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Abstract. In this paper we study the extending of the Matheron theorem for general topo-
logical spaces. We also show some examples about the spaces F such that the miss-and-hit
topology on those spaces are unseparated or non-Hausdorff.

1. Introduction

The Choquet theorem (see [1, 2]) plays very importance role in theory of random sets. The
proof of this theorem is based on the Matheron theorem and especially, the locally compact property
of the space F, where F is a space of all close subsets of a given space £/ and F is equipped with
the miss-and-hit topology (see [1]). The Matheron theorem is stated as follows.

Theorem. Let E be a complete, separable and locally compact metric space. Then the miss-and-hit
topology on F space of all closed subsets of E is compact, separable and Hausdorff.

Note that the natural domain of the probability theory is a Polish space, which is, in general, not
locally compact. So in [3], the authors extended the Matheron theorem for general metric space. They
showed that if E' is a separable metric space, then the miss-and-hit topology on space F is separable
and compact. And if £ has a non-locally compact point, then the miss-and-hit topology on space F
is not Hausdorff. Now we extend the Matheron theorem for general topological space.

Let E be a topological space. Denote F, K and G the families of all close, compact and open
subsets of E respectively.

For every A C E, we denote

Fa={F:FcF,FNA#0}; FA={F:FecF,FNnA=0}.
For every K € K and a finite family of sets G, ...,G, € G, n € N, we put
Féocn =F(VFor - [ Feun-
Then
(FE  a. i KeK, Gi,...,G,€G, neN}

is a base of topology on F. Which is called a miss-and-hit topology on F.
We have
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Main theorem

i) If E is a separable and Hausdorff topological space, then the miss-and-hit topology on space
F is separable.
ii) Let E be a topological space. Then the miss-and-hit topology on space F is compact.
iii) Let F be a topological space.
i) Then the space F with the miss-and-hit topology is a T'1-space.
ii) If E is a Ty-space and has a non-locally compact point, then the miss-and-hit topology
on space F is not Hausdorff.
iv) If E is an uncountable set with Zariski topology, then the miss-and-hit topology on space F
is Hausdorff and unseparated.
v) There exists a topology on the set of all natural numbers N such that this topology space is a
compact and 'T'1-space. Moerover, space F with the miss-and-hit topology is non-Hausdorff
space.

The paper is organized as follows. In section 2 we will prove some results on the extending of
Matheron theorem for topological space. In Section 3 we will show some examples about the spaces
JF which are unseparated or non-Hausdorff for the miss-and-hit topology.

2. On the Matheron theorem

Theorem 2.1. [If E is a separable and Hausdorff topological space, then the miss-and-hit topology
on space F is separable.

Proof. Let A be a countable and dense subset in E. For every F' € F, suppose that }"gl .G, 1sa
neighborhood of F'. Then G;\K are open and non-empty, so we can choose x; € AN (G;\K) for
i=1,...,n. We obtain

{z1,..., 2.} NK =0 and {z1,...,2,}JNG; #0

foralli=1,...,n.
Thus,

{w1,...,an} € FE .-

Since the class of finite subsets of A is countable, we conclude that F is a separable space.
Theorem 2.2. Let E be a topological space. Then the miss-and-hit topology on space F is compact.

Proof. By Alexandroff theorem, in order to prove that the miss-and-hit topology on space F is compact,
it is sufficient to show that if

{(FhKieK, ie Y| J{Fc,:Gj€§, je}

is a cover of F, then it has a finite subcover. Put Q = J G}, then 2 is an open set. Since
=

F=UUrUU 7s).

iel jeJ
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we have

0= (NEAF) N (NF\Fe,)

iel jeJ

= (7<) (N F)

il jeJ

el
= (7%
el
From the later there is an index iy € I such that K;, C Q.

Indeed, assume on the contrary that K; N (E\Q) # () for every i € I. Then () £ E\Q € ) ]-"I%

iel
is a contradition. Since K, is a compact set, there is a set {1, ..., jn} C J such that {G;,,...,G;.}
is a cover of Kj,. Let F' be an arbitrary closed subset of E. Then either F N K;, =0 or FNGj, # 0

for some k € {1,...,n}. Therefore

FerfolJre, .- UZq,.

The theorem is proved.

Remark. The proofs of Theorem 2.1 and 2.2 are analogous as the proof of the Main theorem in [3].
In [3], the authors showed that if F is a separable metric space and has at least a non-locally compact
point, then the miss-and-hit topology on space F is not Hausdorff.

Theorem 2.3. Let E be a topological space. Then

i) the miss-and-hit topology on space F is a T-space.

ii) if E is a T1-space and has a non-locally compact point, then the miss-and-hit topology on
space F is not Hausdorff.

Proof. i) Take Fy, Fy € F, Fy # Fy. If there is a point = € Fy\ F}, then F} € 7-"g} and F» ¢ ]-"g}.
Otherwise, F; € fg\ " and Fy ¢ ]-"g\ ox It implies that F is a Tj-space with the miss-and-hit
topology.

ii) Let zo € E is a point which has not any compact neighborhood. Take z; € E\{x(} and put
F = {xg,21}, F' = {x1}. We will show that Ur N Upr # () for any neighborhoods Up = fglw.’(;n

_ K’ !

of F'and Upr = ]-"G,17...7G;n of F'.

Put

I(]:{’L':lﬁ’ign,iL'QGGi}.
If Iy =0 then F € Up NUpr. And if Iy # (), put G = () G;. Then there exists 2o € G\ (K U K').
i€ly

In fact, if it is not the case, then G C (K U K'). Hence K U K’ is a compact neighborhood of ap. It
contradicts to g is a non-locally compact point.

Put F” = {21, 2}, then F" € FKUK and F" NG} # 0 for all i = 1,...,m. Therefore,

n

F" € Up:. Since G = (| G; contains x1 or x9, F"NG; # () foralli = 1,... n. It implies "’ € Up.
i=1
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Hence,
F'eU rNUp.
The proof is completed.

3. Some examples

For a given set F, we say that 7 is the Zariski topology on E if 7 contains () and for every
0 AU C E, U €7 then E\U is a finite set.
Theorem 3.1. If E is an uncountable set with Zariski topology, then the miss-and-hit topology on F
is Hausdorff and unseparated.

Proof. Let A be an arbitrary countable subset of . We will show that A is not dense in F. In fact,
put

R=|J{F:FeA F#E}.
For each F' € A, F # E, then F is a finite set. It implies that R is a countable set. Hence, there
exists * € E\R. It is easy to see that every subset of E is compact. Then F% is a neighborhood of
{z} and
AFE=0.
Therefore A is not dense in F. Thus, F is unseparated.
Now we show that F is Hausdorff space. Let F, F' € F, F # F’.
If F C F', we put
K=G =E\F, KK=E\F, G=EFE,
and if F ¢ F' and F' ¢ F, we put
K=FE\F, K=G=FE\F', G =E.

Then we have
Ferf, Flerl and FE (7S =0.
It implies that F is Hausdorff space.

Remark. The space F in Theorem 3.1 is separable and non-Hausdorff. But the miss-and-hit topology
on F is Hausdorff and not separable. Hence the assumption that £ is Hausdorft in Theorem 2.1 is
only a sufficient condition.

Denote N a set of all natural numbers, put X = N. Let ® be a family consisting of (), X and
all of subsets A C X which satisfies the condition: There exists a finite subset o of A such that for
every a € A, a can be represented in the form a = mp, where m € o, p € PU {1} (P is the set of
all prime numbers). We say that « is a finite generating set of A [4, 5].

Theorem 3.2. Assume that ® and X are defined as above. Then ® is the family of close subsets of
a topology on X and X with this topology is a compact and T'1-space. Moreover, the miss-and-hit
topology on @ is not Hausdorff.
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Proof. Tt is easy to see that if A is a finite subset of X then A € ®, and if A, B € ® then AUB € &.
Therefore, to show that ¢ is the family of close subsets for a topology in X, it is sufficient to show
that for every family of {4;};,c; C ®, we have (] A4; € ®.
el

Let ; be the finite generating set of A;, ¢ € I. Take an arbitrary o, i1 € I, choose i2 €

such that
0 # o, Ny, # .
Next, choose i3 € I such that
0 ?é Qi Moy, Moy, 75 o, Moy,

and go on. Then we have o;,, a;, Nay,, ... 1s a decreasing sequence of finite sets. So, after k steps,

it will happen one of following two cases.
Case 1. o, N...Na;, # 0 and for every i & {41,...,i,} we have

o N Nog,, C oy

Case 2. a;; N...Na;, # 0 and there exists ¢ € I such that a;; N...Nay, Na; = 0.
k
Suppose that the first case happens. Put ag = |J oy, and
J=1

B={mp:m € ap, pe {1} UP, pla for some a € ap}.

Then B is a finite set.

For any a € ([ A;)\B we have
el
a=mip1 = ... = MkPk,

where m; € «;;, p; are primer numbers and p; is not a divisor of my if t # s. Hence py = pa = ... =

k
pp=pandmy=mo=...=mp=m¢€ () @;;. So () A; has a finite generating set which is
j=1 iel
k
(Bﬂ(ﬂ 4y)) U ( ﬂ ai;).
iel j=1
Now suppose that the second case happens. Denote B as in the first case. Then for every
k
a € ([ A;)\B, we have a = mp = nq, where m € () a;;, n € a;, p,q are prime numbers. Since
iel j=1
p # q, p is divisor of n. On the other hand, «; and B are finite sets. Hence ([ A4;)\B is a finite
iel
set. So ) A; is a finite set. Therefore (] A; € ®. Thus, every finite set of X is closed, in particular,

icl el
X is a Ty-space.

Now we will prove that X is a compact space. In fact, suppose that {G;};c; is an arbitrary
open cover of X. For every i € I, put A4 = X\G; and «; is the finite generating set of A;. Then

N A; #0.
i€l
If () a; # 0, then we have a contradiction to the fact that {G;};c; is an open cover of X.
i€l

k
Therefore, () a; = (. Since «; is a finite set, there exists {i1,...,ix} C I such that [ i, = 0.
iel Jj=1
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k k
According to the second case, the set (] 4;; = X\ |J Gj; is finite. Thus, {G;}cs has a finite

Jj=1 J=
subcover.

To complete the proof, we will show that ® is a non-Hausdorff space. First, we invoke two
following facts

1. For every compact set K # X and k € N, there exists x ¢ K such that 7(x) > k, where
7(x) is a number of divisors of .

Indeed, choose = ¢ K and denote ith prime number by p;. Put

A;=A{zp:p>pipeP}

Then {z} U A; is closed in X and x is a finite generating set of it. Therefore A; N K is closed in K.
If A; C K foralli =1,2,..., wereceive a contradiction because {4;} has finite intersection property
but their intersection is empty. Hence, there exists ¢; € P such that xq; ¢ K. Going on this processing,
replacing = by x¢; and considering A; for p; > ¢1, we find out ¢o € P such that zq1q0 &€ K, ¢1 < ¢o.
By induction we have ¢1,...,qx € P, ¢1 < ... < g such that z = zq; ...qr ¢ K. It is clear that
T(z) > k.

2. For every closed subset A # X, there exists ko € N such that 7(x) < kg for all x € A.

Indeed, let « be a finite generating set of A. Put

ko =2 mazx {7(x): z € a}.

Then kg is the needed number.

Now we will prove that space ® is a non-Hausdorff space.
Let F = {1,2} and F’ = {1} € ®. Assume that

K K’
F&,,...q, and 7'-(;’1,...,(;;11
are arbitrary neighborhoods of F, F’ respectively. We have to show that
FE o Fo . #0.

-
Indeed, it is clear that X\G; and X \G; are closed sets which are different from X. According to
2), there exists kg such that 7(z) < kg for all x € X\G;, i = 1,...,n and 7(y) < ko for all
Yy € X\G;, j=1,...,m. Since K U K’ is a compact set which is different from X, according to 1)
there exists zg ¢ K UK’ such that 7(zg) > ko. We have 29 ¢ X\G; fori =1,...,n and zg & X\G;

for j = 1,...,m. Consequently, zg € G;, xg € G;. foralli=1,...,n, j=1,...,m. Hence

K /
{zo} € & (VTS -
The proof is completed.
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