sion.
2.7. Proposition. For everyn € N, let t3,4; = Efﬁ” 37, be an arbitrary point in supp

Mantj, for 5 =0,1,2. Then #(t3,) < Fsp, #(t3ny1) < Gany1 and #(tzny2) < Hzpio.
Proof. We will prove the proposition by induction. It is straightforward to check that the
assertion holds for n = 1,2, 3. Suppose that it is true for all n < k(k > 3). We show that
the proposition is true for n = k + 1. Let t3(;41) be an arbitrary point in supp k3. We
consider the following cases.
Case 1. (Ysk+1,Y3k+2,Ysk+3) is a generator. Without loss of generality, we assume that
(Y3k+1,Ysk+2, Y3k+3) = (1,0,1). 1.1. If y3, = 0, then (¢(3k + 3)) = (¢t(3k —1),0,1,0,1) U
(t(3k —1),0,0,1,7).
Hence

#(tsk+3) < 2H3—1)12 + Gakt1 < Fry1)-

1.2. If ys, = 7 or ys = 1, then t(3k + 3) = (¢(3k),1,0,1) U (¢(3k),0,1,7). It implies
#(tapss) < Far + Hapyo = Fy41)-

Case 2. (Ysk+1,Y3k+2,Y3k+3) IS not a generator.
2.1. If ys34+3 = 0 then by Claim 2.2.(i), inductive hypothesis and (6) we have

H#(tary3) = #(tsrr2) < Haryz < Faq)-
2.2.1. Similarity as above, we have if ysx13 = 1 and ysx42 = 1 or 7, then
#(tanta) = #(takr2) < Hapra < Fapq1)-
2.2.2. If yspy13 = 1,y3642 = 0 and (ysk,ysk+1,0,1) is not a generator, then
#(tan+3) < Gapv1 < Fyt)-
2.2.3. If (ysk, Ysk+1,0,1) is a generator, then
(y3k> y3k+1,0,1) € {(0,7,0,1),(1,0,0,1),(1,7,0,1)}.

a’) If (y3k7 Y3k+1, 0, 1) = (07 7,0, 1) or (17 0,0, 1)7 then #<t3k+3> < 2F3; < F3(k+1)'
b) If (ysk, ysk+1,0,1) = (1,7,0,1). We consider two cases

bl) If y3p—1 = 7 or ysg—1 = 1, then #(t3ry3) < 2F3 < Fy(p41)-

b2) If y35—1 = 0, then (0,1,7,0,1) = (1,0,1,0,1), hence

(t(3k + 3)) = ((y(3K),1,0,1))
for y(3k) € D3*. According to the Case 1, we have

#<t(3k + 3)> = #<(y(3k)= L,0, 1)> < FS(k+1)'



Singularity of Fractal Measure Associated with... 17

2.3. If y3py3 = 7. By similar argument as above cases, we get # (t3x43) < F3(py1)-

Thus, by using inductive hypothesis and the formula for calculating for Fj,,, H3x42
and G3p1, we finished the proof of the first inequality, that means #(ts,) < F3,, for all
n.

Similar argument and using the result #(ts,,) < F3,, for all n, we have #(t3,,+1) < G3n41
for all n.

By repeating the above argument and using the two above results we have the last of the
assertion.

The proposition is proved.

3. Proof of The Main Theorem

We call an infinite sequence x = (21, z2,...) € D> a prime sequence if #(s,) =1
for every n, where s, = > 1| 37 'x;.
3.1. Claim. a=1,a=1- 2Lty
Proof. For any prime sequence x = (x1, 2, ...), for example x = (z1,22,...) = (7,7,...)
or z = (z1,%2,...) = (0,0,...), we have #(s,,) = 1 for every n, where s,, = > " | 37 'x;.
Therefore, by Proposition 2.4 we get

— v e log pn(sn)l
o = O((S) = nh_)ngo ng

where s = S(x).
From Claim 2.6 we have
1 log(1 +/3)
3log3
For any ¢ € supp u, by Claim 2.5 and Proposition 2.7, we have #(t3,) < #(s3n) =
2—\1/5((1 +/3)" ! — (1 — /3)"*1) for every n. Hence

1OgL 1+\/§n+1_ 1_\/§n+1 3-3n
lim | log pan (tan)| lim |log 55 (( ) ( ") |_1_log(1+\/§)

& x

9

n—oo  3nlog3 ~ noo 3nlog3 3log3
where t,, be n - partial sum of ¢.

Similar argument as above, we have

i 108 Hsn+1(tant1)| o  log(l+ V3) i 108 Hsn+2(tanta)| o log(l+ \/§).

n~eo  (3n+1)logd = 3log3 'nvee  (3n+2)log3 3log3
So we get
as1- log(1 + v/3)
3log3
Therefore
0o log(1+V3)

3log3

The claim is proved.
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Now we will show that for any 8 € (1 — 10%(110?3/_) 1) there exists s € supp p for

which a(s) = 8. Let r = 3(1 — ) —2&3 __ Clearly 0 <7 < 1. For i = 1,2,... , define

log(1++/3)
. { 3 if 7 is odd;
i [@] if 4 is even,

where [z] denotes the largest integer < z. Let n; = S/_ k; and let

Ej={i:i<jandiiseven}; O; ={i:i<jandiisodd},

ZkZ;OJ Zk:

iCE; i€0;
Then n; = o; + e;.
3.2. Claim. With the above notation we have
j iy

. .o My—1 .
lim —=0; lim -— =1and lim £ =7
J—00 nj J—00 nj J—0o0 nj

Proof. The proof of the claim is similar to the proof of Claim 3.2. in [10].
We define s € supp p by s = S(x), where

z=(1,0,10,0,...,01,0,1,1,0,1,1,0,10,0,...,0,...). (6)
S—— ~~ N~
k1=3 kz k3=9 k4

Note that, for i € Oy,

1 S+
TG Eol) Bl

1
#<3ki>: 2\/5 L(1+\/_)—L+2‘

(7)

S

Let s € supp p be defined (6) and let n;_; < n < n;. By the multiplication principle, we

iGOjfl iEOj

have

Hence, by (7) yield

1y Zit izt 1 yape S+G+1)
WL (1+V3) S o) < (55 (1+V3) :

which implies

logl(505) T (1+ V3™ 7] logp(s,) _ lo8llzup) T (1+VE)F0)
n; log 3 = nlog3d n;_1log3 '



Singularity of Fractal Measure Associated with... 19

From the latter and Claim 3.1 we get

iy o8 #(sn) _ log(l++/3)
n=oo mlog3 3  3log3

Therefore
1 - 1
n—oo nlog3 n—oo nlog3
_1_f10g(1+\/§) _5
N 3  log3 -

The Main Theorem is proved.
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