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Algorithm for solution of a routing problem
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Abstract. In this paper we consider a combinatorial optimization problem that is similar to the
bottleneck traveling salesman problem. We show that an optimal tour for this problem is
pyramidal tour (1, 3, 5,..., n,..., 6, 4, 2) or consists of some pyramidal subtours. The above
7methods can be extended to complete bipartite graphs.

1. Problem statement

It is well-known that the traveling salesman problem (TSP) is strongly NP-hard (cf. [1], p. 353).
But for some special cases of the TSP can be solvable in polynomial time. This is the case where the
distance matrix in the TSP fulfills certain additional conditions (e.g. the Monge property, Kalmanson
matrices, the Demidenko conditions or the Supnick conditions), cf. [2-4].

In the sequel we will introduce another special case of the TSP which can easily be solvable and
show that the optimal tour for this problem is pyramidal tour or consists of some (at most three)
pyramidal subtours.

Consider a complete graph G = (A, E) with vertex set A = {ay, a,, ... , a,} and edge set E =
AxA. Each vertex a; € A has a real number t; (i=1, ... , n), called the altitude of vertex a;. We specify
vertices a, € A (the source) and a, € A (the sink) such that b, e € {1, 2, ... , n} and t, < t.. Consider
the following problem, called Problem A for short:

Problem A. Find a Hamiltonian path in the graph from a, to a. (which visits every vertex
exactly once) so that to minimize the highest difference between altitudes of any two successive
vertices in the path.

In other word, among permutations © = {iy, iy, ... , iy} of the numbers 1, 2, ... , n with iy = b,
i, = e find a permutation so that to minimize the function
f(m)= max [t, —t, | - min.
I<ksn-1 1 K k+l

It is easy to see that such a permutation corresponds to a Hamiltonian path in the graph from a,
to a, and that the total number of permutations is equal to (n-2)! Let us denote by <P the set of all these
permutations. Each permutation = € £ is called a tour from a, to a, and permutation =* = argmin{f(r)

: e $P} optimal tour from ay, to a..

Also consider a similar problem:

Problem B. Find a Hamiltonian cycle in the given graph so that to mini-mize the biggest
difference between altitudes of any two successive vertices in the cycle. Each of such cycles is also
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referred to as an optimal tour. It is obvious that the number of Hamiltonian cycles in the graph is equal
ton!

As before, this problem is also formulated as follows: Find a cyclic permutation t = {iy, iy,...,
i} of the numbers 1, 2, ... , n so that

g(t) = max

1<k<n

t;

-1 ‘ — min
Ik k+1

with convention that i+, = i;. The solution of the above stated problems does not change if we replace
ti by ti = t; + t with t being an arbitrary real number. So by taking t > 0 sufficiently large we can
assume that t; > 0 for all i =1, 2,..., n. Furthermore, without loss of generality we can assume (by
enumerating the vertices of the graph if needed)
0<ti<ty...<tp<... <t < ... <ty @)
The vertices that have the same value t; can be arranged in an arbitrary order. Let in the
sequence (1) there be g different values (g < n). We write these values as h; < h, < ... <h,. We divide the
vertices of the graph into g classes, denoted by Ty, T,..., T4 such that vertex & belongs to class T, if and
onlyifti=hy (i = ., N k=1,2,...,09). The vertices of class T are first numbered then vertices of T,
and finally vertlces of Tq. The vertices of the same class are numbered in an arbitrary order.

2. Basic properties of optimal tours

We now consider the problem of finding an optimal tour from a, to a. in G. We temporarily
assume that all t;'s are different, that is we enumerated the vertices of the graph so that (1 <b <e <n)
O<ti<th<tz<.. <thy<t, 2
In the sequel we shall remove this assumption. Some useful properties of optimal tours are
given in the below stated propositions. Their proofs make use of the tour improvement technique as
used in [1] for proving the existence of pyramidal tours.
Proposition 1. Let © = (iy = b, iy, i3, ..., ing, i, = €) be an arbitrary optimal tour from b to e. If
b>1and1=i,with 1 <k <nthen we have
a) From b to 1 tour = passes through vertices with decreasing indexes:
b=i1>i,>... >k >ik=1.
b) Tour r cannot pass through three successive vertices i - 1, i, i + 1 or in inverse direction i + 1,
i,i-lwithl<i-landi+1<h.
Proof. a) Conversely, suppose that from b to 1 tour = passes through a vertex with index greater than
b. Then on the path from b to 1 there is two successive vertices r and s such that s < b <r. Also on the path
from 1 to n there exists two successive vertices u and v such that u < b <\, i.e. tour = is of the form:

=0, ..,ns ..., 1 ...,uV,...,n ..,e)withs<b<randu<b<v.
We construct a new tour n' as indicated in Fig. 1:
n':(b L u v, n e)ifv<ror
(b .,1 Jur Ly, ,e)ifr<v,

@’@Q@@&@S@_’@
@@%9@@@

Fig. 1. Optimal tour = and modified tour r'.
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It is easily verified that f(r") < f(r), which contradicts the optimality of =.

b) The proof is in similar way. O

Proposition 2. Let © = (i; = b, iy, i3,..., in.1, In = €) be an arbitrary optimal tour from b to e. If
e <nandn =i, with 1 <r < nthen we have

a) From n to e tour &t passes through vertices with decreasing indexes:

N=i>i4>...>01>ip=¢.

b) Tour = cannot pass through three successive vertices i - 1, i, i + 1 or in inverse directioni + 1,
i,i-lwithe<i-landi+1<n.

Proof. The proof is similar to that of Proposition 1. 0

Proposition 3. For n > 3 an optimal tour of Problem B cannot pass through three successive
verticesi-1,i,i+ 1orininverse directioni+1,i,i-1withl<i-1<i+1<n.

Proof. Let & = (iy, i, i3,..., in., In) be an arbitrary optimal tour of Problem B. On the contrary,
suppose that m passes through three successive vertices, e.g. i - 1, i, i + 1. We shall show a
contradiction by constructing a new tour =’ such that f(x") < f(r), which contradicts the optimality of =.

Indeed, let us assume that three successive vertices i - 1, i, i + 1 lie on the path from 1 to n.
Since i + 1 < n, on the path from 1 to n there is a vertex r with i + 1 <r < n, whose successor s satisfies
1 <s<i-1.Inaddition, we have eitheri+1<rors<i-1,thatis

n=(,...,i-1ii+1, ...,n ..,1s, ..).

We construct a new tour «' by going directly from i - 1 to i + 1 and inserting i between the

vertices r and s (see Fig. 2):

n=(1,..,i-1,i+1 ..,n..,ris..).
T O R O 9
v NV )
O—6 @ O & O—W
N AN FAN P

Fig. 2. Optimal tour = and modified tour r'.
Let us denote U = {(i-1, i), (i, i+1), (r, s)}. Then
() = max {u, max |t —t|} and f(z') = max {v, max |t —t|}, 3)
(k,heu (k,I)eU
where
u= (m)ae)é |t|( - t|| = max {ti —tiq, i =L, 6 — ts} =t -1,

V = Mmax {ti+1_ti, tr_ti, t| _ts} < tr_ts =u.
Hence, from (3) it follows that f(r") < f(r), which is impossible. O

3. Pyramidal tour and piecewise pyramidal tour

From the above results we can find optimal tours for Problem A and Problem B under condition
(1) as follows.

Problem A. The optimal tour © of Problem A consists of three parts, one or two parts of them
may be empty depending on the relative location between b, e and n. Namely, ©t = (g, 7o, 7t3) With
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m; - optimal subtour from b to b -1 passing through all verticesi: 1 <i<b.

T, - optimal subtour from b+1 to e - 1 passing through all vertices i withb+1<i<e- 1.

3 - optimal subtour from e+1 to e passing through all verticesi: e <i<n.

These subtours are of the form:

elfb=1thenn; =Q. Ifb>1then

ny=(b,b-2,...,4,2,1,3,...,b-3,b-1) when b is even,
that is m; passes first through even vertices with indices decreasing from b to 2, then through odd
vertices with indices increasing from 1 to b-1, and
m=(b,b-2,...,3,1,2,4,..., b-3, b-1) when b is odd,

i.e. my passes first through odd vertices with indices decreasing from b to 1, then through even vertices
with indices increasing from 2 to b-1.

o |[fb+l=ethenn,=. If b+1 <e then

ntp = (b+1, b+2, ..., e-2, e-1),

passing through vertices with indices increasing from b+1 to e-1.

e [fe=nthenn; = . Ife <nthen

3 = (e+1, e+3,...,n-3,n-1, n, n-2,..., e+2, €) when the sum of e + n is even,

3 = (e+1, e+3,..., n-2, n, n-1, n-3,..., e+2, ) when the sum of e and n is odd,

i.e. 3 passes first through even (odd resp.) vertices with indices increasing from e+1 to n, then
through odd (even resp.) vertices with indices decreasing from n to e.

Example 1. Under condition (1), when n =10, b =4 and e = 7 an optimal tour from 4 to 7 is

n=(4, 2,1, 3,5 6, 8 10, 9, 7).
®@ @ O 0 ® ® ©® O® @

<« T e d T < T3 e d
Problem B. By Proposition 3 an optimal tour of Problem B cannot pass through three
successive vertices i - 1, i, i + 1 or in inverse directioni+ 1,i,i-1withl1<i-1<i+1<n. Onthe

other hand, a tour which has two successive vertices i and j with |i - j | > 3 cannot be optimal.
Consequently an optimal tour must be of form ® @ ® ... n... ® @ @, which is pyramidal.
The optimal value is fope = tp -ty if N = 2, and fop = ]inaxz {ti2-t}ifn>3.
<i<n-

Example 2. Here are two optimal tours for Problem B, under condition (1), with even n and odd n:

Withn=9: © ® &6 ©@ ©® ® ® ® @

Withn=10: ©®© ® 6 ©®@ ©® ® ® ® ® @

Remark <> As was described, if there are many equal values t; then we divide the vertices of
the graph into classes so that vertices having the same altitude belong to the same class. Each class is
considered as a new vertex, called aggregate vertex, whose altitude is the altitude of its vertices. Each
pair of aggregate vertices is linked by an edge. Applying the above solution we get an optimal tour for
the new graph.

To obtain an optimal tour for the initial graph, we extend the aggregate optimal tour by
replacing each aggregate vertex by any Hamiltonian path passing through all vertices (each exactly
once) in the class corresponding to this aggregate vertex.

< In addition, we emphasize that before solving Problem A or B we have to make sure that the
condition (1) is fulfilled (by renumbering the vertices of the graph if necessary). This can be done by
using an algorithm for sorting a sequence of real numbers in non-decreasing order. Some well known
such algorithms are available (e.g. merge sort, heap sort or quick sort, which require the same time
O(n log n)).
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To close the paper, we give another example for solving Problem A and B.
Example 3. Find an optimal tour for Problem A and B with the following input data (the source
a, and the sink ay; for Problem A):
vertices |a;| @ |8 [ @ |8 |8 | & |8 | A | Ao | 811 | A2 | Q13 | Aua | 15 | Age | a7
altitude |93 [8|5[3[8[8|9]1]16[11| 4 |15|11] 4 ]16]11

We first renumber the vertices in increasing of altitudes. We see that a; <> 6, a;; <> 12, so we
have b=6and e = 12.
vertices |ag| @ | 8 @ |5 | @ | A3 | @ |87 | &1 | 8g | @ | 814 | Q17 | 1z | 80 | e
altitude |13 |3 |4|4|5|8[8]8] 9 9 |11 |11 |11 |15 | 16 | 16
renum. (1|2 3|4 |5(6|7(8|]9|10 |11 |12 |13 |14 | 15| 16 | 17

o An optimal tour from 6 to 12 for Problem A is T = (rt1, 72, 73) With
6-4-2-1-3-5 - 7-8-9-10-1] - 13-15-17-16-14-12
' ' YT
T %) 3

or in the original vertices is n = (ny, 1y, z) with
a4'alz'az'ag'35'a§ - d3-Qg-ar-ai-ag - Aiu—3dz-aAe- Ao — dg7 - Al
N H_J N 7

~—
T T T3

with the optimal function value is fopt = 5 (= tig — tia).
o An optimal tour for Problem B is
1-3-5-7-9-11-13-15-17-16-14-12-10-8-6-4-2-1
or in the original vertices is
dg-aAs-as-aAz-dr-ag-Ay-Aiz-dg-Ao- Ay -An-d-dg-Ag- A - Az - dg
with the optimal function value is fop = 5 (= tig — t14).
< The above methods can also be extended to complete bipartite graphs.
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