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Abstract. A module M is called (I EZ)—module if for the submodules A, B, C' of M such
that ANB=ANC=BNC =0, then AN (B @ C) =0. It is shown that:
(1) Let My, ..., M, be uniform local modules such that Mf; does not embed in J(A;) for
any 4,5 = 1,...,n. Suppose that M = M; @ ... & M, is a (IEZ)—module. Then
(a) M satisfies (C3).
(b) The following assertions are equivalent:
(i) M satisfies (Cs).
(if) If X C M, X = M; (withi € {1,...,n}), then X C® M.
(2) Let My, ..., M, be uniform local modules such that Mf; does not embed in J(A;) for
any i,j = 1,...,n. Suppose that M = M; @ ... ® M, is a nonsingular (I EZ)—module. Then,
M is a continuous module.

1. Introduction

Throughout this note, all rings are associative with identity, and all modules are unital right
modules. The Jacobson radical and the endmorphism ring of M are denoted by J(M) and End(M).
The notation X C°¢ Y means that X is an essential submodule of Y.

For a module M consider the following conditions:

(C1) Every submodule of M is essential in a direct summand of M.

(C3) Every submodule isomorphic to a direct summand of M is itself a direct summand.

(C3) If A and B are direct summands of M with AN B =0, then A @ B is a direct summand of
M.

A module M is defined to be a CS-module (or an extending module) if M satisfies the condition
(Ch1). If M satisfies (C1) and (C3), then M is said to be a continuous module. M is called quasi-
continuous if it satisfies (C7) and (C3). A module M is said to be a uniform - extending if every
uniform submodule of M is essential in a direct summand of M. We have the following implications:

We refer to [1] and [2] for background on CS and (quasi-)continuous modules.

In this paper, we give some results on (I EZ)—modules with conditions (C}), (C3), (Cs).
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2. The results

A module M is called (I EZ)—module if for the submodules A, B, C' of M such that AN B =
ANC=BNC=0,then AN(B®C)=0.

Examples

(a) Let I be a field. We consider the ring

F 0 ... 0

0o F ... O
R= )

0 O F

Then Rp is a (I EZ)—module.
Proof. Let A, B, C be submodules of M = Rp suchthat AN B =ANC = BNC =0. Then, there
exist the subsets I, J, K of {1,....n} with INJ=1NK = JNK = { such that

A11 0 0
0 Ay ... 0
A= ) i .
0 0 ... Amwm

where A;; = FViel,and A; =0Vi € I', with I' = {1, ...,n}\I,

B;i; 0 ... O
0 By ... 0
B = . . .
0 0 ... B

where B;; = F Vi € J, and B;; =0 Vi € J', with J' = {1,...,n}\J,

C11 0 0
0 Coy ... 0
0 0 ... Cu
where C;; = F Vi € K, and C;; =0 Vi € K/, with K’ ={1,...,n}\K.
Therefore,
X171 0 0
0 Xoo ... 0
BaC= ) . )
0 0 oo X

where X;; = F Vi € (JUK), and X;; = 0 Vi € H, with H = {1,...,n}\(JU K). Since
IN(JUK)=0,thus AN(B&C)=0.
Hence Rp is a (I EZ)—module.



L.V. An, N.S. Tung / VNU Journal of Science, Mathematics - Physics 23 (2007) 189-193 191

Remark. Let

F 0 0

0 O 0
My = )

0 O 0

0 O 0

0 O 0
Mn - . bl

0 O F

then M; which are simple modules for any ¢ = 1,...,n and Rgp = M; & ... & M,, where Rp in
example. Therefore, M; are uniform local modules such that )/; does not embed in J(M;) for any
,5=1,...,n.

(b) Let F' be a field and V' is a vector space over field F. Set M = V & V. Then M is not
(IEZ)—module.
Proof. Let A = {(z,z) | x € V}, B=V &0, C =0V be submodules of M. We have
ANB=ANC=BNC=0but AN(B&C)=ANM = A. Hence, M is not (I EZ)—module.

We give two results on (I £'Z)—module with conditions (C}), (Ca), (Cs).

Theorem 1. Let M, ..., M,, be uniform local modules such that M; does not embed in J(M;) for
any i,j =1,...,n. Suppose that M = My & ... ® M,, is (I EZ)—module. Then
(a) M satisfies (C3).
(b) The following assertions are equivalent:
(i) M satisfies (C3).
(i) If X C M, X = M; (withi € {1,...,n}), then X C® M.

Theorem 2.  Let M, ..., M, be uniform local modules such that M; does not embed in J(M;) for
any i,j = 1,...,n. Suppose that M = My @ ... & M, is a nonsingular (I EZ)—module. Then M is
a continuous module.

3. Proof of Theorem 1 and Theorem 2

Lemma 1. ([3, Lemmal.l]) Let N be a uniform local module such that N does not embed in J(N),
then S = End(N) is a local ring.

Lemma 2. Let M, ..., M, be uniform local modules such that M; does not embed in J(Mj;) for any
iyj=1,...n. Set M = M;®...®&M,. If S1,S2 C¥ M; u—dim(Sy) =1 and u—dim(S3) =n—1,
then M = S| @ So.

Proof. By Lemma 1 we have End(M;) which is a local ring for any ¢« = 1,...,n. By Azumaya’s
Lemma (cf. [4, 12.6, 12.7]), we have M = S, & K = Sy & M;. Suppose that i = 1, ie.,
M =5y, M = (@?:QMZ) OM; M=SdH =5 (@ZGIMZ) with ‘ I ‘: n — 1. There
are cases:
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Case 1. If 1 ¢ I, then M = S1 ® (Ms @ ... ® M,,). By modularity we get S| @& Sy =
(S1®S52)NM = (S1®S2)N(Sa® M) = So®((S19S2)NMy) = Se@®U, where U = (51 S2) N M;.
Therefore, U C M;,U = S; = M;. By our assumption, we must have U = M, and hence
S1® Sy =5Syd M, = M.

Case 2. If 1 € I, then there is k # 1 such that & = {1,...,n}\I. By modularity we get
S1® Sy = Sy @V, where V= (S1 @ S3) N My. Therefore, V. C M;,V =2 S; &2 M. By our
assumption, we must have V' = M, and hence S; & Sy = S @ My = M, as desired.

Proof of Theorem 1. (a), We show that M satisfies (C3), i.e., for two direct summands S, So of
M with S NSy =0, S; @ Ss is also a direct summand of M. By Lemma 1 we have End(M;),
i=1,...,nis a local ring. By Azumaya’s Lemma (cf. [4, 12.6, 12.7]), we have M = S S H = 51D
(@iGIMi) = (@zeJMz) @(@ZGIMZ) (where J = {1, ,n}\[) and M = Sop K = SQ@(@J'GEMJ') =
(@jeFMj) D (@jeEMj) (where F' = {1, ,n}\E) We imply S; =2 ®;cjM; and Sy = @jeFMj-
Suppose that F' = {1,...,k}. Let ¢ be isomorphism &¥_ | M; — Ss. Set X; = ¢(M;), we have
X; = M;, Sy = ®F_ X;. By hypothesis Sy C® M, we must have X; C® M, j = 1,..., k. We show
that S1 @S2 = 51 ® (X1 @ ... ® Xj) is a direct summand of M.

We first prove a claim that 51 @ X is a direct summand of M. By Azumaya’s Lemma (cf. [4,
12.6, 12.7]), we have M = X1 ® L = X1 © (@sesMs) = My © (BsesMs), with S C {1,...,n}
such that card(S) = n —1 and o = {1,...,n}\S. Note that card(SNI) > card(I) — 1 = m.
Suppose that {1,...,m} C (SNI), ie, M = (S1 & (M; @ ... ® My,)) & Mg = Z & Mg with
g =I\{l,....,m}and Z = S1 & (M1 & ... M,,). By M is a (IEZ)—module and X; N S} =
XiN(My & ... My) =S1N (M & ... My,) =0, we have ZNX; = 0. By Z,X; C% M,
u—dim(Z)=n—1, u—dim(X;) =1, ie.,, u — dim(Z) + u — dim(X;) = n and by Lemma 2
wehave M =Za X1 =510 (M1 ®...®M,,) X1 =(51DX1)® (M @ ... & M,,). Therefore,
S1 @ X1 CP M.

By induction we have S So =51 @ (X1 D...0 X)) = (S10 X1 D ... & Xj—1) ® X is a direct
summand of M, as desired.

(b), The implication (i) = (i7) is clear .

(i1) = (1). We show that M satisfies (C5), i.e., for two submodules X,Y of M, with X 2 Y
and Y C® M, X is also a direct summand of M.

Note that, since u — dim(M) = n, we have u — dim(Y) = 0, 1, ..., n, the following case is trival:
u—dim(Y)=0.

If u—dim(Y) =1,...,n. By Azumaya’s Lemma (cf. [4, 12.6, 12.7]) X =2 Y = @/ M;, I C
{1, ...,n}. Let ¢ be isomorphism @®;c;M; — X. Set X; = p(M;), thus X; = M; for any i € I. By
hypothesis (ii), we have X; C® M,i € I. Since X = ®;c;X; and X satisfies (C3), thus X C% M,
proving (i).

Lemma 3. Let M = M; @ ... & M, with all M; uniform. Suppose that M is a nonsingular
(IEZ)—module. Then M is a C'S—module.

Proof. We prove that each uniform closed submodule of M is a direct summand of M. Let A be
a uniform closed submodule of M. Set X; = AN M;, ¢ = 1,...,n. Suppose that X; = 0 for any
i =1, ...,n. By hypothesis, M is (I EZ)—module, we have A= ANM =AN(M & ... M,) =0,
a contradiction. Therefore, there is a X; # 0, i.e., AN M; # 0. By property A and M are uniform
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submodules we have AN M; C° A and AN M; C° M;. By A and M; are closure of AN M;, M is
a nonsingular module, we have A = M; C® M. This implies that A/ is uniform - extending.
Since M has finite uniform dimension and by [1, Corollary 7.8], M is extending module, as desired.

Proof of Theorem 2. By Lemma 3, M is a C'S—module. We show that M satisfies (C3). By Theorem
1, we prove that if X C M, X = M; (with i € {1,...,n}), then X C% M.

Set X* is a closure of X in M. Since M; is a uniform module, thus X is also uniform. Therefore
X is a uniform closed module. We imply X* is a direct summand of M. We have X* = M;, thus
X C M;.

If X € M;, X # M; then X C J(M;). Hence M; = X C J(M,), a contradiction. We have
X = M; C% M, as desired.
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