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Abstract. In this paper we will construct a parameter-dependent cyclic inequality that can
be used to prove a lot of hard and interesting inequalities.

1. Introduction

The cyclic inequality is a type of inequality that may be right in just some particular cases but
not in genenal. In this paper, we propose one type of parameter-dependent cyclic inequality from a
special inequality. Thanks to this inequality, we can obtain many inequalities by choosing « and n.
Note that it can be proved by some ways in particular case. However in order to prove it in general
case, we have to use the method that is mentioned in the paper.

2. The general case

Denote Rt = {z € Rz > 0}.

Lemma 1.1. Assume that x; € R, (i = 1,n) we have

1<i<j<n i=1
Proof. We have
2., .2
T+
Y ne Y O
1<i<j<n 1<i<j<n
. n(n —1) . n(n—1)
Since 1 +2+---+(n—1) = 5 hence the number of terms of >, _; <, Ziz; is —
It follows
n
2 Z xir; < Z (2 —I—ZL?) =(n— 1)(fo)
1<i<j<n 1<i<j<n i=1
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Adding both sides of the above inequality by  2(n—1) >, ;;<, iz, we obtain the inequality as
was to be proved.

The proof of Lemma 1.1 is complete.

Theorem 1.1. Assume that x; (i = 1,n), n > 3 are positive number. Then there holds the
following inequality

x x
- + z +o
1t a(ze+ o+ enTh1)  Ta T3+t CaTt2)
Ty 2n
+o > 1.1
Tp oz +- - eprr) T 24+ a(n—1) (1.1)
d 241

Where ¢, = (n mo2 * ), k= [E] and « is an arbitrary veal number satisfies o > 2.

Proof. First, for the sake convinience, we set

x x
P = L 4+ 2 4+
1t a(ze+ o+ enThr1)  Ta (T3 A+t CaTrt2)

Ty S 2n
Tntalzy+ o+ o) T 24 aln—1)
Now let’s consider the case n = 2k + 1 it gives

7t 73

=2 + 3
i +oa(rize+ -+ x1xp41) w5+ a(zors + - -+ TaTpg2)

2
n

22 +a(zpzy + -+ Tpwk)

x

Using the fact that

(i =) 19
=T (12)
=1 "

with a; € R™ (i =1,n) , it implies

P> (Z?:l 33@')2 '
i Tt a D 1<icj<n Til;
Since « > 2,it can be rewritten as o = 2 4+ § with 8 > 0. This leads to
P> (Z?:l 33@')2 '
Cim i)+ D 1<icj<n TiTj

Applying Lemma (1.1) we obtain

n N2

(e + 20 Y

2
or P>7n .
24+ a(n—1)
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Next, for n = 2k, we get

2 2
— 7 €y
]+ a(rrxe + -+ 108K + §$1$k+1) 5 + a(rors + - -+ + xoTp11 + §$2$k+2)
2
X
4+ 4 n T
22 + oxpxy + -+ TpTp—1 + §$n$k)

Applying the inequality (1.2), we get
. (20’ (S, o)

T it D 1<icj<n TiT; (i w)? > 1<i<j<n TiTj
Using the Lemma 1.1 once more, we come to the following inequality
(i @) _ 2n
B(n—1) 24a(n—1)
(s @)® + T(Z?:l xi)?

Thus Theorem 1.1 is proved.

P>

3. The special cases

For n = 3, we obtain the following inequalities.
Example 1.1. Let a, b, ¢ be positive numbers, o > 2, prove that
a b c 3
+ + > .
a+ab b+ac ct+aa” 14a

Take o = 2 we obtain
Example 1.2. Let a, b, ¢ be positive numbers, prove that
a b c
>
a+2b * b+ 2c * c+2a

1 1
Take @« = — > 2 & abe < —, we yield
abc 2

. . 1
Example 1.3. Let a, b, ¢ be positive numbers satisfy abc < 5> prove that

a’c i b%a i b 3abc
1+a%c 1+b%2a 1+~ 1+abc

For n = 4 we yield the inequality
Example 1.4. Assume that a,b,c,d € R, a > 2, prove that
a b c d 4
+ + + > :
2a+a(2b+¢)  2b+a2c+d)  2c+al2d+a)  2d+ a(2a+0b0) T 24 3«
Take o = 2 we obtain
Example 1.5. Assume that a, b, c,d € R, prove that

—

b d
. - - c - > =
20 +4b+2¢  2b+4c+2d  2c+4d+2a  2d+4a+2b 7 2
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Take a = b,b = ¢ we get
Example 1.5. Assume that a,b € RT, a > 2, prove that
a((a+2)a+ 2ab) b((a+2)b+ 2aa) 2
[2a + a(2a + b)][2a + 3ab]  [2b+ a(2b + a)][2b+ 3aa] T 2+ 3a’

For n = 5 we yield the inequality

Example 1.7. Give a,b,c,d,e € R", a > 2, prove that
a n n c n d n e S 5
at+ab+c) bt+alc+d) ct+aldte) dtaleta) etala+b)” 1+2a

Take ¢ = d = e, @ = 2 we yield the inequality
Example 1.8. Given a,b,c € R, prove that

| W~

a 2a+2c+b >

2 =
a—|—2b—|—2c+b—|—4c+ C([c—|—2(c—|—a)][c—|—2(a—|—b)] 5

For n = 6 we yield

Example 1.9. Given a; € Rt (i =1,6),a > 2, prove that
a a a
1 + 2 + 3 —

1 1
a1 + a(ag + as + 5&4) as + a(as + ag + 5@5) asz + a(ay + as + 5%)

a4 as ag 12
=
+ + + 24+ b

as + oas + ag + 5&1) as + afag + a1 + 5(12) ag + a(a; + az + 5(13)

Finally, take a1 = a2 = a,a3 = a4 = b,a5 = ag = ¢ and a = 2 we get
Example 1.10. Assume that a,b,c € R™, prove that

1 1 1 1 1 1
! )+ )1
a<3a—|—3b+a—|—4b—|—c>+ 3b—|—36+b—|—4c—|—a te 36—1—3a+c—|—4a—|—b
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