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Abstract. This paper deals with a formula of stability radii for an linear difference equation
(LDEs for short) with the coefficients varying in time under structured parameter perturbations.
It is shown that the [,,— real and complex stability radii of these systems coincide and they are
given by a formula of input-output operator. The result is considered as an discrete version of
a previous result for time-varying ordinary differential equations [1].
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1. Introduction

Many control systems are subject to perturbations in terms of uncertain parameters. An important
quantitative measure of stability robustness of a system to such perturbations is called the stability
radius. The concept of stability radii was introduced by Hinrichsen and Pritchard 1986 for time-
invariant differential (or difference) systems (see [2, 3]). It is defined as the smallest value p of the
norm of real or complex perturbations destabilizing the system. If complex perturbations are allowed,
p is called the complex stability radius. If only real perturbations are considered, the real radius is
obtained. The computation of a stability radius is a subject which has attracted a lot of interest over
recent decades, see e.g. [2, 3, 4, 5]. For further considerations in abstract spaces, see [6] and the
references therein. Earlier results for time-varying systems can be found, e.g., in [1, 7]. The most
successful attempt for finding a formula of the stability radius was an elegant result given by Jacob
[1]. In that paper, it has been given by virtue of output-input operator a formula for L,— stability for
time-varying system subjected to additive structured perturbations of the form

i(t) = B(t)z(t) + E(O)A(F(-)z(-))(1), t = 0,2(0) = xo,

where E(t) and F(t) are given scaling matrices defining the structure of the perturbation and A is
an unknown disturbance. We now want to study a discrete version of this work by considering a
difference equation with coefficients varying in time

z(n+1) = (A, + E,AF,)z(n), n € N. (1)
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This problem has been studied by F. Wirth [8]. However, in this work, he has just given an estimate
for stability radius. Following the idea in [1], we set up a formula for stability radius in the space ,
and show that when p = 2 and A, E, F" are constant matrix, we obtain the result dealt with in [5]

The technique we use in this paper is somewhat similar to one in [1]. However, in applying the
main idea of Jacob in [1] to the difference equations, we need some improvements. Many steps of the
proofs in the paper [1] are considerably reduced and this reduction is valid not only in discrete case
but also in continuous time one.

An outline of the remainder of the paper is as follows: the next section introduces the concept
of Stability radius for difference equation in [,. In Section 3 we prove a formula for computing the
l,— stability radius.

2. Stability radius for difference equation

We now establish a formulation for stability radius of the varying in times system

(2)

z(n+1)=Byz(n), neNn>m
z(m) = xo) € RY

It is easy to see that the equation (2) has a unique solution z(n) = ®(n,m)xy where & =
{®(n, m)}>m>0 is the Cauchy operator given by ®(n,m) = B,_; - - - B, n > m and ®(m, m) =
I. Suppose that the trivial solution of (2) is exponently stable, i.e., there exist positive constants
M and « € (0,1) such that

1@ (12, m) [[gaxa < Ma™™™, 0 =m = 0. 3)

We introduce some notations which are usually used later. Let X,Y be two Banach spaces
and N be the set of all nonegative integer numbers. Put

e [(0,00; X)={u:N— X}

® 15(0,00; X) = {u €1(0,00; X): >0 lu(n)]|P < oo} endowed with the norm |[ull;,0,00;x) =
(oo llu(m)[P)1/P < oo,

o [)(s,t; X)) ={uecp(0,00;X): u(n)=0if n ¢ [s,t]}.

e L([,(0,00; X),1,(0,00;Y)) is the Banach space of all linear continuous operators from
1,(0, 00; X) to 1,(0,00;Y).

Sometime, for the convenience of the formulation, we identify I,(s,¢; X)) with the space of all
sequences (u(n))!_..

The truncated operators of (0, oo; X) are defined by
z(k), 0<k<t,

mew={ 1 95

and

T

—~
=y

S—
I

() 0, 0<k<s,
xz(k), k=>s.

An operator I' € L(1,(0, 00; X),1,(0,00;Y)) is said to be causal if 7, Am, = m A for any t > 0

(see [1]).
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Let A € L(1,(0, 00;KY),1,(0,00; K*)) be a causal operator. We consider the system (2)
subjected to perturbation of the form

z(n+1) = Byz(n) + ELA(Fz(+))(n), n €N, (4)

where E,, € K%¥*5: F,, € K9%?: the operator A is a perturbation.
A sequence (y(n)) € 1(0, 0o; K9) is called a solution of (4) with the initial value y(ng) = g
if
y(n+1) = Buy(n) + B A(Fy( Yo (0), 7> no. (5)
Suppose that (y(n)) is a solution of (4) with the initial value y(ng) = x¢. It is obvious
that for n > m > ng the following constant-variation formula holds

n—1

y(n) = ®(n,m)y(m) + Y ®(n, k + D EpA(mn-1 (Fy(-)]ne) (k) + EnA(mn-1[Fy()]no) ()

n—1

+>_0(n, k+ DERA(Fy()m) (k) + EnA([Fy(-)lm)(n). (6)

We are now in position to give a formula for stability radii for difference equation. Now
let the unique solution to the initial value problem for (4) with initial value condition z(ng) =
denote by z(- ;ng, xg). In the following, we suppose that
Hypothese 2.1. E,; F,; are bounded on N.

We define the following operators

(Lou)(n) = Fy 2320 ®(n, k + 1) Egu(k)),
(Low)(n) = 32320 ®(n, k -+ 1) Eyu(k),
for all u € 1,,(0, 00; K®), n > 0. The first operator is called the input-output operator associated
with (2). Put
(Lng ) (1) = (Lo[ulng) (n), (L) (m) = (Loulng) (n)- (7)

We see that these operators are independent of the choice of T;,. It is easy to verify the
following auxiliary results.

Lemma 2.2. Let (3) and Hypothesis hold. The following properties are true

a) Ly, , € L(1(no, 00; K?), l,(ng, 00; K9)); IEnO € L(1,(no, 00; K®), I,(ng, 0o; K)),

b) |Lefl < Lol t>¢ >0,

¢) There exist constants My > 0 such that

12, n0)Z0lly, (ng,005x) < M1 [|Zollga, 10 >0, 0 € K.

With these operators, any solution x(n) having the initial condition x(ng) = zg) of (4)

can be rewritten under the form

2(n) = ®(n, n0)a0 + Lo A([F.2(-)]n,)(n), n > no. (8)
Definition 2.3. The trivial solution of (4) is said to be globally [,—stable if there exist a constant
My > 0 such that

1210, 20) g ooty < Ma 70 g (©)
for all zg € K.
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Remark 2.4. From the inequality
(15 120, 20) g < [J2(5 10, ©0) Iy, (120, 005

for any n = ny, it follows that that the global 1 ,-stability property implies the K¢— stability in initial
condition.

In comparing with [1, Definition 3.4], in the discrete case, we use only the relation (9) to
define l,,—stability.

3. A formula of the stability radius

First, the notion of the stability radius introduced in [1, 2, 9] is extended to time-varying
difference system (2).
Definition 3.1. The complex (real) structured stability radius of (2) subjected to linear, dynamic
and causal perturbation in (4) is defined by

rk(A; B, E, F) =inf {||A| : the trivial solution of (4) is not globally [,, — stable },
where K = C, R, respectively.
Proposition 3.2. If A € L(1,(0, 00; K?),1,(0, 00; K?®)) is causal and satisfies

1Al < sup [|L |7

ng =0
then the trivial solution of the system (4) is globally | ,,— stable.
Proof. Let m > ng be arbitrarily given. It is easy to see that there exists an M3 > 0 such that

[|z(n; no, xo)|lga < Mz ||zoll Vo <n<m. (10)
Therefore,
(-, 10, ©0) 1, (19, m, k) < (M = 10) M3 [|20| - (11)

Now fix a number m > ng such that ||Al| ||L,,|| < 1. Due to the assumption on ||A]|, such an m
exists. It follows from (6) that

n—1
z(n, ng, x9) = ®(n, m)z(m, ng, o) + Z (n, k+ 1) EgA([mm—1(F 2 (-, no, 20))]no ) (k)
k=m
n—1
k=m

for n > m. Therefore,
Fnx(n;no, mo) = Fn®(n, m)z(m;no, zo) + (Lo (A(Tm—1[Fz]ny))) (1) + (Lin (A([Fz]m))) (7).
(12)
From (10) and (12) we have
[ F.2(+; 10, 20) |1, (m,00,ka) < [[F.P (-, m)x(m; no, o)l (m,c0, k0)

)
[ (AT -1 [E2]n ) ()l (100,10 + I Len CAEZ]m))) )l (1,00 109
< My|[E || [|l2(m; no, o) [

[l ke
L AN o1 [F ] ) ()l (g mocay + Mean [FTATTTEEZTm) ()l 1,00, x9) -
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Therefore,
(1 = [ La | 1A [1E2 (510, 20) 1, (1m,00,x0) < NE (ML M3 + Ma||[Lanl[[|A]]) ol
which implies that
1E.2 (-5 10, 20) 1, (mcoicay < (1= [T AN THIE || (M1 Mz + Ma| Lo || A]l) [lo]l - (13)
Setting Ms = (1 — | Lol [ A])~" || (My Ms + My|[L || A]]) we obtain
123 120, 20) |1, (1m 00,50y < M5 ([0 gca -
Hence, using (11) we have
1E.(5 10, 20) 11, (g, 00,50 < M [|0llgca ,
where Mg = My + Ms. Further, by (8)

(57205 0) 1y (g 00,54) < 125 720) Prag—1201|1, (ng 00,1) + [ Lino [[[[ AN E -2 (- 70, 20)) 1, (ng 00, K9)
< M| Pog 10|l + [[Lang [HA[ F.2(:, 10, 20)) [l (g ,00,k9) < M7 || Prg—10]l

where M7 = M; + ||IEnO||||A||M6 The proof is complete.
Thus, by Proposition 4.3, the inequality
rk(4; B, E, F) > sup |y~
no 20
holds. We prove the converse relation.
We note that ||L,]|| is decreasing in n. Therefore, there exists the limit
1

n(l)linoo ||Ln()||lp(0,oo;Kq) = B

Proposition 3.3. For every 6, 3 < § < ||Lo|| =t there exists a causal operator A € L(1,(0, oc;
K9),1,(0, 00; K®)) with ||Al| < d such that the trivial solution of (4) is not globally 1 ,— stable.
Proof. Let us fix the numbers e > 0,y > 3 satisfying 0 < y(1—ev) ™! < A. Since 1L 110,004y |
11
B X

||Ln||lp(0,oo;Kq) > ;7 Vn = 0.

In particular, ||Lg|| > % Therefore, we can choose a function fy € 1,(0, 00; K®) with ||.%||lp(0,m;Ks) =
1 such that

~ 1
Lo folli,(0,00:K4) > o

From the properties
. = . = ~ 1
Jim {7 folly, 0,00y = 1 T [[Lomn folli, 0,0059) = Lo foll > >

it follows that there exists an mg € N satisfying
1 ~ 1
———=—|Lo(mmg fo) l1,(0,00:k0) > —-
Irmooll O Ty
Denoting fy = %Wmofo we obtain
[mmg foll

1
[ follz,(0,00:xs) = 1, support fo C [0,me] and ||[Lofolls,(0,005k4) > =
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Further, for any n > mg we have

Lo(Tmoh)(n) = Fn 312 @(n, k + 1) Eg(mm, h) (k)
= F,®(n,mo+ 1) >0 ®(mo + 1, k + 1) Ex(mm, h) (k).

Therefore, by virtue of (3), there exists ng > mg such that

€

L0 (7o ) 1y (mo so0a) < 5 1Pl (0,002) (14)
Similarly, we can find ng < mi < n1 and f; satisfying
[fill =1, support fi C [ng+1,m]
and
1 €
Lo f1ll1,(no+1,n1:Ke) > > Lo (7rmy P |1 (1 005K 0) < 2_2||h||lp(0,oo;KS)-

Continuing this way, we can find the sequences (f;) and ng T 0o, ng—1 < mg < ng having the
following properties

||fk||lp(0,oo;KS) =1, support fk - [nk—l +1, mk]v

(withn_y =—-1,m_1 = —1) and

1 €
||L0fk||lp(nk,1+l,nk;Kq) > ;7 ||L0(7kah)||lp(nk,oo;Kq) < 2_k||h||lp(0,oo;KS)' (15)

Denote

Qh - Z 1[nk71+1,nk]1‘0([h]mk,1+1)7
k=0

where 1¢ denotes the indicator function of the set C. Let f = > 77 fr. By (15) we see that
Lof ¢ 1,(0, 00; K?). Further,

e support Qfy C [ng—1 + 1, nzl,

) ) c
i ||(L0 - Q)hHlp(O,oo;Kq) < Z ||L0(7ka71h)||lp(nk,1,oo;Kq) < Z 2_k||h||lp(0,oo;KS) = 6||h||lp(0,oo;]KS)v
k=1 k=1

i.e.,

Lo — Qll1, (0,005K9) < €- (16)

By Hahn-Banach theorem, for any k € N, there exists a linear functional, namely 7}, defined
on ly(ng—1 + 1, ng, K9) such that

laill =1 and of (Lol ;1) = Lo fillyos-1 o)

We define a sequence of causal operators Ay € L£(1,(0, 00; K?),1,(0, 00; K*)) by

Jet1 -
||L0fk||lp(nk71+1,nk;Kq) k |nk*1+1

The sequence (Ay) has the following properties

o Ap(Lofr) = Ar(Qfx) = frs1,
o || Ak <.
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Let
Ah = iAkh.
k=0

It is obvious

|A]l = sup{||Ax| : k € N}.
Therefore, the operator (I — (Q —Lg)A) is invertible and ||(I — (Q —Lg)A) 7| < (1 —ev)~% Set

A=AI-(Q-Lo)A),

z= (I - (Q-Lo)A)QSf.
We see that

Al = |Ar(I — (Q-Lo)A) ' < y(1—ey) ™" <,

and

(I —LoA)z = (I — (Q—1Lo)A)Qf — LoAQf = Q(f — AQf)
=Q (f - Z Akz 1[m1+1,m]L0([f]mi1+1)> = Qfo = LjgneLo(fo) = g
k=0 =0

Hence,
(I -LoA)z =g, (17)
which implies that
(I — LoAF)y = LAg, (18)

where y = LAz. From (18) we have F,y(n) = z(n) for any n > ng. Therefore, y & 1,(0, oo; K9)
because z ¢ [,(0,00;K?) and F' is bounded. Moreover, the relation (18) says that y(-) is a
solution of the system

y(n+1) = Buy(n) + En(A(Fy())(n) + En(Ag)(n), (19)
with the initial condition y(0) = 0. Put
h(n) = En(Ag)(n).
It is easy to see that h(n) has a compact support. Substituting into the first one we obtain
y(n+1) = Buy(n) + EnA(E)y(-))(n) + h(n). (20)
For any m > 0, the equation
z(n+1) = Bpa(n) + En(A(Fz(-)))(n), (21)

has a uniquely solution, say x(-, m, zg), with the initial condition z(m;m, xg) = xo. We show
that the sequence (y(n)) defined by
y(n+1)=> a(n+1,k+1,h(k), y(0)=0. (22)
k=0
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is a solution of (20) with y(0) = 0. Indeed,

i
L

n

yn+1)=> zn+ Lk+1,h(k) =D x(n+1,k+1,h(k) + h(n)
k=0 k=0
n—1 n—1
= Buz(n,k+1,h(k)+ Y EA(F (- k+1,h(k)))(n) + h(n)
k=0 k=0

i
L

= Bpy(n, k+ 1, h(k)) + E, A(F.

(]

(-, k+1,h(k)))(n) + h(n)

Eonl
LI

= Buy(n,k+ 1, h(k)) + B AE S 2(-, k + 1, h(k)))(n) + h(n).
0

e
Il

Therefore,

y(n+1) = ByPoay(n, k+ 1, h(k)) + En A((Fy(-))))(n) + h(n),

p}l/P

[e’e] n p 1/117
{Z (Z |2 (n; k:+1,,h(l<:))||> }

n=0 \k=0

i.e., we get (20).
If (21) is globally I,— stable, it follows that

[y (- )||l,,(0<>oK {Z

0

Z (n,k+1,h(k))

k=0

Mg

00 1/p
( Z lx(n; k+ 1, h(k ))||p> (using Minkowski’s inequality)
k=0 \n=k+1

MIOZHh )| < +oc.

Hence, it follows that
Hy(')Hlp(O,oo;Kd) < Q.

That contradicts to y(-) & 1,(0, o0; K%). This means that (4) is not globally stable.
Summing up we obtain.
Theorem 3.4. For l,—stability, the complex stability radius and real stability radius are equal and it
is given by
re(E, A; B,C) = rg(E, A; B,C) = sup |[Lp,|| "

noz

Corollary 3.5. Let B, E, I' be constant matrices and p = 2. Then, there holds

-1
rc = TR = { Sup HF(tI - B)_IEH .
|t >1
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Proof. Since B, E, F' are constant matrices, we have

n—1 n—1 k+1 n—1
(Lou) (n) =F Y ®(n,k+1)Buy =F > ( 11 B) EuxF Y B Euy,

k=0 k=0 k=0

m=n

Denote by H(h) the Fourier transformation of the function h. We see that

00 n—1 ) 00 n—1 .
H(LOU) — Z ( Z Bn—k—lEuk> e~ nw — Z (F Z Bn—k—lEuk> e~ nw

n=0 k=0 n=0 k=0
— i F % Bn—ke—i(n—k)w Eure v — S F(e“T — B -1 E —ikw
= k€ =3 F(e ) uge
k=0 n=~k k=0

= F(e“I-B) 'EY upe ™ = F (¢ — B) "' EH (u)
k=0

= (F(e*1-B) " E)H () = F((¢“1-B)") BH (u).

Therefore,
H (Lou) = F (¢“I — B)"' EH (u).
Using Parseval equality we have
IH ()] = [IA]

for any h € I5(0, 00; K?). Hence,

ILoul = | H (Low)|| = ||F (1~ B) ™ B.H (u).

Thus,
ILoll = sup |F (e1 — B)™" B.H (u)
flull<1
[1H (u)[|<1 w
Or

ILo|| = sup HF (tI — B)™" EH .
lt|=1

Since limy o F (tA — B) ' E =0,

-1
rc =TR = {sup HF(tA - B)™! EH} .

[t[>1
The proof is complete.
Example 3.6. Calculate the stability radius of the unstructured system

Xpiq = (‘12 _11> X, VYn>0. (23)

The matrix <_12 11> has two eigenvalues A; = 1/3 and A2 = 2/3 which line in the unit ball.

Therefore, the system (23) is asymptotically stable. Further

9t—2 2
(¢ - B)_IH = (_9152—9216—1—2 9t92t:%t+2>
97-9i12  92—9t12
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We know that ||(tI — B)™!|| is the largest eigenvalue of (tI — B) ™" (tI — B)™" which is

—162t + 162t> + 61 + 5v/324t2 — 324t + 97
2(81t4 — 16263 + 1172 — 36t + 4)

Hence,
_ —162t + 162t + 61 + 5v/324t2 — 324t +97 61 5
ot ez -5 T 2(81¢F — 16263 + 1172 — 36t + 4) s T8

Thus,

61 5 -1

rce =TR = ——|——\/97 .

8 8
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