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BANG KY HIKU

X := Khong gian mau.

A := o— dai s6 cac tap con cua X.

Py := Do do xac suat trén A, 0 € O.

© := Khong gian tham so.

L3 := Khong gian Hilbert cic ham do dugc trén (X, A)
binh phuong kha tich theo do do Py doi véi tich
vO huéng thong thuong.

L2 = ﬂ L2

0cO
Hy := Tap hop tat ca cac udc lugng khong chéch

ctia khong trong £3.

H = ﬂHa.

J .= L6p cac udc luong déu.
L%(T) := Bao déng theo chudn trong £3 clia tap tat ci cic

da thuc theo 7.

LX(T) == () L3(T).

O
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LOI NOI PAU

Nghién ctu tinh chit dac trung clia cac phan phdi xdc suit c6 mot lich
str lau doi. Thuc chat, Gauss (1809) da ching to (v6i mot s6 di€u kién) rang
udc luong hop ly cuc dai cta tham so tinh tién cia mot phan phdi 1a trung
binh miu néu va chi néu do6 1a phan phoi chudn.

N6i mot cach khai quat, mot bai toan dac trung ¢6 dang: Gia st rang véi
mot vecto ngdu nhién X, ¢6 mot ho céc phan phdi F sao cho néu L(X) € F
thi X phai ¢6 tinh chat P nao d6; va ngugc lai, tic 13, chi ra ring néu vecto
ngau nhién X c6 tinh chat P thi L(X) € F.

C6 hai thanh phan ctia bai toan dac trung: Ho cdc phan phdi F va tinh
chat P. Céc ho phan phdi c6 thé 1a phan phdi chudn, phan phoi déu, phan
phoi mii, Beta, Gamma, phan phoi hinh hoc, phan phdéi Poisson, Cauchy hay
Wishart, trong d6 phan phoi chuidn duoc quan tam nhiéu nhat. C4c tinh chat
rat da dang, khé c6 thé dé cap cu thé & day. Tuy nhién, ta c6 thé chia thanh
mot s6 loai tinh chat nhu 13: mot s6 ham cu thé ctia X ¢6 phan phdi nao do,
mot s6 ham cua X 1a doc l1ap v6i nhau, mot s6 ham cua X c6 hoi quy dac
biét doi v6i mot s6 ham khac cia X, mot s6 ham cua X 1a uée luong hop
1y cuc dai doi v6i mot tham s6 chua biét nao d6 trong phan phoi cia ham X
hoac mot s6 ham cua X 1a uée lugng t6i uu (hoac chip nhan duoc) trong mot
16p cac ude luong tham s6 nao do...

Nhu vay, ¢ thé thay ring bai toin dic trung rit da dang, phong phi.
Trong luan van nay, tic gia chi tap trung nghién cttu tinh chat dac trung thong
qua tinh chdp nhan duoc va tinh t6i wu cua cic u6c luong. Chiing ta c6 thé
14y mot vi du: Chiing ta biét ring trung binh mau X duoc xem 13 uéc luong
cua trung binh chuén va né c¢6 mot so tinh chat t6i wu. Mot cau hoi nay sinh
tu nhién 1a liéu phan phoi chudn c6 phai 1a phan phoi duy nhat dé trung binh
miu X c6 mot trong cic tinh chét t6i wu dé hay khong? Pay chinh 1a bai
toan dac trung thong qua tinh chat t6i vu (hoac chip nhan dugc) cua cac udc



lugng. Trong luan van tdc gia s€ trinh bay nhitng van dé khai quét cta vi du
néu trén.

Luan van bao gom ba chuong:

Chuong 1: Trinh bay mot s6 kién thic chuén bi lién quan dén noi dung
chinh ctia luan van. Bao gom héi quy hing s6, hAm t6n that, thong ké di va
day du, uéc lugng khong chéch phuong sai bé déu nhat (UMVU), udc luong
chip nhan duoc, udc luong t6i wu va mot s6 kién thiic khac.

Chuong 2: Nghién cttu tinh t6i vu trong 16p cic udc lugng khong
chéch, tham s6 tinh ti€n va 16p cdc uéc lugng déu, uGe lugng Pitman.

Chuong 3: Day la noi dung chinh cta luan van. Trong chuong nay, tac
gia s& nghién ctu bon van dé chinh. Mot 1a dic trung ctia phan phoi chudn
thong qua tinh chap nhan dugc cua uéc lugng tuyén tinh t6i uu ctia tham so
tinh tién v6i ham ton that dang binh phuong. Hai la diéu kién dé trung binh
mau la udc luong chip nhan dugc trong mot sd 16p con cua cac ude lugng
cho tham s6 tinh tién. Ba Ia dac trung ctia phan phéi chudn thong qua tinh
toi uu cua cac ham cua udc luong khong chéch tuyén tinh t6i uwu cho tham
s6 tinh ti€n. Cu6i cung, tdc gia nghién ctu dic trung ctia phan phoi chuin
thong qua tinh chap nhan dugc va tinh toi vu cta cic udc lugng binh phuong
bé nhat trong mo hinh Gauss-Markov.



Chuong 1

Mot so kién thirc can dung

1.1 Hoi quy hang so

Pinh nghia 1.1.1. Cho hai bién ngau nhién X va Y, ky vong EY ton tai.
Khi dé'Y duoc goi la c6 hoi quy hang so doi voi X néu E(Y|X) = EY hdu
khdp noi.

Ngudi ta chiing minh duge rang Y ¢6 hoi quy hing s6 doi véi X khi
va chi khi E(YeX) = EY - Ee“X. Nhitng dinh 1y sau day chi ra dac trung
ctia phan phoi thong qua tinh héi quy hing s6 clia mot thong ké tuyén tinh
trén mot thong ké tuyén tinh khac.

Lay Xi,..., X, la cdc bi€n ngiu nhién doc 1ap khong nhit thi€t cuing
phan phéi. Xem xét ham tuyén tinh a1 X7 + - - - + a, X, v6i cac hé s6 khac
khong. Bing phép co gidn thich hop, ta dua vé dang

L=X 4+ X, (1.1.1)

Hon nira, lay
bn X1+ -+ 0 X,, 1=1,...,p>2
1a p ham tuyén tinh doc 1ap tuyén tinh, ma sau mot phép bién déi thich hop

c6 thé dua vé dang chuin tic



M, = Xi+ceuXpp +- -+ Xy,
(1.1.2)

M, = X,+cnXpm+ -+ Xy
Chiing ta ky hiéu ma tran cdc hé s6 ¢;; boi C c6 cép 1a p x (n — p) va cot
tha ¢ duoc ky hiéu l1a C;.
DPinh ly 1.1.1. Cho p > 2 va gid thiét cdc vecto cét cua C khong truc giao
voi nhau va ciing khong truc giao voi bdt cit ¢ot nao cua ma tran don vi 1,
codpxp. NéeulEX; =0, khi dé diéu kién

E(L|M,..., M) =0 (1.1.3)
suy ra rang cdc bién X; cé phdn phoi chudn.

Hé qua 1.1.1. Cho L, ..., L, la cdc ham tuyén tinh déc ldp tuyén tinh cua
cdc bién ngdu nhién X1, ...,X, voi cic hé so khdac khong. Gid su rang
EX; = 0,Vi. Khi dé diéu kién

E(Ly|Ls, ..., L,) =0 (1.1.4)
ddm bdo rdang cdc bién X; cé phdan phoi chudn, néu n > 3.

Ta xét hai tp gom ¢ va p > 2 cac ham tuyén tinh dugc gia thiét 1a doc
lap tuyén tinh. Ching ta viét lai du6i dang chuén tic

p n
L;= Z&quu =+ Z bji—pXi, J=1...4q,
et e (1.1.5)
Mi :Xl—f— Z Ci,u—pXm 1= 1,,]92 2.

u=p+1
Pinh 1y 1.1.2. Cho X1, ..., X, la cdc bién ngdu nhién doc lap voi EX; =
0,Vi. Xét cdac ham tuyén tinh Ly, ..., L, va M,,..., M, duoc dinh nghia
boi (1.1.5). Xét cic ma trgn A = (a;;), B = (b;j), C = (¢ij) vdi cdc cdp
tuong vng la q X p, ¢ X (n — p) va p X (n — p). Néu méi cét cia cdc



ma trdn A va B c¢é it nhdt mot phan i khdc khong va khong cé cot nao
cia C i I¢ vdi bdt cit mot cot nao ciia ma trdn don vi I, thi dang thiic

E(L;|My,...,M,) =0,i=1,...,q suy ra cic X; cé phan phoi chudn.

Ta xét cac ham doc 1ap tuyén tinh

Li=Xi+ Y WiugXe i=1...q (1.1.6)
u=q+1
q
Lj :Xj+zwj—q,iXi7 j :q+1,,n (117)
u=1

Cac bien X,; va X4 ; dugc goi 1a lién két duge trong (1.1.6) néu ching dong
thoi xuat hién v6i cac hé s6 khac O trong it nhat mot trong nhitng phuong
trinh (1.1.6). Ta c6 hé qua

Hé qua 1.1.2. Néu trong (1.1.6) cdc bién X,y; déu lién két voi it nhdt mot
bién trong s6" X,+; va hon nita, trong biéu dién (1.1.7) khong cé cot hé so
uj; nao la vecto khong thi dang thicc B(L;|Lyy1,...,L,) = 0,i = 1,...,¢q

s€ ddn dén khang dinh la cdc bién X ¢ phdn phoi chudn néu n — q > 2.
Bay gio ta nhac lai khdi niém phan phdi chia vo han.
Pinh nghia 1.1.2. Ham ddc trung | duoc goi la chia vé han néu véi moi so

nguyén, duong n, ton tai ham ddc trung f,(t) thoa man:

f@t) = (fu(1)", vteR.

Khai trién Levy ctia ham dic trung chia vo han:
2
In f(t) =ift — %tz +/ h(t,u)dN (u) +/ h(t,uw)dM (u)
(0,00) (—00,0)

trong d6 3 € RY, o >0, h(t,u) = e — 1 —itu/(1 + u?), va cdc ham M,
N thoa man cdc diéu kién sau day:

(a) M va N la khong giam va lién tuc phai trén cac khoang (—o0,0)
va (0, 00) tuong dng;



(b) M(—o0) = N(c0) = 0; va

(c) Céc tich phan [, u?dM(u) va [, u’dN(u) hitu han véi bat
ky a > 0.

Ta xét truong hop cac bién X1, ..., X, la cdc bién ngau nhién doc lap,
cung phan phoi v6i EX; = 0. Gia st c6 hai dang tuyén tinh a; X1+ - -+a, X,
va by Xy + ---+b,X,, sao cho

Khong mat tong qudt, ta gia su |b,| = max|b;| # 0 va |a,| = max |a;| # 0.
Khi d6, véi phép co gidn thich hop, ta dua (1.1.8) vé dang

E(—a;X;— - —an 1 Xp 1+ X0 51 Xa+ -+ 51 X1+ X,) = 0. (1.1.9)
trong d6 |G;| <1v6ij=1,...,n— 1L

Pinh 1y 1.1.3. Cho X1, ..., X, la cdc bién ngdu nhién doc ldp, cung phdn
phoi théa man (1.1.8). Gid sit rang cé chinh xdc k s6 3; la khdc nhau vé do
lon (chiing ta cé thé chon la By, ..., [5:) va khdc =1. Cho j = 1,... .k, ta
dat

ej:Z{Ji:bi:bj} : 60:Z{Jizﬁi:1}
va

€y = Z{O’i B = —1}.

>0voii=1,...,kva X la nghiém thuc duy nhdt

0;
1— €0
cua phuong trinh zlf vi|Bi|* = 1, khi dé ta c6 cdc khing dinh sau

(i) cdc X; la suy bién néu A < 1 hodc A\ > 2

(ii) cdc X; la chudn (c6 thé suy bién) néu X\ = 2; va

Néu ey =0, v =

(iii) voi 1 < X\ < 2, cdc X; ¢6 ham ddc trung f ma trong biéu dién
Levy L(p, 0%, M, N) doi véi In f, ta ¢c6 o = 0 va tity vao bdn chdt ciia vecto
B = (By,...,B,) trong dé6 B; = —In (3;, cdc ham M va N ¢6 nhitng dang

nhu sau



(a) it nhdt hai thanh phdan cia B la khong thong udc voi nhau, khi dé
M(u) = &|lu|™ va N(u) = —nu=>, trong dé & va n la hai s6 thuc khong
dm thoa man & +n > 0; hon nita £ = n néu p < n hodc néu \ = 1, vi vdy,
véi mot s6 thuc ¢ nao dé, f(t)e' la ham ddc trung ciia mét ludt doi xitng on
dinh voi s6 mii \; néu p=nva X\ # 1, khi dé f la ham ddc trung cia mot
phdn phot on dinh véi s6" mii .

(b) cdc thanh phan cia B la théng uwdc, ticc ton tai p > 0 sao cho
m; = Bj/p la cdc s6 ty nhién c6 uoc chung lon nhdt bang 1. Hon nita trong

sO cdc my, ..., my, c6 SO lé, trong cdc S6 My, ..., My, c6 sO le. Khi do
¢(In [ul) —n(Inu)
M(u) = >——= N(u) = ——=
(U) |U|)‘ ) (U) |U|)‘

trong dé & va n la cdac ham khong dm lién tuc phdi trén duong thdng thuc voi
chu ky p, hon nita néu p < n thi & = .

(c) cdc thanh phan cia B la thong uéc. Hon nita my, ..., my, la cdc
$O chdn va cdc s6 myyq, ..., my la cdc s6'1é va p < n. Khi dé
§(In |uf) + n(ln ul) —¢(Inw) +n(lnw)

M(u) =

N(u) =

Juf ’ Juf
trong dé € vam la cdc ham lién tuc phdi, E(x+p) = {(z) van(x+p) = —n(x)

VOl moi .

Bay gio ta xét (1.1.8) v6i Xy,..., X, 1a cac bi€n ngau nhién doc lap
cung phan phéi véi IEX 1 = 0 va f 1a ham dac trung cta X;. Gia st a; # 0,
b; # 0, va dat ¢; = b , khi d6 (1.1.8) dan dén phuong trinh

(3
n

[Tt =1 (1.1.10)

1
v6i t ndm trong lan can nao d6 cua 0. Khong mat tong quat, ta gia st rang
c1>0,...,¢p >0vac,1 <0,...,¢, <0. Khi do6 (1.1.10) ¢6 thé viét lai
duéi dang

[]ir @ity = f[[f(bit)]|q|~ (1.1.11)



Ta gia su thém Ia
max{|bi],...,|bp|} # max{|bys1],...,|bn|}. (1.1.12)
Khi d6 ta c¢6 dinh 1y

Pinh ly 1.1.4. Cho X4, ..., X, la cdc bién ngau nhién doc ldp cung phadn
phoi voi EX, = 0, thoa man cdc diéu kién (1.1.8) va (1.1.12). Ldy ~y la khong
diém lon nhdt cia ham G(\) = > cilb;|*. ~ chdc chdn ton tai va duong.
Néu X; c6 mé men hitu han cdp 2m, trong dé m = [(v + 2)/2]. Khi dé X
c6 phdan phoi chudn (cé thé suy bién). Pdc biét, khang dinh trén diing néu

X1 ¢6 mbé men moi cdp.

1.2 Ham ton that

Xét khong gian xdc suét (X, A, Py), trong d6 X 1a khong gian mau, A
1a mot o— dai s6 va {Py} 1a ho cdc do do xdc sudt dugc danh chi s6 bdi tham
s6 6§ € O. Gia st thong ké T (X) 1a mot udc lugng cho ham tham 4n ¢ (6),
va r (T,t) 1a mot ham t6n that khong am. Ky vong todn ctia ham t6n that

R(T,0) = Egr (T 1)

duoc goi 1a hiém ctia 7" khi gi4 tri ding cta tham so 1a 6.

Mot s6 vi du vé ham ton that:
1. Ham tén thét dang binh phuong: r (T,t) = (T —t)?
2. Ham ton thét dang tri tuyét doi: r (T,t) = |T — ¢

0,7 — ] <b

3. Ham ton that dang 0 — 1: r (7,t) =
L|T—t >b

voi b > 0 nao do.



Pinh nghia 1.2.1 (Ham loi). Ham nhdn gid tri thuc ® xdc dinh trén mot
khodng md (a,b) (hitu han hodc vé han) duogc goi la 16i néu
Ve,y € (a,b): a<z<y<b Vy:0<y<l1
thi
@ (2 + (1= 1)y) < 70() + (1 - 7)®(y).
Néu ddu “<” xdy ra thi ® duoc goi la loi chdt (strictly convex) hay
161 thuc su.
Chung ta chi xét nhitng ham t6n that 16i theo doi so thit nhat (tic 1a 16i
theo 17)
Pinh 1y 1.2.1 (Gia tri cuc tiéu cua ham 16i). Gid s p la ham [6i xdc dinh
trén (—oo, +00), X la bién ngau nhién sao cho
®(a) = E[p(X — a)] hitu han.
Néu p la ham khong don diéu thi ham ®(a) sé nhdn gid tri nhd nhdt,
va {a : ®(a) min} la khodng déng.
Néu p loi chdt thi gid tri nho nhdt la duy nhdt.
Chitng minh. Xem trong [14, tr. 50].
Vidu 1.2.1.

1. Néu ham t6n thit ¢6 dang binh phuong thi
E(X —a)*min < a =p =EX.

2. Néu ham ton that c¢6 dang tri tuyét d6i thi E|X — a| dat min trén khodng

dong tai cadc median cua X.

1.3 Théng ké di va day du

Pinh nghia 1.3.1. Thong ké T'(X) duoc goi la thong ké du doi vdi ho do do
xdc sudt {Pp} hay thong ké dii doi véi tham dn 0 néu Pe(X € A|T(X) = 1)
khong phu thudc 0,Vt, V0 € ©.



Pinh 1y 1.3.1 (Tiéu chudn tach Neyman). Diéu kién cdn va di dé thong
ké T : (X, A,Pg) — (T,B,Pl) la thong ké dii doi véi 0 € © la ton tai
go(t) > 0 B— do dugc va h(z) > 0 A— do duoc sao cho mdt do ciia bién

ngdu nhién X cé dang

o) = 0 = (1)) - (o)

Pinh nghia 1.3.2. Xét mo6 hinh thong ké (X, A, Py), 0 € ©. Ho P = {Py,0 €
O} duogc goi la ho ddy du néu voi moi ham ¢(x) A— do duoc, tir hé thiic

Eggp(ﬂ?) =0, VoeO

suy ra p(x) =0 (P — h.k.n).

Pinh 1y 1.3.2 (Cai tién udc lwong dua vao thong ké du). Xér mo hinh thong
ké (X, A,Pp), X = (Xq,...,X,). Gid sit T(X) la thong ké di doi véi ho
{Py} va p(x) la mot uoc luong khong chéch nao dé cia g(0). Khi dé

§(T) =By (9(X)|T(X))
ciing sé la mot udc luong khong chéch cua g(0) va ham ton thdt tuong ting
cua né thoa man
Eﬂr(g7g) < EGT(%Q)y Vo € O.

Ddu bang xdy ra khi va chi khi (X)) la do duogc doi véi o— dai s sinh bdi
thong ké T(X).
Chitng minh. Xem [2, Chuong 3, tr. 37-38].

Pinh 1y 1.3.3 (Blackwell - Rao - Lehmann - Fisher). Van gid thiét nhu Dinh
ly 1.3.2 va thém diéu kién thong ké T day du thi §(T') sé la uéc luong khong
chéch cua g(0) va ham ton thdt dang binh phuong la bé nhdt dong thoi §(T)
la udc luong duy nhdt cé tinh chdt dé.

Chiing minh. Xem [2, Chuong 3, tr. 39].
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1.4 Udc lwong khong chéch phuong sai bé déu nhat (UMVU)
Pinh nghia 1.4.1. Xét mo hinh thong ké (X, A, Py). Thong ké 6(X) dugc goi
la woc luong khong chéch cho g(0) néu
Egd(X) = g(0), VO € O.
Néu g € R? thi diéu kién trén duoc thay bdng
Egdi(X) = g:i(6), YOO, i=1,....d

Pinh nghia 1.4.2. Udc lugng khong chéch §(X) duoc goi la udc luong khong
chéch phuong sai bé déu nhdt (UMVU estimators) néu véi moi udc luong
khong chéch §' (X)) khdc ta cé

Var,0(X) < Varygd'(X), V0 e O.

1.5 Uédc luong chap nhan duogc va uée luong toi uu

Pinh nghia 1.5.1. Gid sit uéc luong T' (x) nam trong lop K cdc udc luong
ciia ham tham so't (0). T' (x) duogc goi la chdp nhédn duoc trong K véi ham
ton thdt r (T,t) néu khong ton tai uoc luong T thuoc K sao cho

R(T,0) < R(T',0), VOe© (1.5.1)
va ddu “<” xdy ra vdi it nhdt mot gid tri cua 0.
Néu uGe lugng 71" 1a chap nhan duoc trong 16p tat ca cdc udc lugng thi
T" dugc goi 1a chidp nhan duoc tuyét doi.

Pinh nghia 1.5.2. Usc luong T° € K la t6i uu trong K (véi K la 16p bdt ky
cdc uoc luong ciua ham tham dn t (6)) voi ham ton thdt r (T, t) néu voi moi
T e K ta co

R(T°,0) <R(T,0), VO€®O. (1.5.2)
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Pinh nghia 1.5.3. Udc luong T, € K dugc goi la toi uu tai diém 0y (hay
con goi la toi wu dia phuong) trong K voi ham ton thdt r (T,t) néu véi moi
T e K ta co

R (Ty,00) < R(T,0). (1.5.3)

1.6 Mot so kién thirc khac

Pinh nghia 1.6.1 (Piéu kién chinh quy). Gid sir ho phdn phoi xdc sudt Py,

0 € O lién tuc tuyét doi voi do do i, coé dao ham Radon-Nikodym doi voi
dP

pla f(x,0) = d—e(:z:) Ho cdc ham mdt do {f(x,0),0 € O} duoc goi la
1

chinh quy néu
e O hodc la duong thing thuc hodc la mét khodng ciia duong théang thuc
va {z : f(x,0) > 0} khong phu thuéc vao 0.

Of(x,0)
00

. 1Y)

ton tai va hitu han Pg- hdu chdc chdn véi moi 6 € O.

\p(dx) < oo véi moi 6 € ©.
Oln f(x,0)
o0

Pinh 1y 1.6.1 (Bat dang thic Cramer-Rao). Gid sit khong gian tham so ©
la mot khodng nao dé cua duong thang thuc va tdt cd cdc phdan phoi Py la

o 0 <Ky 2<oov0’“imoi«9€®.
( )

lién tuc tuyét doi theo do do 1 voi ham mdt do p (x,0) = dPy/du théa man
diéu kién chinh quy. Néu T la mot thong ké sao cho BT =1 (0) +0(0), T
c6 phuong sai hitu han va t(0),b(0) khd vi thi

e rerve)
EQ[T—t(B)_ > [b(0)]* + O (1.6.1)

2
la luong thong tin Fisher.

dlogp]
00

trong do 1(9) = [Ey [
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Chiing minh. Xem [18, tr. 323-325].

Pinh 1y 1.6.2. Gid sii thong ké T la mor udc lugng cho t (0) va ham ton thdt
r(T,t) la ham 16i theo T. Néu ho phdn bé {Py} cé ton tai thong ké du S
thi sé ton tai udc luong T chi phu thudc vao S thoa mdn

Eg?“(f,t(ﬁ) < EgT(T,t(é)), ve.

Chitng minh. Xem [4], [12], [15] va [18].

Tu Dinh 1y 1.6.2 ta suy ra rang nhitng uéc lugng ma khong phai 1a ham
ctia thong ké du thi s& 1a khong chip nhan duoc doi véi ham ton that 16i theo
doi so thit nhat. Phuong phap tim Tt T duge goi la cai tién udc luong dua
vao thong ké da (Pinh 1y “Blackwell - Rao”).

Néu ham t6n that c6 dang binh phuong thi ching ta huéng su quan tam
dac biét dén cac wdc luong khong chéch ctia ham tham 4n.

C6 thé chi ra ring trong Dinh 1y 1.6.2 néu 7' 1a mot u6e lugng khong
chéch ctia ¢ (6) thi T ciing 12 uéc lugng khong chéch clia t(0).

Da6i v6i cac ho day du, moi ham tham 4n ¢ (#) o rang 1a ¢6 t6i da
mot uSe lugng khong chéch phu thuoc vao thong ké du (né€u cac ude lugng
tring nhau hau khép noi déi véi timg do do [Py thi ta coi 1a nhu nhau). That
vay, gia st 1 (S) va ¢ (S) 1a hai ude lugng khong chéch phu thudc vao thong
ké di S cho ¢ (#). Khi d6 rd rang Eyt) (S) = Epo (S) = t(0),V0, suy ra
Eg ¢ (S) — ¢ (S)] = 0,V0. Theo tinh chit cha ho ddy du, ta suy ra ngay
Y (S) — ¢ (S) =0, Py hau khép noi, V0. T d6 ¥ (S) = ¢ (S), Py hau khap
noi, V6.

Tu Dinh 1y 1.6.2 ta suy ra rang d6i véi cac ho ddy du, moi thong ké
T=T (S) 1a t6i wu trong 16p cac udc lugng khong chéch ctia ham tham 4n
t(0) = Ey (f) (xem [16]). Tinh chat nay s& dugc sit dung thudng xuyén
trong cac cac ndi dung vé sau.

D€ nhan biét tinh day du cta ho {Py}, ta ¢6 tiéu chudn sau day:

Pinh 1y 1.6.3 (Lehman). Gid su phdn phdi ciia vecto thong ké du S =
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(S1,...,Sm) € R™ ¢6 ham mdt do (theo do do Lebesgue) dang

7 (s,0) =c(0)q(s)exp (Z ¢ (0) si) ,

1

trong dé s = (s1,...,8m,) va vecto (c1 (0), ..., ¢y (0)) phit mot mién nao dé
trong R™ khi 0 € ©. Khi dé ho phdn bo {Py} la day du doi voi thong ké du
S.

Chirng minh. Xem trong [2, Chuong 3] va [13].
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Chuong 2

Tinh t6i wu trong l6p cac uéc luong
khong chéch va 16p cac udc luong déu

2.1 Tinh chat t6i uu trong 16p cac uéc luong khong chéch

Trong muc ndy ta nghién ctu tinh chét t6i vu trong trudng hop ham t6n
that c6 dang binh phuong.

Ky hieu £2 1a khong gian Hilbert cdc ham do dugc trén (X, .A) binh
phuong kha tich theo do do Py do6i v6i tich vo huéng thong thuong. Dat
L2 = ﬂee@ [’g'

Pinh nghia 2.1.1. Thong ké h = h(x) duoc goi la udc luong khong chéch
cua khong néu Egh = 0 voi moi 0 € ©.

Ky hiéu Hy la tap hop tat ca cac udc lugng khong chéch ctua khong
trong £3 va dat H = (yeo Ho-

Xét B6 dé sau:

Bo dé 2.1.1. Giad sit T € L% T la mot uéc luong khong chéch téi uu ciia
t (0) = EoT khi va chi khi

Ey(Th) =0, YheH, VOeO 2.1.1)

Tuwong ty: Gid su'T € L3. T la mot udc lugng khong chéch 161 uu dia
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phuong tai diém 0 cua t (0) = EoT khi va chi khi
Eg (Th) =0, vdi 0 da cho va Vh € Hy. (2.1.2)

B6 dé trén day bat ngudn tir mot nghién cittu ciia Fisher, mic du né c6
vé don gian nhung lai 1a mot cong cu hét stc hitu dung trong viéc nghién ctru
cdc bai todn vé dac trung.

Chung minh.

Diéu kién can: Gid stt 7' € L3 1a u6c lugng khong chéch cua ¢ (0) t6i
uu dia phuong tai 0 va h € Hy. V6i A 1a hang s6 tuy y, T+ A\ € L2 va 1a
mot ude lugng khong chéch cho ¢ (7). That vay,

Eg (T + Ah) = EgT + AEph = t (0)

vi Egh = 0 (do h 1a udc lugng khong chéch cua khong) va t (6) = E4T theo
gid thiet. Ngoaira, T € L3, h € Hy C L2 nén T + \h € L3.
Xét

Eg (T + M —t)> = Ey (T — t)* + Eg\2h? + 2EgAR (T — t)
= Ey (T — t)* + N2Egh® 4 2)\Eg (Th) — 2AEq (th)
= Fy (T — t)* + NEgh® + 2\Ey (Th) — 2t (Egh)
= Ey (T —t)* + N2Egh® 4 2)\Ey (Th) .

C6 céc bién doi phia trén 1a do ¢ (0) 12 ham tit dinh d6i v6i mdi gid tri clia 6,
khong phai bién ngau nhién nén 2A\Eyht = 2\t (Egh). Ngoai ra vi h 1a udc
lugng khong chéch cua khong nén Egh = 0.
Néu Ey (Th) # 0 thi ta c6 thé chon gia tri thich hop cha A\ dé cho f (\) =
N2 Egh? + 2AEy (Th) < 0. That vay, xét hai trudong hop:

Truong hop 1. Ey (Th) > 0
Néu Egh? = 0 thi ta chon A < 0, khi d6 f (\) = 2AE, (Th) < 0.
Néu Egh? > 0 thi £ ()\) 12 mot tam thitc bac hai d6i véi A c¢6 cdc nghiem 1a

9K, (Th)  _9E, (Th)
0 va Eh2 , f(A) <0 néu 02 <A <O.
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Truong hop 2. Ey (Th) <0
Néu Eyh? = 0 thi ta chon X > 0, khi d6 f (\) = 2AE, (Th) < 0.

—2Ey (Th
NéuE9h2>0thif()\)<0néu0<)\<$.
0

Tém lai, ta luon chon duge A dé cho f () < 0. Khi d6 ro rang tix
Eg (T + Mh —t)> = By (T — t)* + N’Egh® + 2\Eq (Th)

ta suy ra By (T + \h —t)*> < Eg(T —t)* v6i X thich hop. Diéu ndy mau
thuén véi gia thiét t6i uu cua T tai 0. Vay Ey (Th) = 0,Vh € Hy.

Diéu kién du: Gia stt By (Th) = 0,Vh € Hy va T' € L2 1a mot udc
lugng khong chéch bat ky khac cua ¢ (0). Khi d6 EyT = E¢T" = ¢ (0), suy
ralBy(T'—T1") =0. bat 7" — T = h thi h 1a mot udc lugng khong chéch
cua khong nén h € Hy. Hon nita,

By (T' —t)° =By (T' =T +T —t)’ =Eg (h+ T — t)?
= Ey (T —t)* + 2By (T — t) h + Egh?
= By (T — t)* 4 2By (Th) — 2K (th) + Egh?
= By (T —t)* + 2By (Th) — 2t (Egh) + Egh?
= By (T — t)* 4 2E4 (Th) + Egh?
(T'—1)".

> [y 2

T —

Bét dang thic cudi cung suy ra tr diéu kién Ey (Th) = 0. Vay T t6i wu tai
0. ]

Khéng dinh ctia B6 dé 2.1.1 trong trudng hop T € £? duoc chitng minh
hoan toan tuong tu.

B6 dé néi trén chi to ra hitu ich trong nhitng trudng hgp ma ho phan
b6 dang khao sit ¢6 kha nhi€u su hod trg tir phia cidc udc luong khong chéch
trong mot 16p thich hgp. Pac biét 1a nhitng phan bd dugc sinh bdi cac mau
ngiu nhién rit ra tr tng thé véi cac tham so vi trf va ti 1¢. Diéu kién (2.1.2)
la diéu kién can khong chi d6i véi tinh t6i uu ma con la diéu kién can doi véi
tinh chap nhan duogc cua udc lugng 1" trong nhiing trudng hop ma Ey (T — t)2

17



12 hing s6 va néu ta st dung udc lugng khong chéch cua khong h thi Ey (Th)
va Egh? 1a cic hang so.

Néu ta st dung ham t6n thit khong c6 dang binh phuong thi ta khong
c6 dugc khang dinh nhu B6 dé 2.1.1 (va tham chi ta khong thé biét dugc 16p
céc u6c lugng ndo cé thé dit ra diéu kién cho tinh chat t6i wu).

Bay gid ta 4p dung B6 dé 2.1.1 dé ching minh tinh khong chéch t6i
uu dugc bao toan doi v6i cdc phép bien déi ham tuong doi téng quat. Gia
st rang doi véi ho phan bo {Py} dang xét, tap hop H’ cic udc luong khong
chéch cta khong: h, théa man Egh* < 0o v6i moi f € O, trii mat trong ‘H
theo chudn trong £3. Ta goi diéu kién nay 1a diéu kién (C).

Néu

E, (|T|k) <oo, k=1.2,... 2.1.3)

thi ta s& ky hiéu £3 (T') 1a bao déng theo chudn trong £3 cua tap tit ca cdc

da thiic theo T, va ky hieu £* (T') = () L3.
fcoO

Pinh 1y 2.1.1 (xem [17]). Gid sut ho phdn bé {Py} théa man diéu kién (C').
Néu T € L? la uéc luong khong chéch t6i uu trong L? ciia t (0) = Eq (T,
théa man (2.1.3) véi moi 0 thi moi wéc luong 3 € L*(T) ciing sé la udc
liong khong chéch toi wu trong L? ciia ky vong todn ciia né b(0) = Eyf3.

Chitng minh. Néu T € £? 1a uéc lugng khong chéch t6i uu ctia t () = By (T')
thi theo B6 dé 2.1.1, v6i moi A’ thudoc H’ va moi 6 ta phai c6

E,y (TH') = 0. 2.1.4)
Theo bat dang thitc Cauchy-Bunyakovski:
Eo (T°h?) < By (T*)"? By (1) < o0

boi vi Egh'! < oo va By (T?) < co. Vay Th' € £2. Nhung vi Th' 1a udc
luong khong chéch cta khong (theo (2.1.4)) nén Th' € H,Vh' € H'. Tu d6
suy ra By (T2h') = Ey (T.Th') = 0,V0. Mat khéc theo gia thiét H' trd mat
trong H nén Vh € H, ton tai day h!, € H’ sao cho h!, — h theo chudn trong
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[,g khi n — oo, tic la
Eq(h, — h)2 — 0 khi n — oo.
Ta c6

‘EQT% _E,T%H,

- ‘E(;Tz (h— 1)

1/2 1/2
< <E9T4) : (Eo (h— h;)z) 0 khi n — o0,

vi By (T) < oo va Eg (h, — h)> — 0 khi n — oco. Nhung Eq (T2R,) =0
do hl, € H' va ching minh & trén, suy ra Eg (T%h) = 0, v6i moi h € H.
Tuong tu ta c6 thé chiing minh dugc riang

Ey (T*h) = 0,V0,Yh € H, k=0,1,...
Xét f (T) la mot da thic theo bién T, khi d6 f (T") c6 dang

F(0) =) aT'

7

Ta c6 Ey (f (T) h) = > a;Ey (T'h) = 0. Vi tap hop cdc da thic theo bien
T 1a tra mat trong £2 (T') nén V3 € £ (T), ton tai ddy da thic f, (T) sao
cho f, (T') — (3 theo chudn trong L2, tic Ia
2
E@(fn (T) — 6) — 0 khi n — oo.
Lai c6

o (1, (1) 1) ~Eo(3h)| = |Boh (1 (T) — 5)|
< (Eehz)l/2 ' (Eo (fn (T) — 5)2) "o

2
vi Egh? < 0o (h € H C L?) va Ky (fn (T) — B) — 0. Theo ching minh &

trén, E(,(fn (T) h) — 0,%h € H, suy ra By (3h) = 0,¥h € H,¥0 € ©.
Theo BS dé 2.1.1, 3 1a uéc lugng khong chéch t6i wu trong £ cta b (0) =
Egp. ]
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Ta nhan thdy riang udc lugng khong chéch t6i uu s& 1a hiéu qua theo
nghia x4c dinh béi bat dang thiic Cramer-Rao (v€ phai clia (1.6.1) bang phuong
sai ciia udc lugng nay). Tinh chit nay s€ khong dugc bao toan véi cac phép
bién do6i ham. Tuy nhién véi cic diéu kién ctia Dinh 1y 2.1.1, cdc ham cla
udc luong khong chéch hiéu qua ciling s€ la uéc luong khong chéch t6i uu cua
ky vong todn hoc cua né.

Nhdn xét 2.1.1. Diéu kién (C') c6 1& khong can thiét d6i v6i Dinh 1y 2.1.1.
Trong moi trudng hop né ¢ thé duoc luoc bd néu toén tai mot hing s6 C' thoa
mén |1 (z)| < C v6i xdc sudt bang 1 theo Py, V0.

Nhdn xét 2.1.2. Tinh chat cta uéc lugng T € L2 1a khong chéch t6i wu dia
phuong cta t (6), n6i chung khong bao toan doi véi cdc phép bién d6i ham.

2.2 Tham s6 tinh tién va l6p cac udc luong déu

Gia st rang khong gian cdc quan sat X 1a R"™ va khong gian tham s6
© 1a R'. Néu phan phoi Py phu thuoc vio tham sé @ theo nghia duéi day

IP)(;(A):/---/dF(xl—H,...,xn—H) @2.1)
A

thi ta n6i rang 6 1a tham s6 tinh ti€n. Phan phéi ¢6 dang (2.2.1) ndy sinh tix
viec xem xét cdc luge do bien déi tuyén tinh, khi ma cdc quan sit c6 dang

in:@—f—éi, izl,...,n

trong d6 sai s6 €; (ndi chung phu thudc) c¢6 phan b dong thoi F (21, ..., z,).
Dé u6c lugng cho tham s6 6 18 tu nhién ta s& chon ra mot I6p cac udc
luong 0 = é(Xl, ..., X,,) thoa man diéu kién sau day véi moi s6 thuc c:
é(x1+c,...,azn+c)zé(asl,...,a:n)+c. (2.2.2)
Uéc lugng néi trén duoc dua ra ddu tién boi Pitman (xem [8]). Chiing ta s&
goi nhitng udc luong nay l1a ude luong déu (regular estimators) va ky hiéu 16p
cic udc lugng déu boi T.
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Néu ham ton that chi phu thuoc vio hiéu cic doi so, tic 1a r(é, 0) =
r(0 — 0) thi ta d& dang chi ra ring v6i 6 € T, ham hiém

R(@, «9) = Eyr (é — «9) — hang s6 (khong phu thuoc vao 6 € RY).
That vay, theo (2.2.2) ta c6
0(x1,....,2))—0=0(x1—0,... x,—0).

Eg?“[é 1, ..., )—«9}

/ / :é(xlv-w%)—@}dF(x1—«9,...,g;n_9)

:/---/r—é(:zsl—«9,...,3371—«9)}dF(:z:l—@,...,:Un—@)

:/I.R../r:é(yl,...,yn)} dF (y1, .- Yn)

=[Eyr (é)

Tur két qua trén day ta ¢ thé chi ra dugc rang, doi v6i cac ham t6n that ¢6

dang hiéu, mot udc lugng § € T hodc 12 t6i wu trong T hodc khong chap
nhan dugc trong J. That vay, gia st 7' € T 1la mot uSe lugng khac cho 6.
Khi d6 theo két qua trén
Eg?“(é — «9) = ¢z, V0
EQT(T — (9) = CT,\V/@
Néu c; < o, VT thi Egr (0 — 0) < Egr (T — 0),VT, V0. Vay 0 1a uéc
lugng toi wu.
Néu ton tai Tj sao cho cp, < ¢; thi Egr (TO — «9) < Eyr (é — 9),V«9.
Vay 0 khong chap nhan duoc.
Pinh nghia 2.2.1. Udc luong 0 161 uu trong lop T theo nghia ham ton thdt

R(é, «9) = min R(é, «9) duoc goi la uoc luong Pitman cua tham soé tinh tién
0T

0 tuong ting voi ham ton thdt T(é — «9).
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Néu min R(6, 0) dat dugc duy nhat tai thng ké 0 (Ching ta déng nhat
0T
cdc thong ké tring nhau hau khap noi theo timg do do IPy) thi rd rang di€u

kién cin dé udc luong 6 € T chdp nhan duge 12
6 = 6 hau khip noi theo Py, V6O € R', (2.2.3)
hay tuong duong véi
6 = 6 hau khip noi theo P, (2.2.4)

That vay, gia st 0 1a chép nhan dugc trong J. Vi d6i v6i ham t6n thit dang
hiéu, nhu da ching minh ¢ trén, moi udc luong trong J hoac khong chap nhan

dugc, hoac t6i uu. Vi thé § 1a mot ude lugng t6i wu trong T. Vi min R (6, 6)
0T

dat duogc duy nhat tai thong ké 6 nén
6 = 6 hau khip noi theo Py, V6O € R'.
Khi d6 ta c6
Eg?“(é — «9) = Eg?“(é — «9).
DPang thifc trén tuong duong véi
Eor (é) = Eogr (é)

Vay 6 = 0 hdu khép noi theo P;.

D6i véi mot vai ue lugng va ham t6n that dac biét, diéu kién (2.2.4)
khd phu hop dé dac trung cho ham phan phoi F (x) thong qua tinh chap nhan
duoc cua 0.

Gia su rang

/az?dF(xl,...,a:n)<oo, j=1,...,n (2.2.5)

]Rn

va cho L = ) 7 ¢jz; v6i Y [ ¢; = 1 1a mot thong ké tuyén tinh nao do.
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Bo dé 2.2.1.
(i) Duoi diéu kién (2.2.5), udc luong cho boi
§— L—EO<L|X2 —Xl,...,Xn—Xl)
(2.2.6)
- L—EO(L\Y),Y — (X — X1, X, — X))
la woéc luong Pitman ting voi ham ton thdt dang binh phuong, dong thoi
Eq (é—@)z > Eg(é—ﬁ)z véi 0 € T, 0 € R trir truong hop 0 = 0 hdu
khép noi doi véi Py (hay 0 = 0 hdu khdp noi doi véi Py, V).
(ii) Néu F (x) la lién tuc tuyét doi voi f(x) la ham mdt do (theo do do
Lebesgue), thi

é_fj;ouf(ﬂh—u,...,xn—u)du
- fj;of(ﬂh—up..,xn—u)du.

Chung minh.
(i) Lay 6 (x1,...,x,) € T. Dat

Y1 = I

Yn = Tp —T1, N > 2.

Khi dé6 theo (2.2.2) ta c6

0 (r1,29,...,2,) = §(y1 Yo+ Y15 Yn + Y1)
é(o y27~~-7yn)+y1-
Tuong tu,
(9(33173327“'73371):0(07y27“'7yn)+y1-
Luc doé
0 — 50yg,...,yn)—é(o,y2,~~,yn)
Vay

0=0+9(Y).
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_ . 2 - 2
Néu E¢#? = oo thi hién nhién 1a E, («9 — «9) < [Ey («9 — «9) . 0 eRN

Néu Eyf? < oo thi ta ¢6
E, (5—9)2:1@9 (é—é)2+21€9 (é—é) (é—@) +E, (é—a)z.
Nhung
o (7 - 8) (0 0) = 5 (5 0) — 05, (- 6).

Vi phép bién déi t,, = x, — 0, trong d6 x = (x1,. .., xp)vat = (ty,..., tn)
ta co:

(2.2.7)

:/ (é(:}jl ..... T,) — é(ﬂh ,,,,, g:n))dF(:E —0)

:/(é(t1+«9 ..... th+0)—0(t;+0,... tn+«9))dF(t)

_ / ((5(1&1 ..... tn)+«9) - (é(u ..... tn)+«9)>dF(t)
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_ / (Bt ta) = B, 1) )dE (1)

:Eo(é— é).

Két hop (2.2.7) va (2.2.8), ta c6

(0 0) (- 6) =E0(3 - 4),

B (3 8) (9 0) = Ead (5 - 8) = B o (06 - 9) 1)
_ R, (EO («%(Y)‘Y)) _ R, <¢(Y)EO (é‘y)>

E, (é\y) _ R, (L _ EO(L\Y)‘Y)
= Eo(L|Y) = Eo(L]Y) = 0.

(2.2.8)

~ ~ ~ . . i 2 _ i N 2
IsEuy ;a IE: ge Ae) <0T0) - 0. Luc~ d6 IEZ (9( 9) A E, 2(9 9) ~+ 2
) ( _ ) .vafylzzo (9— 9} 2§ E, (9—9) Neéu Ky (9— 9) — R, (9 —9)
thi 16 rang [E, («9) = [ («9) , tic 1a # = # hau khap noi theo Py, tuong
duong v6i § = 6 hau khip véi theo Py, V6.
(i1) Do icj =1, tacd
1

n

L = ZCij = 01X1 + ZCj(Xj - Xl) + ZCle
2 2

1
= ZCle + ZCj(Xj — Xl)
1 2

n



Kéo theo

0 =L—Ey(L|Y)

X1+ ¢i(X; = X1) — By <X1 +) (X = X1)
2 2

n Y>

= X1 = Eo(Xq]Y) + znjcj(Xj - X1) - EO(ZCJ(XJ — X1

’)
= X7 — IEO(X1|Y).
Phép bién déi
Yy = 11

Yn = Ty — T1, TLZQ

¢6 |J| =1 v6i J 1a ma tran Jacobian.

Ta co
F(yi, . yn) = / f(x1, .., xp)dey - - - day,.
1 <Y1
To —T1 < Y2
Tp1— 21 < Yn
Suy ra
fy i oyn) = fF Wy + 91, yn 1)
Mat do c6 diéu kién cua X5 véi diéu kien y = (y2,...,y,) 12

oy fnye .yt u)
ooy Gy dyr [ f(bya 4ty + ) dE
Ky vong c6 diéu kién cua Eo( X |Y =y) la
OO fy i, - un)
Bl =)= [ e
oty oty t)d
T ft ety A
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Do vay

[ tftya+ ..y +O)dE
[ fltya+t,. .y, + t)dt
S = f(t ety )dE
[ ftyett .y YAt

batu =y, —tsuyrat=y; —u,taséco

0 =X1 —Eo(X1]Y) =y —

— [T uf(yi — o+ Y1 — Uy Yy + Y1 — w)du

) ==X
— [T fn =y —us ey + Y1 — w)du
ffooouf(:zsl — U, Ty — U, ..., T, — u)du
N [ fa —um —u,...,z, —u)du

[

B6 dé trén day 12 mot trudong hop riéng ctia B6 dé 2.1.1. That vay, tinh
chit toi vu cua udc luong 0 trong 16p J suy ra tinh truc giao cua 6 doi véi
céc ude luong khong chéch ctia khong ¢6 dang h (Xo — Xq,..., X, — Xy).
Ching ta dwa ra mot cdch chitng minh ctia B dé 2.2.1 boi vi cdch chiing
minh nay c6 lién hé véi tinh t6i uu clia cac udc luong trong mot 16p dac biét.

Bo dé 2.2.2. Vi diéu kién

/|:z:j|dF(:z:1,...,:z:n)<oo, j=1,...,n

thi woc luong
0=1L—medy(L|Y) (2.2.9)

la wéc luong Pitman doi voi ham ton thdt dang tri tuyét doi
r(6-0)=16-9|.

Luu y rang trong biéu thic phia trén medy (L |Y') duoc hiéu 1a median
ctia phan phoi ¢ diéu kién tuwong ting v6i phan phoi Py cua thong ké L véi
diéu kién Y da cho. Khi d6 med, (L |Y) cling 1a mot thong keé.
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Chitng minh. Lay 6 € T. Khi d6 tuong tu nhu cdch ching minh B dé 2.2.1,
dé thdy § = L + 1 (Y) va theo gia thiét ham tén thét c6 dang hiéu nén ta c6

Eo|0 — 0] = Eo|6] = Eo|L + 9(Y)]
:EO<<EO\L+¢(Y)”Y)>
> E0<<EO\L—medO(L|Y)MY)> — Fo[0] = Ey[ — 6.
Boi vi v6i moi y, ming IE()(‘L — ¢(Y)“Y = y) dat dugc khi ¢(y) =
—medo(L|Y = y) ]

D61 v6i trudng hop téng quat clia hAm t6n that, khong c6 mot su biéu
dién tudong minh cho udc lugng Pitman.
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Chuong 3

Pac trung cua ho phan phéi chuan

3.1 Pac trung cua phan phoi chuan thong qua tinh chap
nhan duoc cua cac uéc luong tuyén tinh toi wu cua
tham so tinh tién doi véi ham ton that dang binh

phuong

Ching ta gia st rang cdc bién ngiu nhién X1,..., X, c6 phan phoi
doc lap va Fy(z —0),..., F, (z — 0) 1a cdc ham phan phdi tuong Gng phu
thuoc vio tham s6 tinh tién § € R, Ngoai ra,

0< /x2dFj (z) =07, Vi (3.1.1)

(trudng hop o; = 0 v6i j nao d6 1a tAm thudng theo quan diém vé udc lugng
cho 6). Dé cho don gian, ta gia su rang

/ xdFy (z) =0, Vj (3.1.2)

khi d6 0 1a gid tri trung binh cla tong thé v6i ham phan phéi F; (z — ¢). That

vay,

IEQXZ-:/:UCZFZ-(:U—H):/(y+9)dFi(y>
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:/ydﬂ(y)+é/dﬂ(y)=9~

., X,. Khi d6 déi véi ham tén thit dang

Cho tru6c mau ngiu nhién X7,
binh phuong, udc luong khong chéch tuyén tinh téi wu cho 6 c¢6 dang

1/02
0 ﬂ (3.1.3)

L= ZC?X]', trong d6 ¢; = —
1 > 1/0?
1
That vay, xét mot udc lugng tuyén tinh cho 6 ¢6 dang L = > | ¢;X;. Dé L

la uGc lugng khong chéch cho 6 thi ta can phai ¢c6

EQLZQ@iCjEQXj:H@icj'(g:(g@(gicj':H@icj':l.
1 1 1 1

Ta thay

n 2 n n
EoL? = E, (Z chj) =Eo ) > e XiX;
1 1

1

n n n n
— E E A XX, — E 2 2 _ § : 2 2
— ]E’OC’LC_]X’LX_] — C_]]E’OX_] — C_]O—_]
1 1 1 1

vi néu i # j thi Egcic; X; X; = cic; (EoXi) (EoX;) = 0.

Mat khéc, 4p dung bat dang thic Bunyakovski ta c6
n 2 n 1 2 n ) n 1
d o) =D (o) o) = > (ejoy)™ > o2
1 1 J 1 1
A n ! S (CjO—J)z

D4u bang xay ra khi va chi khi
cjo; .. 0 s hang s6 Vi
T = hang s6 << c¢;jo; = hang s0 < ¢; = o 7.
— j
gj
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Vi

n

" hing s6 . =1
Zqzl@Z Ug_ :lé(héngsé).zgzl
1 1 J 1 Y
1

< hing s6 = —

nén dau bang dat duoc khi

(Néu dieu kién (3.1.2) khong théa man, va f xdF; (x) = b; thi (3.1.3) dugc
thay boi L = ST c? (X, — b;) va moi 1ap luan van giit nguyén).
Xét dinh 1y sau

Pinh 1y 3.1.1 (xem [9]). Cho n > 3 va cdc bién ngau nhién X; doc ldp ¢6
cdc ham phdn phoi lan lugt la F; (x — 0) véi j = 1,...,n. Gid sut cdc diéu
kién (3.1.1) va (3.1.2) duoc théa man. Khi dé, doi voi ham ton thdt dang
binh phuong vdc luong tuyén tinh to6i uu L cho béi (3.1.3) la chdp nhdn duoc
trong lop cdc woc lugng khong chéch cua 0 khi va chi khi F; la phdn phoi

chudan,Vj =1,...,n.

Chung minh.
Diéu kién can: Gia st L 1a chap nhan dugc trong 16p cac udc lugng

khong chéch cua . Theo Bo dé 2.2.1, udc luong cho boi
=1 —F, (Z|Y), trong d6 Y = (Xo — X1,..., X — X1)

l1a u6c luong Pitman.
Vi ham tén that c6 dang hiéu nén



Suy ra Egf = 0, tic 6 1a mot uéc lugng khong chéch clia 0. Néu L # 0 thi
theo B6 dé 2.2.1, ta phai c6

E, (Z—9)2>E9<é—«9)2, v € RL.

Bait dang thiic trén ching to L khong chap nhan dugc. Diéu nay mau thuan
v6i gia thiét L chap nhan dugc. Vay ta phai ¢6 L = 6 hau khap noi theo [Po),
tuc la

E, (Z |Y) — 0. (3.1.4)

it
Li=L=) X,
1

Ly = X9 — X

L, =X, - Xj.

Khi d6 L, ..., L, doc lap tuyén tinh, vi

d -1 -1 - -1 ;c? 00 -0

0

o 1 0 -0 g 10 ---0 n ;

g 0 1 o 0= 0 g1 .. =Y d=14#0.
C S : ) Coe 1

¢ 0 0 - 1 A 00 ---1

RG rang tat ca cac hé so c? = 0 theo cach xac dinh c?. Hon nita Eq X; = 0, Vj.
Vay theo Hé qua 1.1.1 cta Dinh Iy 1.1.1 ta suy ra X, c¢6 phan phdi chuén
néu j > 3.

Diéu kién du: Gia st F} la cdc ham phan phoi chudn N (0,07). Mat
do dong thoi cua Xq,..., X, la
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(3.1.5)
Theo dinh 1y tich ciia Neyman, dé thay thong ke 7' = 7 % (hoac thong ké
tuong duong S = > 7 C?Xj) la thong ké du doi véi ho mzftjt do (3.1.5), véi
6 € R!. Phan phoi cia S 1a chudn (vi S 1a t6 hop tuyén tinh ctia cic bién

ngiu nhién c¢6 phan phoi chuin), trong dé
EgS =Y JByX; =60 ) =09,
1 1
VaryS = Z C?Varng = Z 0?0]2- = g2,
1 1

Khi d6 S c¢6 mat do

p(s,0) = L exp [(30) ]

o\ 2 202

1 0 s 50
“\oiis exp 557 exp 557 exp 2|

Theo Dinh 1y 1.6.3 dé thay S la thong ké day du. S du, day du va S la udc
luong khong chéch d6i vé6i 6 nén né 1a uée luong UMVU cho 6. Vi hiém doi

v6i ham ton that dang binh phuong chinh 1a phuong sai, ma phuong sai clia
S bé nhat nén S 1a uéc luong khong chéch toi uu cho 6. ]

Hé qua 3.1.1. Néu ' = F; véimoi j =1,...,n (n > 3), va F' thoa man
(3.1.1) va (3.1.2) thi tinh chdp nhdn duoc cia trung binh mdu X trong 16p
cdc uoc luong khong chéch cua tham so tinh tién 0 la mot tinh chdt ddc trung

cua phan phoi chudn.
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Chiing minh. That vay, th ' = I suy ra 0; = 0,V], c? = %,Vj. Khi dé
L= %Z? X; = X. Theo Pinh 1y 3.1.1, X chap nhan dugc trong 16p cic
udc lugng khong chéch cua 6 1a tinh chat dac trung ctia phan phoi chudn. [

Hé qua 3.1.2. Gia st X1,..., X, va Y1,...,Y, la cdac bién ngau nhién doc
lap, n > 3, trong dé6 X; ~ Fj(x —0 —A),Y;, ~ G;(y—0), F; va G
théa man (3.1.1) va (3.1.2) véi 0 € RY, A € R'. D& mot woc lwong cé dang
> la; (X;=Y;) la chdp nhdn dugc trong Idp cdc udc lugng khong chéch
cua tham so" A\ doi véi ham ton thdt dang binh phuong, diéu kién cdan va di
la tat cd F; va G; phdi la phdan phoi chudn, ngodi ra 0]2- = [2%dFj (z) va
p? = [y*dG; (y) lién h¢ véi nhau bdi hé thitc 0]2- = )\p?,Vj.

Chitng minh. Trudc hét, tir tinh chdp nhan duge cia > | a; (X; —Y;) trong
16p cdc ude lugng c6 dang > 7 a; (X; — Y;) ta suy ra a; # 0,Vy. Boi 1€ tat
ca céc udc lugng dang trén v6i > | a; = 1 déu la ude lugng khong chéch cla
A. Hiém clia nhimg udc lugng nay Ia hing s6 va bang Y ) a%(07 4 p7). Vi
vay tinh chap nhan dugc dong nghia véi tinh t6i uu (do doi véi ham ton that
dang hiéu, mot uée luong tuyén tinh hoac téi uu, hoac khong chap nhan dugce),
tic 1a cdc a; phai c6 dang giong nhu c? trong (3.1.3), suy ra a; # 0,V;. Dat
Zi=X; =Y, d'=x—-0-A,y=y—0,taco

Poa(Z; <u) = // dF;(x — 0 — A)dG;(y — 0)

r—y<u

= || aBac, ) = mitw - o),

' —y' <u—A
tic 1a, ham phan phoi cua Z; chi phu thudc vao tham so tinh tien A. Tu
tinh chdp nhan dugc cta ude lugng Y| a;Z; trong 16p cic ude lugng khong
chéch clia A va Dinh ly 3.1.1, ta suy ra Z; ¢6 phan phoi chuan. Nhung theo
Dinh 1y Cramer, X, va Y; cling ¢6 phan ph6i chuan: X; ~ N (0,0]2-) va
Y;~N (O, p?) Hon thé nita, dé dang chi ra ring vé6i ho phan phéi chuéin

Fi(og—0—-A)---F,(v,—0—-A)G1(y1 —0)-- -G, (y, —0) (3.1.6)
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trong d6 6 € R', A € R, cdc t6 hop tuyén tinh )7 ) X; va Y7 d)Y; trong
do

n -1 n -1
1 1 1 1
0 __ E : 0 _ E
Cj_az- ( 0-2> ’ dj_P? ( Pzz)

1
la cac thong ké du va day du. Theo Dinh 1y 1.6.2, tir tinh chidp nhan dugc
cia Y 7 a; (X; —Y;) trong 16p cdc udc lugng khong chéch cla A, suy ra

n

Y ai(X;=Y) =8> IXi+4> Y,
1 1

1
1 1

Kéo theo a; = ¢, —a; = ~dj). Vicic a; # 0,Vj nén 3 # 0 va v # 0, khi
do !

g
B = —’yd? & c? = ——LdY = gd?.

j 3%
D& thay > 1) =3 d) =1, suyra

RS I EIEE )
1 1

Dan t6i c? = d?, tir d6 suy ra 0]2- = )\p?, Vi=1,...,n.

Udc lugng > 7 a; (X; —Y;) 12 ham cula thong ké di, ddy du va 1a ude lugng

khong chéch ctia A nén la uée lugng khong chéch t6i uu duy nhét cho A.
Ngugc lai, Néu F; va G, 1a phan ph6i chudn, dong thdi c¢6 hé thic

05 = A\p3,¥j=1,...,ntrong d6 0% = [2?dF; (z) va p; = [4*dG; (y) thi

ta dat Z; = X; — Y;. Vi X; va Y} ¢6 phan phoi chudn nén Z; c¢6 phan phoi

w? ) )
chudn véi phuong sai wi = 0% + p7. Xét a; = Zi/l / ~. Khi d6, theo Dinh
14/ Wi
ly 3.1.1, L = >} a;Z; 1a mot udc lugng chép nhan duge trong 16p céc udc
lugng khong chéch cho tham s6 A.

[
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Nhdn xét 3.1.1. Két qua cta Dinh 1y 3.1.1 ¢ thé dugc md rong trong trudng
hgp n = oo néu keém thém diéu kién ) | 25 < oo (néu t6ng nay phan
J
ky thi luon ton tai mot wéc lugng tuyén tinh 3 7 ) X; véi phuong sai
nho tly y). Néu tong nay hoi tu thi theo Pinh 1y 3.1.1, u6c lugng L =
52 )

> 7 ¢; X, trong d6 c? = 7}/—/2 l1a chap nhan dugc trong 16p cic ude luong

> 1/07

1
khong chéch khi va chi khi cdc F; 1a phan ph6i chuan. D€ chiing minh tinh
chuén cta cdc ham phan phéi £y, ..., F), taluu ¥, tir B, (Z | Xy — X4, .. ) =
0 ta suy ra

E, <Z|X2—X1,...,XH—X1) — 0. 3.1.7)
That vay, ching ta bi€t két qua sau day tir xac suat co s6: Néu F; va Fo
la hai o - dai sO6 sao cho F; C JF, thi IE(X‘]—]) = E(E(X‘fz)‘fl) =
E(E(X|7)|#), va dé thiy
O'(XQ—Xl,...,Xn—Xl) CO’(XQ—Xl,...).

Khi d6, ap dung két qua trén ta dugc
0= E()(EO(Z\XZ _ Xl,...)‘Xz XX, —X1>
- E()(EO(Z\XZ Xy X, — Xl) ‘Xz - Xl,...>
_ E()(Z\Xz XX, — Xl).

Vil = Yoo Xi+> ¢ X vay < ¢;X; la bién ngdu nhién doc lap véi
Y =(Xo— Xy,..., X, — Xj) nén tir (3.1.7) ta ¢6

ZC]'X]' Y) —f—E()(ZCij Y)
n+1

ZC]'X]' Y) —f—E()(ZCij)
ZC]'X]' Y) +ZCjEOXj

IE()(Z‘Y) —E,

I
5
N
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:E()(iCij Y)
1

Do do

E()(iCij Y) = 0.

1
DPang thitc trén chinh 13 (3.1.4) trong chitng minh ctia Pinh 1y 3.1.1, suy ra
Fi, ..., F, c6 phan phoi chuan.

Nguoc lai, Néu céc Fj; c6 phan phoi chudn N (0,07 ), trong d6 3 U%Q <
oo thi d& dang kiém tra rang " ¢} X; Ia thong ke di, ddy di d6i véi ho
phan b6 xéc sudt [[{° F; (z — 0),0 € R! (stt dung Dinh 1y 8.2.1 cua [10] va
cac két qua trong [5] hoac [11]). Do dé udc luong nay la ude lugng toi wu
trong 16p cdc udc lugng khong chéch cua tham 4n 6.
Nhdn xét 3.1.2. Khi n = 2, tinh chip nhan duoc cua L trong 16p cic udc
luong khong chéch clia § khong phai 14 mot dic trung clia phan phéi chuén.
Dé 14y vi du, ta c6 thé xét trudong hop F; = F, = F, trong d6 F' 1a mot phan
phéi déi xtng nao d6. Khi d6 ¢} = ¢ = 1, (3.1.4) luon dugc théoa man. Vi
thé udc luong Pitman trong trudong hop niy 1a X. Theo Pinh Iy Stein (xem
[19]), diéu nay dam bao cho tinh chap nhan duoc (tham chi 1a chdp nhan dugc
tuyét doi) ciia X doi v6i phan phéi F véi gia thiét 1a [ |z|*dF (z) < oc.
DPinh ly 3.1.2. Vi gid thiét cua Pinh ly 3.1.1, tinh chdp nhdn duoc tuyét doi
clia L = S C?X j trong lop cdc woc luong cho 0 la mot tinh chdt ddc trung

cho tinh chudn cia F;.

Chitng minh. Hién nhién ta chi can ching minh rang néu F; 1a phan ph6i
chudn thi L la chip nhan duoc tuyét d6i. Theo Dinh 1y 1.6.2, ching ta
chi can gidi han trong 16p cic uGc lugng la ham cua théng ké du L. Dé
thdy, d6i v6i mot udc luong bt ky @ (Z) voi B2 < o0, 0 € R, didu
kién chinh quy doi hoi khi rit ra bat dang thic (1.6.1), dugc théa man. Dat
Eofl = 6+ 0(6), 0> = Y1 ()02, khi d6 dp dung (1.6.1) v6i (6) = 6,
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2
1(0) =Ky (81(;)519) _ L ta c6

By (0 - 9)2 > [b(@)}2 +[1+ b’(@)raz.

Néu udc luong L la khong chap nhan duoc (trong 16p cdc udc lugng 1a ham
ctia théng ke di L), thi véi 6 nao d6 ta phai c6

[b(ﬁ)r + |1+ b’(@)raz <E(9- 9)2 <E(L- 9)2 — o (3.18)
v6i € R! va ddu “<” xdy ra tai it nhat mot diém 0 € R! nao d6. Tur
(3.1.8) ta suy ra rang b’ (#) < 0 va b () bi chan. D6 d6 luon ton tai lim b (6)
khi 6 — 400, suy ra limb'(6) tén tai va = 0 khi § — +o0o. Nhung ciing tir
(3.1.8) ta suy ra rang lim b (¢) = 0 khi § — +o00. b(0) 1a mot ham don diéu
giam, bi chan, lai ¢c6 b(—o0) = b(+00) = 0 nén b(0) = 0,Vl. Vi thé, néu
(3.1.8) duge thoa min thi § (L) 1a mot uée lugng khong chéch cia 6. Nhung
theo phan ching minh di€u kién du cta Dinh 1y 3.1.1, L1a mot uGc luong
khong chéch t6i wu cho . Vi d6i v6i ho ddy da, tham 4n 6 c6 t6i da mot udc
luong khong chéch phu thuoc théng ké dii cho nén ta phai ¢6 0 (Z) — L hau
chéc chan. Diéu nay miu thudn véi (3.1.8), suy ra L chdp nhan duge tuyét
doi. ]

3.2 Diéu kién dé trung binh mau chap nhan duoc trong
mot 16p con cac uéc lwong cua tham sé tinh tién

3.2.1 Cac ué6ce luong khong chéch chi phu thudc trung binh mau va mot
thong ké tuyén tinh khac

Gia st rang X7, ..., X, 1a cdc bién ngdu nhién doc 1ap cung phan phdi
v6i ham phan phoi F (z — 0), § € RL. F théa man diéu kién
/:z:dF (x) =0, /:z:zdF () < 0. (3.2.1)
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Gia sl ring, ngoai trung binh mau X ra thi gid tri cta thong ké tuyén tinh
khiac L = >"7 a;X; dugc biét theo kinh nghiém. Mot cau hoi dat ra 1a: Dai
vG6i nhiing loai ham phan phdi F' nao thi 6 ton tai uéc luong khong chéch chi
phu thuoc L va X va uéc lugng ndy sé t6t hon X theo nghia khi ta st dung
ham t6n that dang binh phuong? DE tra 16i cho cau hoi nay, ta xét thong ké

sau
N n _ _ 1 n
V:L—(na)X:E 0iX, bj=a; @, a:EE -

Dé thay rang >/ b; = 0, 23 1(X; —60) = X — 6, con > 1 b;(X; — 0) =
V-6 Z? b; = V. Mat khdc, tir tinh chat cta tham s6 tinh tién 0, ta luon c6

zj: bi(X; — 9)) = IE()(% zj:Xj zj: ij])

— Ey(X|V).

n

E9<% > (X -0)

1

Dan dén
Eo(X — 6|V) = Eo(X|V). (3.2.2)

Ta suy ra
[y (IEO(YW)) = EQ(E9(7|V) — «9) =FE¢X — 0 =0.

Ngoai ra ta ciing c6

1 n n

E, (EG(Y - «9|V))2 = Fy (Eo(ﬁ DX =) (X, - ‘9))>2

—E, (Eo(% zn: X zn: ijj)>2 (3.2.3)
— Eo(Eo(X V)%

Két hop (3.2.2) vé6i (3.2.3) ta c6

E, (EO(YW))z ~ K, (EQ(Y - «9|V))2 ~ K, (EO(Y|V))2. (3.2.4)
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Vi thé, ude lugng § = X — Ey (X |V) théa man

2

By (0-0) =Eq (X —0)" — 2B,(X ~ 0)Eo(X[V)) + Eg (Eo(X|V)’

— 2 — — — 2
=Ey (X — 0)" — 2E¢(X — 0)Eg(X — 0|V)) + Eo(Eo(X|V))
B, (X — 0)" — 25, (B4 (X - 0)Es(X - «9|V)‘V)>
— 2
+ Ey(Eo(X]V))
— 2 — 2 — ) 2
—E (X — 0)” — 2K, (E(,(X - 9|V)) + By (Eo(X|V))
Thay (3.2.3) va (3.2.4) vao dang thic trén ta duoc
~ 2 — 2 1) 2
By (0-0) =By (X —0)" — Eo(Eo(X|V))".
Vi thé, diéu kién cdn dé X 1a mot udc luong tuyén tinh trong 16p cdc udce
luong khong chéch chi phu thuoc X va L khong thé cai thién duoc nhu trén
do la
Eo (X |V) =0. (3.2.5)
Trong céac két qua vé hoi quy hang s6 ta da chiing minh duoc (3.2.5) khong
dam bao cho tinh chuén cla X;. Tuy nhién, (3.2.5) cing v6i mot vai diéu
kién rang buoc cho b; va F; thi lai ddm bao cho tinh chuén nay. Bay gid ta
minh hoa mot két qua nhu vay, két qua nay suy truc ti€p tu Dinh 1y 1.1.4.
Ta xdc dinh ham
- A1
G =2 b =D Ibil
bi>0 b1<0
va gia st rang G (\) #Z 0. Gia o 1a can trén ding cta phan thuc cua cic
khong diém cta G (\).
Pinh 1y 3.2.1. Cho X1,...,X,, la cdc mdu ngdu nhién rit tir tong thé voi
ham phan phoi F (x — 0), 0 € ©, thda man diéu kién (3.2.1) va diéu kién bo
sung
/:z:zmdF (x) < o0, trong dé m =[1+0/2].
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Khi dé tinh chdp nhdn dvoc ciia X doi voi ham ton thdt dang binh phuong
trong lop cdc woc luong khong chéch cho 0 co6 dang 0 (Y, > a;X; ) la mot
1

tinh chdt ddc trung ciia phdn phoi chudn.

3.2.2 Lép cac uéc luong da thic

Ching ta giit lai cac gia thiét & cac phan trudc, xét cac bién ngau nhién
doc lap cung phan phoi X1, ..., X,, X; ~ F (x — 0), 0 € R!. Gia thiét ring
F' théa man (3.2.1) va véi s6 nguyén k > 1,

ok = /:z:deF () < 0. (3.2.6)

Trong trudng hop nay, tap tat ca cdc da thic Q (X1,...,X,,) c6 bac < k tao
thanh khong gian Hilbert M), véi tich vo huéng thong thudng: (Q1,(Q2) =
Eo (Q1Q2). My, chita du nhi€u céc ude lugng khong chéch cho 6 (it ca udc
lugng nay déu 1a mot phan tlir cha M), c6 phuong sai hitu han); chang han
cac udc lugng c6 dang X+Q (Xo — X4,..., X, — X)), trong d6 da thic @
thoa man dicu kién EyQ) = 0. Trong truong hop nay EyQ = 0. Ky hiéu P,
P, C M, 1a 16p tat ca cac phan tir cia M), 1a udc lugng khong chéch cho 6.
Pinh 1y 3.2.2 (xem [6], [7]). Gid sitn > 3 va X1, ..., X, la mdu ngdu nhién
riit ti tong thé véi ham phéan phéi F (x — ), 0 € RY, va théa man diéu kién
(3.2.1) va (3.2.5). Khi dé tinh chdp nhan duoc ciia X vdi tu cdch la mot ude
luong cho 6 trong 16p Py, doi véi ham ton thdt dang binh phuong la tinh chdt
ddc trung cia phdn phoi F voi k+ 1 mo men ddu tién trung vdi triung vdi cdc

moé men tuong 1ing cua phdn phoi chudn nao dé (véi ky vong bang 0), titc la

0, néu m le, 1<m<Ek+1
Him = (m—D!"e™  néum chin, 1<m<k+1

trong do o > 0van!!=1-3-5---nvdinle.
Dé chiing minh dinh Iy nay, trudc hét ta chiing minh B6 dé 3.2.1 va B6

de 3.2.2 du6i day.
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Ky hiéu A l1a khong gian con cac da thic c6 dang
Q(Xy—Xq,.... X, — X1).
Dé thay A, C M;. Xét udc luong
O = X — Eo (X |Ax) (3.2.7)

trong d6 K (. |A;) 12 toan tir hinh chiéu trén khong gian con Aj. Udc luong
(3.2.7) 1a dang u6c luong Pitman.

Bo dé 3.2.1. Vi moi 6 € R,
Eyl, = 0 (3.2.8)

va )
By (0r —0) < By (X —0)° (3.2.9)

trong dé ddng thitc hodc bdt ddng thiic trong (3.2.9) xdy ra hdu déu doi voi
moi O € RY, va ddng thitc xdy ra khi va chi khi

Ey (X |Ay) = 0. (3.2.10)
Chiing minh. Vi 1 € Ay, trong khi Eo (X [A;) 1a hinh chi€u cia X 1én A
nén 1 trye giao v6i X — By (X [A), tie 1a By | X — By (X[Ar)| = 0, hay
E,X = E, [EO (X |Ak)} — 0, nén

Eg0 = EgX — By [Bo (X [A)| = 0~ By [Bo (X |Ar) ]
Lai chd ¥ ring, do By (X |A;) € Ay, nén
By [Bo (X [Ax) | = Eo |Bo (X |A4)] = 0.
Ta nhan dugc (3.2.8) va do d6 0, € P;. Hon nita
By (X —0)" = B (X)" = Bo [0+ Bo (X |A1)|

=B (0) + By [& (X |A)]
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~ 2 ~ 2
—Ey (0 —0) +Eo [ By (X |Ay)]
~ 2
> &, (ek - 9) .
Luu ¥ ring 0 truc giao v6i khong gian Ay, nén E, [ékaO (X |Ak)} = 0.
Dang thic xay ra khi va chi khi
n~ 2 A~
Eo [Bo (X[Ax)| =04 By (X |Ax) =0,
O

BS dé 3.2.2. Néu n > 3, khi dé nir ding thire Bo(X|Ay) = 0 suy ra rdng
(k 4+ 1) mo men dau tién cia F trang vdi nhitng mé men cdp tuong ing cia

mot phdan phoi chudn (cé thé suy bién) nao do.

Chiing minh. Ching ta s€ ching minh theo phuong phap quy nap. Véi k = 1,
B6 dé hién nhién ding. Vi Ay D Aj_1, nén tir E0(7|Ak) = 0 ta suy ra rang
Eo(X|As_1) = 0. Do d6, chiing ta c6 thé gi4 sl ring k mo6 men déu tién cla
F tring véi nhitng mo6 men cap tuong tng cta phan phoi chuin nao dé, va
chi phai chiing minh rang mé men ;11 cua F' tring v6i mo men thit (k + 1)
ctia phan phdoi chudn néi trén. Diéu kién (3.2.10) twong duong vdi

Eo(X|Ap_1) =0 (3.2.11)

E, [Y(le X)) (X, - Xl)} ~0 (3.2.12)

trong d6 (3.2.12) phai ding v6i moi phép chon ji, ..., ji tit cic s6 2, ..., n.
Su tuong duong cta dang thic (3.2.10) va (3.2.11) — (3.2.12) 1a boi vi Aj_4
va cdc ham (X; — Xy)--- (X, — Xj) sinh ra A;. Ta viét

(Xj — Xl) <o (Xjk — Xl) = (le — Xl)al < (Xzs — Xl)as (3.2.13)

S
trong d6 i1, ... ,is 1a nhitng s6 phan biét va > a, = k.

r=1
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Vé6i ky hiéu t6 hop C7, ta co

(Xi1 _ Xl) (Xzs Xl s Z Z pcfpl . ngz

p1= =0 Ps=

s k_
XXiZil"'XZX1 Y p:szw

Va vi vay, ta co

Eo [Y(XZ — X)) (X, — Xl)as}

=— Z Z L)PCR - OBy, =+ iy, Mot 1—p

pl =0 Ps=

+— ZZ Z LYPCBY -+ CB 1y, - Ly [y 1 Hpys * ** HopuHkp-

q1p10 Ds=

(3.2.15)
Ching ta xem xét riéng biét hai truong hop %k chan va £ Ié.
Truong hop k chan. Tu gia thi€t quy nap, tat ca cic m6 men cép 1
tr 1 t6i (kK — 1) (bao gobm ca k — 1) 12 0 (vi moé men cép 1é clia phan phoi
chudn bang 0). Do dé, tir (3.2.15) ta suy ra

nlEg [Y(X — X)) (X, — Xl)as}
_Z LYPCR - - O iy -+ i, fie1—p (3.2.16)

- Z Z LYPCBY -+ - CB - Ly My 1 Hpys * ** Hopu k-

trong d6, > * 1a téng 14y han ché trén nhitng s6 chdn trong céc s6 py, . . . , ps
va ZZ 1a tong 14y trén nhing s6 chdn p1, ..., Dg—1,Pgi1s - - - Ps €ON 8O P, 12
s6 1. Trong tong >_", p luon 1a s6 chidn va do d6 k + 1 — p 1a s6 1é. Néu nhu
k+1—p<k—1thi -, = 0 theo gia thi€t quy nap. Con trong téng
> g P luon 1a s6 1&, vi vay k — p ciing la s 1¢. Ciing vi k —p < k — 1 nén
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fe—p = 0. V1 vay
nk [Y(Xil = Xp)™M (X, - Xl)as} = [lk+1
va diéu kién (3.2.12) tuong duong véi
- (3.2.17)

Truong hop k 1é. Chiing ta quay lai dang thic (3.2.16). Ta chia 2 téng
6 d6 ra nhu sau
Y =S+ S+ + S

trong d6 Sy, 12 phén cla téng > * tuong tng véi tat ca p,...,ps, 0 < py <

af, ..., 0 < ps < a, mathdéa man p; + -+ - + ps = 2m, va
Y =S +5++5
q=1 !
trong d6 S,,,+1 1a phin téng boi tuong tng v6i nhitng gia tri cua py, .. ., ps

thdoa man p; + - - - + ps = 2m + 1. Ching ta chd y rang, véi n > 3, ton tai
nhiing da thac dang (X;, — Xq1)* -+ (X;, — X1)® v6i s > 2 va céc gid tri
«; duong.

Ching ta chi can xem xét nhiing da thitc ¢6 dang nhu vay. Ta s€ chi
ra rang, v6i 0 < 2m < k — 1, Sy, + Son1 = 0. Chi ¥ rang, v6i diéu kién
a; > 0,...,a, > 0, trong téng 2221 ZZ, ta luon luon ¢6 p, + 1 < k va vi
vy, ta suy ra tir gia thi€t quy nap rang

Hpgt1 = Dablp, 10" (3.2.18)

v6i o2 > 0 nao d6. Khi do,
S

k
_ P1 Ps
Soms1 = — E E qC’Q1 O iy Mopyy Mopyt 1lpgy * ** Moy ok—1—2m
q=1

== D> Ch ol tipfirom

pit-+ps=2m
p1+1 Cps—i-l

><02< Co%j (pr+1)+---+ g,p (ps+1)>.

Qg

(3.2.19)
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Lai dé thay ring

p1+1 ps+1 s
C;)l (p1+1)+"'+0—}5(p5+1):Z(Ozi—pi):k—Qm.
“ s i=1
Do vay,

fk—1-2m0° (k — 2m) = flpr1-2m

v6i m > 0. Thay dang thifc trén vao (3.2.19) ta duoc
Som + Som+1 = 0. (3.2.20)
Tu (3.2.20), ta thdy rang (3.2.12) tuong duong véi
So+ 51 =0. (3.2.21)

Tuy nhién, ta lai c6

S0 = [bt1

Sy = —(aq + -+ o) opih—1 = —ko? pp_1.

Hé qua 1a (3.2.21) s& tuong duong véi
pis1 = ko pue_1. (3.2.22)

Cing v6i gia thiét quy nap rdng mo men cua k cap ddu tién trang véi mo

men tuong ting cia mot phan phoi chuidn c6 ky vong 0 va phuong sai o nao
dé, cong thic (3.2.22) kéo theo 1 = 1-3---ko**!. B6 dé duoc ching

minh. L]

Chiing ta trd lai viéc chiing minh Dinh 1y 3.2.2. Tinh chuin cta phan
phoi F & day s& duoc suy ra ngay tir tinh chdp nhan dugc ciia X trong 16p
P,.. That vay, theo B3 dé 3.2.1, uéc luong 6, = X — Eo(X|A) cho tham s6
6 12 mot uée luong khong chéch va véi moi 0 € R!, c6 phuong sai nhd hon
phuong sai ctia X (trir trudng hop Eo(X|A;) = 0). Theo BS dé 3.2.2, diéu
kién nay dam bdo tinh chuin cta phan phoi F.
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Cong viéc con lai 1a cén chi ra rang néu (k 4+ 1) mo6 men cua F' tring
v6i nhitng moé men tuong (ing clia phan phoi chudn thi ta ¢é tinh chdp nhan
duoc ctia X néu coi nhu 12 mot ude luong cla 6 trong 16p P,. DAu tién, ta
chi y rang 0 1a mot udc luong t6i wu cta 6 trong 16p cac da thic cip khong
qui k c6 dang X + Q(Xy — X1,..., X, — X1). That vay, vi

E, [ék : (Q(X2 Xy X — X))k EO(EAk)ﬂ ~0

>Eo (1) = B (01— 0)
Hon nita, néu (k£ 4+ 1) mo men ban ddu cua F' trang v4i nhiilng md men
twong tng ctia mot phan phoi chudn nao do, khi do 6, = X. Vi diéu kién
E0(7|Ak) = 0 duoc thdéa man v6i moi F' ¢6 cdc mod men fi1, . . ., ji; nhu phan
phoi chuén noéi trén hodc khong thdoa man véi moi F' ¢6 cdc mod men nhu vay.
Tuy nhién, néu F' ¢6 phan phoi chudn, khi d6 Eo(X|Aj) = 0, vi trong trudng
hop nay, X doc lap véi cic vecto (X — X1,..., X, — X;). Diéu cin chiing
minh dugc suy ra ngay tir bo dé sau:
Bé dé 3.2.3. Néu pioy ton tai thi 0y, la chdp nhdan duoc trong I6p My, tdt cd
cdc da thitc ¢é bdc < k (va hién nhién ciing chdp nhdn duoc trong lop Pj).
Chitng minh. Moi da thic c¢6 bac khong qué k c6 thé viét dudi dang
Q(X)=X"q (Xo— X1,..., X, — X))
—m—1
+ X ql(XQ—Xl,...,Xn—Xl)—f—--'
—f—qm(XQ—Xl,...,Xn—Xl)
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trong d6 m < k va ta gia st rang Py [gy # 0] > 0 (trong trudng hop ¢y = 0
hau chic chin d6i véi [Py) thi ta thay Q bdi Q— X qp). Cac q;v6i0 < j<m
1a cdc da thic theo cdc bién cua chiing. Gia sir rang d6i v6i da thic () nao

d6 diéu kién sau thoa man v6i moi ¢
2 “ 2 N\ 2
E9<Q _ 9) <E, (ek _ 9) _ R, (ek) . (3.2.23)
Ta c6
2 ~r m
E(Q—0) =Eo| (X +0)"q(Xa = X1, Xy = X1) 4+

9
+Qm(X2_X17~~7Xn_X1)_(9}

:szEOQS + Tom—1 (‘9)

trong d6 bac clia 7o, 1 (0) < max(2,2m — 1). Khi dé rd rang la bat dang
thic (3.2.23) duoc thda man véi moi @ chi khi m < 1, tic 1a chi cac da thic
6 dang Q = X go~+¢; méi c6 thé 16t hon ude luong 6; d6i véi nhitng da thic
u6c luong nay bdi vi néu m < 1, Eg(Q — ) 1a mot da thic bac 2m cta 6,
va hiém ciia né tién dén oo khi @ — oo. Trong khi Eg(d — 0)? < Eo(X)? =
hing s6, tic 12 s& ton tai 6 dé hiém ctia § nhd hon hiém cla Q tai 6. Véi

m =1 ta co
Eo(Q—0) = 0By (a 1) +20Es[(a0 — 1) X
+ E (Yq() + Q1)2.

Tur d6 suy ra rang néu (3.2.23) ddng thi ¢ (Xy — X4,..., X, — X3) = 1 v6i
xdc sudt bang 1 theo [Py] (va vi thé ding véi xdc xuat bang 1 theo [Py], voi
moi #) vi néu tréi lai Ey (Q — «9)2 — 00 khi  — oco. Nhung trong s0 cdc da
thitc u6c luong c6 dang X+ g (Xo — Xq,..., X, — Xj) thi ék khong nhiing
la u6éc luong chip nhan dugc ma con la udc lugng téi wu. Do dé (3.2.23)
khong thé thoa man véi moi 6, diéu nay ching to 0, chip nhan duoc trong
16p M. B6 dé 3.2.3 va Dinh 1y 3.2.2 vi th€ dugc ching minh. [
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Hé qua 3.2.1. Gida su cdc diéu kién cua Dinh ly 3.2.2 duoc thda man va phdn
phoi F' c6 moé men tuyét doi moi cdp. Khi dé tinh chdp nhdn duoc cua trung

binh mdu X trong 1p Py, = \J Py la tinh chdt ddc trung cho ciia chudn.
1

Chiing minh. That vay, theo Dinh ly 3.2.2 tat ca cic m6 men cua F' truing véi
cdc mod men tuong ng cia luat phan phoi chuin nao d6, vi thé F 1a phan
phéi chuén. O

Luu ¥ rang 16p Py, thuc su bé hon 16p cac ude lugng khong chéch cho
0 vi th€ hé qua trén khong manh hon Hé qua 3.1.1 cua Dinh 1y 3.1.1 boi vi
Hé qua 3.1.1 khong can dén gia thiét vé su ton tai mo men cap cao bat ky
cua F.
Nhdn xét 3.2.1. Viéc kiém tra k§ ludng phan ching minh cta Dinh 1y 3.2.2
ndy sinh ra két qua sau day: Cho (X7, X5) 12 miu ngdu nhién rit tr tong
thé v6i ham phan phoi F(z — 6), thda man diéu kién (3.2.1) va (3.2.5). Tinh
chép nhan dugc clia 3(X; + X») cho tham s6 6 trong 16p Py 1a tinh chat dac
trung ctia ham phan ph6i F' v6i F' 1a phan phoi c6 cac mo men cap 1é (ké ca
dén cap k + 1) déu bang 0, tic 1a

1 = b3 =+ = g néu Lk 1é
p = p3=---= g1 néu k chin

Tinh chip nhan dugc cua %(X 1 + X5) trong 16p Pj, khong dp dat cho cdc mo

men cap chan.

3.3 Pac trung cua luat chuan béi tinh t6i vu cua ham cua

uée luong L = 5 )X

Ching ta trd lai v6i nhitng gia thiét trong phan 3.1. Cho X1,..., X, 1a
nhitng bién ngdu nhién doc 1ap c6 phan phoi X; ~ Fj(z — 0),0 € R! va F}
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thoa man diéu kién (3.1.1) va (3.1.2). Véi dicu kién

/:E%dFj(:E) <oo, j=1,...,n (3.3.1)

da thic q(Z) = apLF + -+ + a; 12 mot udc lugng khong chéch ca da thic
tham s6 ¢(6) = Egq = cof* + - - - + ¢, v6i phuong sai hitu han v6i moi 6.
Tinh t6i vu cua q(Z) trong 16p cdc udc luong khong chéch cua g(6) véi ham
ton that dang binh phuong, héa ra lai diac trung cho phan phoi chudn. That

vay, ta c¢6 dinh 1y sau

Pinh 1y 3.3.1. Cho X, ..., X,,, n > 3, la nhitng bién ngau nhién doc lap voi
X; ~ Fj(x—0), trong dé 0 € 1véi I mot khodng khong suy bién nao dé, va F;
thoa man diéu kién (3.3.1). Da thitc cdp k > 1: q(Z) = aozk+- ctag, ag #
0 la t6i wu trong I6p cdc woc luong khong chéch trong L ciia ham tham sé
g(0) = Ey(q) vdi moi 6 € 1 va ham ton thdt binh phuong néu va chi néu moi
phdn phéi F; la phdan phoi chudn.

Chung minh.

~

Diéu kién can: Theo B6 dé 2.1.1, tir tinh t6i wu cta ¢(L) trong 16p cac

u6ng lugng khong chéch trong £2 ctia g(6), kéo theo ring, véi moi ham
h(XQ—Xl,...,Xn—Xl):hEH

ta coO
Eylq(L)h| =0, O€l (3.32)

Ey(gh) = o |q(L + 0)h]
:EO<[GO(Z+9)k+"'+ak]h).

V€ phai ctia (3.3.3) 1a mot da thic d6i véi 6. Tix (3.3.2) ta suy ra rang moi

(3.3.3)

hé s6 cta da thic niy phai bang khong. Hé s6 cta 0% ! 1a

Eo| (aokL +a1)h| = kagEo (Lh).
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Vi ay # 0 nén EO(Zh) = 0 v6i moi h € H. Nhung di€u nay khong khac gi
diéu kién (3.1.5), vi th€ F; phai 1a phan ph6i chuan.

Diéu kién di: Néu F; 1a phan phoi chudn (v6i ky vong béang 0) thi L
1a mot thong ké du va day da doi v6i ho Fi(zy —6) - - F,(x, — 0). Do d6
moi ham cua thong ké L v6i phuong sai hitu han la uéc lugng khong chéch

t6i vu cta ky vong toan tuong ting cia chiing trong £2. Vi thé, Pinh ly 3.3.1
dugc ching minh. ]

boi v6i cac tap Borel A, dat

vy (A) = / AF)(z1 — 0) - - - dF(z — 0).
LeA
Doi v6i mot ham bi chan ¢ (u), dp dung nhu muc 1.2 v6i dPy = dvy (u), ta
xay dung L3 (¢) va L* () = () L3 (1) trong d6 T 1a mot khoang khong suy

S
bién nao d6. Ta dua ra diéu kién

“L?(¢)) chita mot da thiic ¢ khong phai 1a hing s6”. (3.3.4)

Khi d6 ta c6 hé qua sau day cta Dinh 1y 3.3.1

Hé qua 3.3.1. Cho X4,..., X, voi n > 3 la cdc bién ngdau nhién doc ldp,
X;~ Fj(x—80),0 €l. Néu cdc diéu kién (3.1.1) va (3.3.4) dugc thoa man
thi tinh t61 wu cua ) (Z) trong L2 véi 1 bi chdn trong 16p cdc wéc luong
khong chéch cua Egip (Z) la tinh chdt ddc trung cho ludt chudn cia ham
phdn phoi F.

Chiing minh. Ta s& chi ra rang tinh t6i wu trong £? cta ) (Z) s€ kéo theo
tinh chuén cha F; (di€u ngugc lai duge ching minh tir thyc t€ ring L1 mot
théng ké dii va ddy dit). Theo Dinh Iy 2.1.1, tinh chudn trong £2 clia ¢ (Z)
trong 16p cdc uGe lugng khong chéch cua Eyv va di€u kién (3.3.4) dam bao
rang da thic q(Z) trong 16p cdc udc lugng khong chéch cho Eyq 1a t6i uu
trong £?, 6 € 1. Nhung khi d6 theo Dinh 1y 3.3.1, cdc F} la chuén. ]
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D€ két luan, ta chi y rang néu théng ke tuyén tinh L* = >"7 ¢; X, khdc
v6i L thi khong ton tai mot da thic go(L*) ¢6 bac > 1 va mot ham ) (L*)
thoa mén cac diéu kién cua He qué 3.3.1, ma c6 thé 1a udc luong t6i uu (cho
0 € 1) véi tu cach la udc lugng khong chéch cta ky vong todan hoc cta da
thic do.

3.4 Pac trung luat chuan béi tinh chap nhan duoc va tinh
toi vu cua uéc luong binh phuong bé nhat trong mo
hinh Gauss - Markov

Cho vecto ngau nhién Y’ = (Y7,...,Y},) (Y’ 1a vecto chuyén vi cua
vecto Y) trong d6 Y; 1a cdc bién ngdu nhién doc lap, i = 1,...,n. Y' ¢6
vecto trung binh 6’ = (6y,...,6,). Trong mo hinh Gauss - Markov, vecto
trung binh 0 ¢6 dang 8 = CQ3, v6i C la ma tran cdp n X m chua biét va
vecto tham s6 3’ = (B4, . .., B,) da biét va nhan gi4 tri trong mién U C R™.
Néu hang ctia ma tran C béang r thi khong mat tong quat, ta gia sit C c¢6 dang

I
A = ( B ) (3.4.1)

trong d6 I, 1a ma tran don vi cap » X r va B 1a ma tran cdp n — r X r thoa

_B’
7 = ( | ) 3.4.2)
thi A’Z =0

Cuoi cung ta gia st rang cdc ham phan phoi [ cua cédc sai sO ¢; trong

chinh tac

man, néu

biéu dién Y; = 0; + ¢4, j = 1,2,...,n, c6 ky vong bang 0 va phuong sai
bing nhau chua biét.

Ching ta biét rdng uéc lugng binh phuong bé nhat (LSE) ctia moi ham
tham s6 udc lugng dugec p’B (tic 1a ton tai ude lugng tuyén tinh 'Y thoa
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man Eg(q'Y) = p'B3, B € U) ¢6 dang N’A’Y véi cach chon vecto A’ thich
hop, va moi thong ké tuyén tinh c6 dang A’A’Y 1a u6c lugng LSE cua ky
vong toan hoc cua né (xem [18]). Cac u6c luong LSE 1a t6i uu trong 16p cac
udc luong khong chéch tuyén tinh doi véi ham tén thit dang binh phuong véi
ham phan ph6i F; tly y. Ta ciing biét rang n€u F; 1a phan phdi chudn véi
moi j thi cac udc luong LSE s€ t6i uu trong 16p udc lwong khong chéch cua
c4dc ham tham 4n twong ting (xem [18]).

Pinh 1y 3.4.1. Gid sit rang hai hang bdt ky ciia ma trdn B cho bdi (3.4.1) ¢é
cdc phan tir khdc khong trén it nhdt mot cot chung va khong cot nao cia ma
tran B chita toan phan tir khong. Khi dé vai vecto X tity y, néu X' A'Y la chdp
nhdn duoc trong I6p cdc udc lugng khong chéch ciia ham Eg(ANA'Y) = p'B
thi F; la phdn phoi chudn.

N6i cach khac, véi ma tran B xac dinh nhu trén, néu it nhat mot trong
s6 cdc F; khong phai 1a phan ph6i chudn va hoan toan biét dugc dang phan
phdi cua né thi d6i véi vecto A nao d6, ude luong A’A"Y khong chap nhan
duoc trong 16p cdc ude luong khong chéch cua p’3 d6i v6i ham t6n that dang
binh phuong.

Chitng minh. Xét udc luong sau day cho p’g:
T=N|A'Y —Eo(A'Y|ZY)]. (3.4.3)
Dé thay udc lugng trén ¢6 dang nhu (2.2.6). Ngoai ra
EgT = Eg(NA'Y) = p'B,

Eg(T — p'8) = Es(NA'Y — p'8)? — Eg[Eg(NA'Y|Z'Y)]?

o (3.4.4)
< Eg(NA'Y —p'B)
trong d6 dau dang thic x4y ra v6i moi 3 € U khi va chi khi
Eo(NA'Y|Z'Y) = NEo(A'Y|Z'Y) = 0. (3.4.5)
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Néu v6i A bat ky, ude luong A’A’Y chap nhan dugce trong 16p cac ude
luong khong chéch cta p’3 thi tir (3.4.5) ta suy ra rang Eg(A'Y|Z'Y) = 0.
Goi L;,1 =1,...,rlacdc vecto cot cuia A'Y va L;,i =r+1,...,n la cac
vecto cot cia Z"Y. Goi b;; 1a phan tir hang 7 ¢4t j clia ma tran B, ta c6

n—r

Ly=Xi+ ) bjnYjvéii=1,...r
1

Ly=X;— ) bijYjvéii=r+1.. n
1

Véi gia thiét hai hang bat ky cua B déu c6 phan tir khdac khong tai it nhat
mot cOt ta suy ra rang cac X; lién két dugc v6i nhau v6i i = r +1,...,n.
Cung voi gia thiét khong cot nao cua B chira toan phan tir 0, 4p dung hé qua
cta Dinh 1y 1.1.2, ta két luan rang, d6i véi ma tran A xdc dinh nhu trong

diéu kién cla dinh 1y thi cdc F; 1a phan phéi chuén. O

Ta luu y rang diéu kién cta Dinh 1y 3.4.1 vé tinh chap nhan dugc cta
udc luong A’A’Y véi moi A tuong duong véi tinh chap nhan duogc cua ude
lugng LSE ctia  ham tham an doc lap tuyén tinh p} 3, ..., p.3. Boi vi mbi
vecto p;3, déu ton tai A; sao cho p;3 = A.A’Y va nguoc lai moi A'A"Y
déu 1a t6 hop tuyén tinh cta cic pi3,...,p.o.

Néu céc Fj trung nhau thi ton tai mot cot ciia ma tran B c6 it nhat hai
phan tir khac khong.

Ta ti€p tuc nghién ctiu cdc diéu kién ma qua dé6 tinh chudn cta F; duge

suy ra tlr tinh chap nhan duogc cta udc lugng LSE v6i k& ham tham 4n doc lap
tuyén tinh nao d6, k < r. Trudc hét ta xét trudng hgp ham mot an.
Pinh 1y 3.4.2. Cho L = "} a;Y; la udc lupng LSE cia p'B. Gid sit rang
moi a; déu khdc khong va B la ma trdn ma moi hang cua né déu khdc vecto
khong hodc khong ti 1é voi mot hang nao do cua 1, hodc khéng ti 1é voi mot
hang khdc cia chinh ma trdn B. Khi dé tinh chdp nhdn duoc ciia L trong
lop cdc uwoc lugng khong chéch cia p'B suy ra tinh chudn cia F;.
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Chiing minh. Tuong tu cach ching minh cua Dinh 1y 3.4.1, tir tinh chip nhan
dugc cua L ta suy ra
Eo(L|Z'Y) = 0.

St dung Dinh 1y 1.1.1 ta thu dugc di€u cin ching minh. []

Cho D 1a ma tran cap n x k va D'Y 1a u6c lugng LSE cho ham vecto
Eg(D'Y) = D’AB = G'B v6i G 1a ma tran cap m X k. Ching ta s& khing
dinh rang D"Y 1a chap nhan dugc trong 16p cdc udc luong khong chéch cua
G’3 néu khong ton tai udc lugng khong chéch T = T(Y) thda mén

Eg(T—G'B)(T-G'B) <Eg(D'Y-GB)(D'Y-G'B),8€U. (3.4.6)

Hon th€ nita, véi it nhat mot B € U, cac ma tran bén trai va bén phai hoan
toan phan biét. Ta viét A; < Ay n€u As — A, la ma tran xac dinh khong
am.

Dinh ly 3.4.3. Gid s D la ma trdn ma khéng hang nao cua né chiita toan
phdn tit khong va B la ma trdn théa man cdc diéu kién xdc dinh trong Dinh Iy
3.4.2. Khi do, tinh chdp nhdn duoc cia D'Y trong I0p cdc udc luong khong
chéch cia ham tham dn vecto G'B = Eg(D'Y) suy ra tinh chudn ciia ham
phdn phoi F;.

Chiing minh. Tuong tu cc dinh 1y & trén, tr tinh chdp nhan duoc cia DY ta
suy ra Eo(D"Y|Z"Y) = 0. St dung Dinh 1y 1.1.2 ta suy ra diéu phai chiing
minh. [

Trong Dinh 1y 3.4.1 - 3.4.3, ta da nghién ctu tinh chip nhan duoc cla
uée luong LSE véi gia thi€t da biét truée phan phoi F cia sai so ¢; (khong
phu thudc vao cdc tham 4n chua biét). Bay gid ta sé€ bo gia thiét nay va thu
duoc céc diéu kién trong nhing tinh huong khiac ma & d6 tinh chudn ctia ham
phan phéi ciia sai s6 c6 thé dugc bao dam.

Nhu & phan trudc, ching ta s€ xét mo hinh Gauss - Markov: Y =
CB + ¢, trong d6 EgY =CQ3 va € la vecto sai s6. Cho cdc bi€n ngau nhién
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Y; — EgY; c6 cung phan phoi Fy phu thudc vao tham s6 chua biét 0 € © va
0 c6 thé phu thuoc vao 3. Cic udc luong LSE ludn t6i uu trong 16p cac udc
luong khong chéch tuyén tinh theo bién Y cua ky vong toan hoc cua chiing
bat ké do phiic tap ctia cic tham 4n. Bay gid ta gid sir cac wdc luong LSE 1a
toi uu, tic la n6 cé phuong sai nho nhat véi moi 6§ € O trong mot 16p bat ky
cac uwdc lugng khong chéch clia tham 4n. Trong trudng hop do, ta két luan
duoc gi vé phan phoi Fy? DéE tra 10i cau hoi nay, ta xét mot 16p dic biét cdc
ude lugng khong chéch duge cho boi Dinh 1y 3.4.4 va 3.4.5, tir d6 suy ra rang
trong truong hop dac biét d6 thi tinh chat t6i uu cua cac udc luong LSE trong
16p tat ca cac udc luong khong chéch cung véi cdac di€u kién nao dé cho Fy
sé& kéo theo tinh chudn cua Fy.

Trudc hét ta xét trudng hop hang ctia ma tran C béang 1.

Dinh ly 3.4.4. Cho hang C=1va L = b Y1+ ---+0b,Y,, la uoc luong LSE
ciia ham tham dn Eg(b'Y) = b'CB = p'B. Gid si thém rdng [ x*dFy(x)
ton tai voi moi 0, s nguyén duong nao dé va b; # 0,Vj. Néu L toi uu
trong lop cdc vdc luong khong chéch da thiic cé bdc < s cua p'B3, va vecto
b' = (by,...,b,) khong ti 1é vdi vecto ¢é cdc thanh phdn la +1, thi (s + 1)
mo men dau tién cia Fy tring véi cdc moé men tuong ving cua phdn phoi
chudn nao dé.
Chitng minh. Vi hang C = 1 nén ton tai n — 1 ham s6
Zi=cpY1+--+cpY, Jj=1,...,n—1

thoa man Eg(Z;) = 0, Ege(Z;Z;) = 0 v6i i # j. Thuc chat ta ¢ thé 14y
Cj = (¢j1s---,¢jn) lan —1 vecto doi mot truc giao va truc giao doi véi
khong gian vecto mot chiéu sinh bdi cac vecto cot cua C. Thong ké Z; c6
thé dugc xem 12 wdc lugng khong chéch cua khong, hon nita IE@,QZJZ < 00.
Theo B6 dé 2.1.1 ta két luan rang Ege(Z;L) = 0, khi d6 Z;L 1a uéc lugng
khong chéch cua khong véi phuong sai hitu han néu s > 2 (truong hop s = 1
tam thudng). Lai st dung B6 dé 2.1.1 ta thu duogc

Epe(Z,L")=0, r=1,...;s8; j=1,...,n—1
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Xét ham
6,(t) = E [z‘zj expit(L — EﬁL)}
= [Cjﬂﬂ(bﬂf) +-+ Cjn¢(bnt)} f(blt) o f(bnt)

trong d6 f la ham dac trung tuong ung vGi phan phoi Fy (ta s€ khong chi ra
su phu thuoc cua f vao 6), v = f'/f va (3.4.7) dling khi [t| < § v6i 6 > 0
nao dé. Vi Fy c6 moé men hitu han cap 2s nén ) kha vi cdp s. Chd y rang
dao ham cép r cla ¢;(t) tai diém khong chinh 1a —E[Z;(L — EgL)"]. St
dung cdc diéu kién Eg(Z;) = 0 va Egp(Z;L") = 0,7 = 1,...,s, ta suy ra
rang E[Z;(L—EgL)" ] =0,r =1,...,s, tic la cdc dao ham cdp r cua ¢;(t)
tai 0 phai bang 0. Lay dao ham Ian luot tir bac 1 dén bac s cua ¢ dong thdi
str dung 14n luot tinh chat ¢ (0) = 0,7 = 1,.... s, ta thu duoc

(3.4.7)

(Zcﬁbf)ﬁm(@) =0, r<s, j=1,...,n—1 (3.4.8)
1

trong d6 k,41(0) 1a dao ham cép r ctia ham 1) tai 0, tdc 1a dao ham cip r + 1
ctia ham In f tai 0. Gia tri nay duoc goi la ban bat bién tht r + 1 cta Fj.
Tu (3.4.8) ta két luan rang c6 it nhat mot trong hai nhan tr bén vé€ trdi phai
bang khong. Vi Egg(Z,;L) =0 suyra ) jc;ibi=0v6ij=1,...,n— 1.
Néu kr41(60) # 0 thi Y7 c¢bl =0, 7 =1,...,n— 1. Nhu vay céc vecto

(by,...,b,) va(by,...,b) ciung truc giao v6i hé n—1 vecto doi mot truc giao
trong R" nén hai vecto nay ti 1& v6i nhau, tic 1a b] = \b;, e = 1,...,7, v6i A
nao d6. Véi r > 1, dang thic ndy mau thuén véi gia thiet b’ = (by,...,b,)

khong ti 1& v6i vecto ma cdc thanh phan cua né 1a +1, suy ra x,.1(0) = 0,
r=2,...,5. Nhu vay (s + 1) ban bat bién dau tién cla Fy tring véi cdc
ban bat bién tuong ing ctia phan phdi chudn ndo d6. Ma cdc bat bién c6 thé
biéu dién qua cdc mo men cla Fy, nén dé dang suy ra rang (s + 1) mo men
ddu tién cha Fy tring v6i cdc mod men tuong tng clia phan phéi chuin nao
d6. Dinh ly dugc chiing minh. []

Ching ta luu ¥ rang néu Fy ¢6 mo men moi cap thi theo cac di€u kién
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trong Dinh 1y 3.4.4 vé cdc hé s6 cta udc luong LSE: L = b1Y1 +---+b,Y,,,
tinh chudn ctia F) suy ra tir tinh t6i wu cua L trong 16p tat ca cdc u6e lugng
khong chéch cua p’3. That vay, néu Fy c6 mo6 men moi cép, theo chiing
minh cta dinh 1y trén ta suy ra rang cic ban bt bién ctua Fy sé trung véi cac
ban bat bién clia mot phan phéi chuén tic 1a khai trién Mac Lauren ctia ham
In f s& trung v6i khai trién ham logarit ctia ham dic trung clia mot phan phoi
chuédn. Tic la ham déc trung f s€ trung v6i ham dac trung cia mot phan phoi
chuén tai lan can cta 0. Suy ra £} c6 phan phoi chudn.

Bay gid ta xét truong hop téng quét: hang C =r > 1. Cho Ly, ..., L,
1a cac udc luong LSE cua r ham tham 4n doc lap tuyén tinh p}g3, ..., p.o.
Ton tai n — r ham tuyén tinh dang

Zi=cpY1+--+cpY, Jj=1...,n—r
thoa man Eg(Z;) = 0, Ege(Z;Z;) = 0 v6i i # j. Xét dang chinh tac cia ma
I )
tran C: Pj . Ta goi C la ma tran ngoai 1¢é néu trong dang chinh tac cua

né moi hang cua ma tran B chita khong nhiéu hon mot phan tr khac khong
va phan tir ndy (néu ton tai) phai bang £1. Ching ta phdt biéu mot dinh 1y
trong trudng hop téng quat:

DPinh ly 3.4.5. Cho hang C = r, ma tran C khong ngoai 1¢é, va doi voi sé
nguyén duong s nao do, [ v?dFy < oo, véi moi 0. Néu cdc wéc luong LSE

Lq, ..., L, toi uu trong lop biét cdc uoc luong khong chéch da thiic ¢é bdc
< s la cia piB,...,p.B tuong iing, thi s+ 1 mé men ddu tién cia Fy tring

VOi cdc mé men tuong iing ciia phdn phoi chudn nao do.

Chitng minh. Tuong tu Dinh ly 3.4.4. []
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KET LUAN

Ngudi ta néi ring phan phdi chudn 1a soi chi d6 xuyén suét cdc gido
trinh Xdc suét - Thong ké. N6i nhu vay 1a chinh xédc, bdi 1€ rat nhiéu két qua
trong Xdc sudt, Thong ké chi ding cho phan phoi chudn ma khong ding cho
phan phéi khéc, va bai 1€ trong thuc t€ ¢6 rat nhiéu dai luong ngiu nhién tuan
theo luat chudn hodc gin chuan.

Do vay trong cac bai toan dac trung phan phoi xac suat, dac trung cho
phan phéi chuin chiém mot vi tri dic biét.

Ta c6 thé dac trung cho ho chuin bdi nhiéu tinh chat dic trung khac
nhau dua trén tinh doc lap, tinh ciing phan phéi, tinh héi quy hang so, ... giita
mot thong ké doi véi mot thong ké khac.

Luan van nay tap trung trinh bay céc két qua dic trung phan phéi chuéin
dua trén tinh chap nhan duogc va tinh t6i wu clia cac udc lugng véi hiém dang
binh phuong. Cu thé, luan van da gidi quyét nhitng van dé sau:

e Dic trung cla luat chudn thong qua tinh chdp nhan duoc cua céc wdc
luong tuyén tinh t6i uu cta tham so tinh tién d6i v6i ham tén that dang
binh phuong.

e DPua ra diéu kién dé trung binh méau chap nhan dugc trong mot I6p con
cac udc luong cua tham so tinh tién. Ta xét hai 16p con dac biét. Mot
la 16p cac udc luong khong chéch chi phu thudc vao trung binh mau va
mot thong ké tuyén tinh khac. Hai la 16p cac uGe lugng da thiic khong
chéch.

e Dic trung cua luat chuén boi tinh t6i wu cia ham cla u6c lugng tuyén
, e - o 0 .
tinh t6i wu L = ¢ X,

e Dic trung clia luat chuin bai tinh chap nhan dugc va tinh t6i vu cta wdc
luong binh phuong bé nhat trong mo6 hinh Gauss-Markov.
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Trong khuon khé ctia Luan van, tic gia chi trinh bay nhitng két qua vé
dac trung cta phan phéi chuédn trong trudng hop cdc quan trac 1a doc lap va
ham t6n thit dang binh phuong. Mot s6 van dé 1y thd va dang quan tam khdc
12 trudng hop céc quan tric phu thuoc va trudng hop ham tén that c6 mot
dang khic chang han nhu dang tri tuyét d6i. Hon nita, ching ta ¢6 thé quan
tam dén dic trung clia mot s6 phan phoi khac. D6 c¢6 thé 1a van dé nghién

ctiu cua chung ta trong thoi gian téi.

60



TAI LIEU THAM KHAO

[1] Dao Hitu H6 (2010), Xdc sudt - Thong ké, NXB DPHQGHN, Tai ban lan
thu XII.

[2] Pao Hitu H6, Hoang Hitu Nhu, Nguyén Van Hitu (2004), Thong ké Todn
hoc, NXB DHQGHN.

[3] Nguyén Hitu Du, Nguyén Van Hitu (2003), Phdn tich Thong ké va Du
bdo, NXB DHQGHN.

[4] Blackwell D. (1947), Conditional Expection and Unbiased Sequential Es-
timation, Ann. Math. Statist. 18, pp. 105-110.

[5] Hajek J. (1958), On a Property of Normal Distribution of an Arbitrary
Stochastic Process, Czechoslovak. Math. Journal 8, pp. 610-618.

[6] Kagan A. M. (1966), On the Estimation Theory of Location Parameters,
Sankhya, Ser. A 28, pp. 335-352.

[7] Kagan A. M. (1968), Theory of Estimation for Families with Shift-, Scale-
and Exponential Parameters, Trudy Matem. Inst. Steklov. AN SSSR 104, pp.
19-87.

[8] Kagan A. M., Klebanov L. B., Zinger A. A. (1969), The Sample Mean
as an Estimator for a Shift Parameter under Loss Functions other than
Quadratic, DAN SSSR 189, pp. 29-30.

61



[9] Kagan A. M., Linnik Y. V., Rao C. R. (1965), On a Characterization of
the Normal Law Based on a Property of the Sample Average, Sankhya, Ser.
A 27, pp. 405-406.

[10] Kagan A. M., Linnik Y. V., Rao C. R. (1973), Characterization Problems
in Mathematical Statitistics, by John Willey & Sons, New York.

[11] Kakutani S. (1950), On the Equivalence of Infinite Product Measures,
Ann. Math. 49, pp. 303-326.

[12] Kolmogorov A. N. (1950), Unbiased Estimators, Izvestiia AN SSSR Ser.
Matem. 14, pp. 303-326.

[13] Lehmann E. L. (1959), Testing of Statistical Hypotheses, John Willey,
New York.

[14] Lehmann E. L., George Casella (1998), Theory of Point Estimation,
Second Edition.

[15] Rao C. R. (1945), Information and Accuracy Attainable in the Estimation
of Statistical Parameters, Bull. Calcutta Math. Soc. 37, pp. 81-91.

[16] Rao C. R. (1948), Sufficient Statistics and Minimum Variance Estimates,
Proc. Camb. Phil. Soc. 45, pp. 215-218.

[17] Rao C. R. (1952), Some Theorems on Minimum Variance Estimation,
Sankhya, Ser. A 12, pp. 27-42.

[18] Rao C. R. (1973), Linear Statistical Inference and Its Applications, John
Wiley, New York, Second Edition.

[19] Stein C. (1959), The Admissibility of Pitman’s Estimator for a Single
Location Parameter, Ann. Math. Statist. 30, pp. 970-978.

62



