Chuong 2. Cac da tap tich phan

Ta xét phuong trinh tich phan

u(t) = U(t, s)u(s) +/ U(t, &) f(& u(€))dé véimoit >s>0  (6)

trong do6 (U(t, s))i>s>0 12 ho tién hoa ciia bai toan Cauchy thuan nhat.
Mot ham u ma théa man (6) v6i ham f nao dé duge goi 1a nghiem du
tot (mild solution) clia bai toan khong thuan nhat

{ W= A(tyu(t) + f(tut), t>s>0
u(s) =zs€X

Ta c6 thé tham khdo Pazy [7, Chuong 5] va Elgel-Nagel [6] dé biét chi
tiét hon vé nghiem du t6t va moéi quan hé gitta nghiem du t6t va nghiem
co dién.

2.1 Da tap on dinh dia phuong

Trong phan nay, ta sé ching minh su ton tai ciia da tap 6n dinh dia
phuong cho cac nghiém ctia (6) véi cac diéu kien ctia ho tién hoa U(t, s)
va ham phi tuyén f(¢,x). Trude hét, ta c6 cac khai niem dudi day.
Dinh nghia 1.1. Ho tién héald = U(t, s);>s>0 trén khong gian Banach
X dugc goi 1a nhi phan mi trén [0,00) néu ton tai cic toan tit chiéu
tuyén tinh bi chin P(t), t > 0 trén X va cic hing s6 duong N, v sao
cho

(a) U(t,s)P(s) = P(t)U(t,s), t>s>0

(b) Anh xa han ché U(t,s)| : KerP(s) — KerP(t),t > s > 0 la déng
cau, ta ky hieu (U(t,s))) ™t = Ul(s,t),
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() |U(t,s)z|| < Ne ™ 3)||z|| véi moi = € P(s)X, t> s> 0
(d) |U (s, t)z|| < Ne =9z v6i moi « € KerP(t), t > s > 0.

Cac hang s6 N, v dudce goi 1a hang sé nhi phan va céc toan tit chiéu
P(t) dugc goi phép chiéu nhi phan. Ta ky hieu, Xo(t) = P(t)X va
Xi(t) = (I = P()X).

Nhan xét 1.2. Céc phép chiéu nhi phan P(t) c6 cac tinh chat sau
(i) H = supy [ P(?)]| < o0
(ii) t — P(t) lién tuc manh.
That vay, véi ty > 0 dat
d(to) = inf{||zg + 21| : 7; € Xi(to), |0l = ||z1]| =1, =0, 1}
Do U(t, s) 1a ho tién héa nén ta c6 ||U(t, to) (zo+x1)|| < Ket=0)||zg+z4|
v6i moi t > ty. Suy ra
lwo + 21| > K-le U= [U(#, to) (zo + 1) |
> K~ 16_0 WUt to)a || = IU (s to)aol|)
> K~ 16—0( )(N 1 V(t to) _ Ne—y(t to))
Vé phai clia bat dang thitc cudi 1a ham sé co gia tri cuc dai duong va
khong phu thudc vao tg, B6i vay, ta ¢6 d(tyg) > m > 0 v6i moi ¢y > 0.
Véi moi € X sao cho P(t)z # 0 va Q(t)r = x — P(t)x # 0 ta ¢

P Qx , 1 1Pl

1 < E@e T Teme = TP@a - T g ¢
N 1 0 P
20l Qe < TP®a]

Suy ra, |[P(t)]| < 2d(t)"!' <2m™'. Do d6, H = sup, || P(t)]| < oo.

(i) Lay to >0, vi t > to ta co

|P(t)z — P(o)z| < [[P(t)x — PO)UR, to)x]| + |[P()U(t, to)z — P(to)z]|
< Hlz = U(t to)x]| + UL, to) P(to)x — P(to)z|  (7)

Do U(t,tp) lién tuc nén P(t)x lién tuc phai tai tg. V6i t < ¢y ta ¢
1Q()x — Qto)x|| < U, t0) U (to, )Q(t)z — U(t, t0)|Q(t0) ]|

+ IN + A
IS

|U(t,t0),Q(to)r — Q(to) x| (8)
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Do Ul(to,t) va U(t,tp)| lien tuc nén Q(t)x lién tuc tréi tai to. Suy ra,
P(t)z lién tuc trai tai ty. Vay, P(t) liéen tuc manh.

Ngoai ra, cho E 13 khong gian ham Banach chap nhan duge va £ =
E(R,, X) la khong gian Banach tuong tng v6i E. Khi d6, v6i méi ¢y > 0
khong gian X(ty) = P(tp)X dugc xac dinh nhu sau

B . [ Ut ty)x néut >t
Xo(to)—{xEX.z(t)—{O néu t <t €&

That vay, dat

dut >
A:{xeX:Z(t):{([)](t’tO)x 2232232 Eg}

Véi x € Xo(tg) ta c6 © = P(ty)z. Do do, v6i moi t > ¢, ta c6
Lz = U to)z]| < Ne™ )|z
Vi Ne7"(t=%)||z|| € E nén ||2(t)|| € E. Do dé z(t) € £, suy ra x € A. Do
vay, Xo(tg) C A.
Lay z € A, o # 0 va gia st P(tg)z = 0. Ta c¢6 U(t,to)P(tg)xr =

P(t)U(t,tg)x, do d6 z(t) = U(t,ty)xr € KerP(t) v6i moi t > ty. Suy ra,
r = Ulto, 1) U(t, to)z. V6i 0 < a < v ta cb

Ga(t_tO)HSUH < Neo‘(t_tO)e_V(t_tO)HU(t,t0)33H
= Ne~=)t=0)||U (¢, to)z|| < ||U(t, to)x]|

Do ||U(t,to)x|| € F nén e“||z| € E. Diéu nay mau thuan véi F la
khong gian ham Banach chap nhan duge. Vay, néu xz € A va P(tg)z = 0
thi x = 0. Theo gia thiét ta c6 U(t,tp)z € € va do Xy(ty) C A nén
U(t,to)P(to)xr € E. SuyraU(t,ty)(x—P(tg)x) € £, dodé x—P(tg)x € A.
Suy ra x = P(ty)z, vi vay A = Xo(to).

Cho ho U(t, s) ¢6 nhi phan mi, ta dinh nghia ham Green nhu sau

P)U(t,T) néut>71>0
G(t,7) = { —U(t,7)(I—-P(1)) néu0<t<r

Ta c6 u6e lugng
1G(t, )| < N1+ H)e "1 véit £
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Vé6i ham phi tuyén ta c¢6 khai niem sau

Dinh nghia 1.3. Cho ¢ € E la ham khong am va B, 1a hinh cau déng
trong X. Ham f : [0,00) x B, — X dudgc goi la thuoc 16p (M, ¢, p) véi
M, p 1a cac hiang s6 duong ndo dé néu f théa man

1) If (¢, 2)|| < Mp(t) véi hau hét t € Ry va moi € B,,.

(i1) ||f(t, 1) — f(t,22)|| < @(t)]|x1 — 2| v6i hau hét ¢t € Ry va moi
T, To € Bp.

Pinh nghia 1.4. Tap S C R, x X dudc goi la da tap on dinh dia
phuong dé6i v6i cac nghiem ctia phuong trinh (6) néu véi mdi ¢t € R, ta
c6 X = Xy(t) ® Xi(t) sao cho

inf S?’L(Xo(t),Xl(t)) = inf infl{HSU() + 331“ T € Xl(t), HSUZH = 1} >0

t€R+ t€R+ ’L:O,
va ton tai cac hang s6 duong p, py, p1 va cac anh xa Lipschitz
gt B,y N Xo(t) — B, N X1(t), teRy

v6i cac hang s6 Lipschitz khong phu thudc vao ¢ sao cho

i) S={(t,z+agx) e Ry x Xo(t) ® X 1(t) |t € Ry, x € B,y N Xo(t)},
ta ky hieu S; = {z + ¢:(x) : (t,x + g:(x)) € S}.

(ii) S; dong phoi v6i B,, N Xo(t) v6i moi ¢t > 0.
(iii) Mdi xg € Sy, ¢6 duy nhat nghiem u(t) chia (6) trén [ty, 0o) thoa man
dieu kien u(ty) = o va esssup;s,, [lu(t)|| < p.

Bo6 dé dudi day cho ta dang nghiém bi chan cta (6).

B6 dé 1.5. Cho ho tién héa (U(t, s))i=s>0 c6 nhi phan mil véi phép
chiéu nhi phan P(t) va hing s6 nhi phan N, v > 0. Giad st ¢ € E 1a ham
khong am va f : Ry x B, — X thuoc 16p (M, ¢, p) v6i M, p 1a hing s0
duong nao d6. Goi u(t) la nghiém clia (6) sao cho esssup,-;, [[u(t)|| < p
véi ty c6 dinh. Khi d6, véi moi t > £ ton tai vy € Xo(tg) = P(tg) X sao
cho u(t) c6 dang

ult) = Ul to)vo + / "Gt ) f(rulr))dr (9)

trong d6 G(t,7) la ham Green.
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Chitng minh: Dat y(t) = ftzog(t,T)f(T,u(T))dT voi t > ty. Vi f €
(M, ¢, p) nén ta cé uéec lugng

ly®)| < 1+ H)NM / eV Tlo(r)dr vei t >t
0

St dung uwée lugng (3) ta co

wssup (0] < (L EDNMOAT o+ Noll sl

t>to 1—e?

Tinh toan triyc tiép ta thay rang y(t) thoa man phuong trinh
t
y(t) = Ult, to)y(to) +/ U(t,s)f(s,u(s))ds Vi t > to.
to

Vi u(t) 1a nghiém ctia (6) nén ta c¢6 u(t) — y(t) = U(t,to)(u(ty) — y(to))
v6i t > to. Dt vy = u(ty) — y(to) ta c6 dang thidc (9) va vy € Xo(to)
do u(t), y(t) bi chan cbt yéu trén [ty, 0o) va dac trung ctia khong gian
Xo(to). O
Nhan xét 1.6. Bing tinh toan truyc tiép ta ching minh duge nghiem
cia phuong trinh (9) théa méan phuong trinh (6) v6i moi t > ¢.

St dung tinh chap nhan dudc, ta xay dung cau tric nghiém cta
phuong trinh (6) béi dinh 1y duéi day.
Dinh ly 1.7. Cho ho tién hoa (U(t,s))>s>0 ¢6 nhi phan mi v6i phép
chiéu nhi phan P(t) va hang s6 nhi phan N, v > 0. Khi d6, néu f €
(M, o, p) v6i M, p > 0 cho truée va p € E la ham khong am thoéa méan

1+ H)N (N || AT 0l|oo + Nal|A 1| so
(4 HN QAT ol + Nelliols) _ 3 2
1—e? 2M
thi véi méi vy € Bz N Xo(to) c6 duy nhat nghiém u(t) clia (6) trén
[to, 00) thoa man P(tg)u(ty) = vy va esssup;s,, ||u(t)|| < p. Hon nita, véi
u1(t), uz(t) ting véi hai gid tri khac nhau vy, v € B2 N Xo(tp) ta co

Jui (t) — ug(t)|| < Ce ™70 ||y — 1| v6i moi t > t (10)
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trong d6 p thoa man
0 <pu<v+In(l— 1+ HNDN|MTFolloo + No||A19]ls)), va

c, = N
1 N

1—e—(v—n)

Chitng minh: Ching ta xét trong khong gian L. (R, X) ta ¢

B, = {2(-) € Loo(Rs, X) : (") = esssup ()] < p}

Véi vy € B2 N Xo(to) ta sé chiing minh anh xa 7' : B, — B, xac dinh
b
oo 2 >
(T2)(t) = { Ut to)wo + f,y Gt 7)f (ra(r))dr mént =t
0 neut < to

la anh xa co.
Thuc vay, véi x(-) € B, ta ¢ || f(t,z(t))| < Mp(t). Dat

(1) = U(t,to)vo + ftzo G(t,7)f(r,z(7))dr néut > tg
A= 0 néu t < t

Ta c6 [ly(t)|| < Ne /=)l + (1 + H)NM [ e I="lp(r)dr. Suy ra
y(-) € Loo(Ry, X) va

(1+ H)NM(N|| AT ¢|loe + No||A19]|s0)
1 —e?

1y ()lloe < Nlvoll +

Do [[»l| < ﬁ va

L+ H)NNMT e + Nl Aiglloc) - p
1—e” - 2M

nen ||y(-)|l < p. Béi vay, (T'x)(t) € B,.
Ta co

IT2(t) = T=(t)] < /Ooo G @& ) (7, 2(7)) = f (7, 2(7)lldr

< (1+H)N / " o (r)dr 2 () — 2() 1
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Do dé6

(1+H)N

1T2(t)=T=(t)]| 0 < (NIATY @l oo+ Nal| Arelloo) 12(-) =2 () [l

vy HN (N1HA1T1+90Hoo + No||A1p|loo) < 1 nén T la dnh xa co. B6i vay,

1—ev
ton tai duy nhat u(-) € B, sao cho Tu = u. Do dinh nghia ctia 7' nén
u(-) 1a nghiem duy nhat trong B, ctia phuong trinh (9) véi t > t,. Theo
b6 dé (1.5) va nhan xét (1.6) ta c6 u(-) 1a nghiém duy nhét ctia phuong
trinh (6).

Goi uy (t), ug(t) 1a hai nghiem bi chin c6t yéu ctia (6) ting véi hai gia
tri khac nhau vy, vp € B N Xo(to). Khi do, véi t >ty ta co

ur(t) —ua(t) = UL, to) (11 — 1) + /too G(t, T)f (7, ur(7)) = f (7, ua(7)))dr

Suy ra

lur(t) = ua ()] < Ne "7 luy — vy

s AHEN [l fun(r) = ) dr
to

Dat ¢(t) = ||ui(t) — ua(t)]]. Khi do, esssup;s,, ¢(t) < oo va

616) < Ny ] + (14 BN [ (s (1)

to

Ta ap dung dinh ly bat dang thic nén cho khong gian Banach W =

Lo([to,00)) va nén K 1a cac ham khong am hau khap noi. Ta xac dinh
toan tit tuyén tinh A trén L. ([tg, o00)) nhu sau

(Au)(t) = (1 + H)N/tOO e V=Tlo()u(t)dr  véi t >t

Ta co
sup(Au)(t) = sup(l+ H)N e V=Tl () u(r)dr
t>to t>t
1+H)N
S%tJ4Mmm¢m+mmmmwm
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Do d6 A € L(Loo([tg,00))) va ||A]| < 1. R6 rang, nén K 1a bat bién doi
v6i A. Bat dang thic (11) c6 dang 1a

¢ < Ap+z véi z(t) = Ne ") ||y — 1|

Do d6, theo dinh 1y (1.2.6) ta c¢6 ¢ < ¢ trong d6 ¥ € Lyo([tg, 0)) la
nghiém ciia phuong trinh ¢ = Ay + 2 tiic 1a

Y(t) = Ne "l — wof| 4+ (1 + H)N/too e Tlp(r)g(r)dr (12)

0

Ta sé ude lugng . Dat w(t) = et (t) véi t > ty. T (12) ta co

w(t) = NemW=mE=b) )y — || + (1 4 H)N/OO e V=TT o (Y w () dr
to

Xét toan tit tuyén tinh D trén L. ([tg, 00)) xac dinh nhu sau

(Du)(t) = (1 + H)N/OO e V=TT G (DYu(T)dr vl t > ¢
t

T (3) ta c6 danh gia

sup (Du)(t) = sup(L+ H)N [ e M=7H=Dp(r)u(r)dr
t=to t>tg
< sup(l+ H)N (v=p)|t—7] o(T)u(r)dr
t>to
1+ H)N
= %WMJMM+NzHA1soHoo)HuHoo

Do d6, D € L(Lx([ty,o0))). Ta ¢6 phuong trinh
w=Dw+z v6iz(t) = Ne V=) — | t > ¢

Vi< (1 — (1 )N (VAT gl + NallAspll) mén || D] < 1
Do vay, phuong trinh w = Dw + 2 ¢6 nghiém duy nhat w = (I — D)™
Suy ra

N
w = [[(I=D) 'z <|(I-D)"! o <
] (2= D)2l < 1= D) Mllzlle < g7l = 2]
al I — o]
Vy — 9y
1 — DN N[ AT 0loo + Nall A1 o] oo)
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Do vay, w(t) < C,|lv1 — || v6i t > ty. Ta c6 (t) = e #=)w(t), suy ra
ui(t) — ua(t)]] < Ce ™70 |uy — 1y v6i moi t > ¢

L]
Duéi day 1a két qué chinh ciia phan nay.

Dinh ly 1.8. Cho ho tién hoa (U(t,s))s>s>0 ¢6 nhi phan mi v6i phép
chiéu nhi phan P(t) va hang s6 nhi phan N, v > 0. Khi d6, néu f €
(M, p, p) v6i M, p > 0 cho truée va p € E la ham khong am thoéa man
(i]j,),fv(NlHAlerngoo + No|[A1¢] o) < min {54, NLH} thi ton tai da tap
on dinh dia phuong S v6i cac nghiém ctia phuong trinh (6). Hon nita, véi
hai nghiém bat ky uy(t), uz(t) trén da tap S ton tai hai hang s6 duong
p va C, khong phu thude vao ¢y sao cho

a1 (1) = ua(t)]| < Cpue™ ™| P(to)ur(to) — P(to)us(to)ll, t =ty (13)

Chitng minh: Vi ho tién hoa (U(t, s))>s>0 ¢6 nhi phan mi nén véi
moi t > 0 ta c6 X = Xy(t) ® X1(¢) trong d6 Xo(t) = P(t) X va X;(t) =
KerP(t). Hon nita, ta c6

inf S?’L(Xo(t),Xl(t)) = inf mf {HSU() + 331“ T € Xl(t), HSUZH = 1} > 0
eRy teR, 1=0,1

t
That vay, v6i méi x € X ton tai duy nhat z;(t) € X;(¢), : = 0, 1 sao cho
z = xo(t) + a:1(t). Ta c6 [[P(t)x]| = [lzo(®)]] < [[P@)[|z]] < Hlz. Suy
ra, =|lzo(t)|| < ||z||. Do vay, v6i moi ¢ > 0 va x = zy(t) + 21(t) sao cho
|2;(t)]| = 1,4 =0, Ltaco||z|| > %. Do do, infer, Sn(Xo(t), X1(t)) > 0.

Dé xay dung ho anh xa Lipschitz (g);>o thda man cac diéu kién ctia
dinh nghia (2.1.4), v6i m6i ¢y > 0 ta xac dinh

guy) = / " Gto, $)f (s, 2(s))ds (14)

trong d6 y € B N Xo(ty) va z(-) la nghiem duy nhat trong B, ctia (6)
trén [to,00) thoa man P(ty)xz(tg) = y va z(t) = 0 néu ¢ < ty. Theo dinh
nghia ctia ham Green ta c6 g, (y) € X1(to). Ta ¢

lge (W)l < /OOO G (to, )I[1f (s, 2(s))l|ds < (1 + H)NM /OOO e 10l (s)ds

(1+ H)NM
- 1—e?

P
(N1 || AT @l oo + Nol| A1) < 5
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Do vay, dnh xa gy, : B2 N Xo(tg) — B: N Xi(tp). Ta sé ching minh gy,
la dnh xa Lipschitz. Thuc vay, v6i y1, y2 € Bz N Xo(to) ta c6

1910 (Y1) = g ()| < /OOOHg(to,S)HHf(S,:Ul(S))—f(s,xz(S))HdS

< (1+H)N / " Sl (s) — a(s)]|ds

(1+H)N

< g (NI ellee + NofArglloo) o1 = w2l

Vi z;(+) 1a nghiém duy nhat trong B, ctia (6) trén [to, 00) tuong ing véi
dieu kien P(tg)z;(to) = i, i = 1, 2 nén v6i moi t > ty ta co
1 (8) = z2(B)]] < (U t0) (51 — v2)

+ G(t, T)f (1, 21(7)) — f(7,22(7)]d7|| < Nllyr — v2

to
1+ H)N
+ %WIMTMHW + Nol| A1) oo) |21 — 2|

lz1(-) = z2(lloe < Nllyr — w2ll + Ellza () — 220w

Dat k = SOV N AT 0l + Naf|Arg]lse) < 1 ta co

Suy ra
N
lz1() = 22()lloe < 7=l = 22l

Do vay, ta c6
Nk
19t (y1) — g1 (y2)[| < Hy1 — 4|

Vay, gi, 1a anh xa Lipschitz v6i hang sd Lipschitz ¢ := % khong phu
thudc vao ty.

bat S = {(t,ﬂf—f—gt(ﬂj)) c R+ X Xo(t) @Xl(t) |SU c Bﬁ mXo(to)}. Vi
mdi ty > 0, ta chiing minh Sy, = {z + g4, () : (to,z + g1,(7)) € S} dong
phoi véi B_s NXo(to). That vay, ta dinh nghia &nh xa H : B NXo(ty) —
Sy, v0i Hy = y+ g4, (y). Do héng s6 Lipschitz ¢ < 1 nén g;, 1a anh xa co.
B6i vay, H 1a dong phoi. Diéu kien (i27) trong dinh nghia (2.1.4) va bat
dang thiic (13) duge suy ra tit dinh 1y (2.1.7). O
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2.2 DPa tap bat bién cho nghiém bi chin

Trong muc nay ta sé ching minh sy ton tai ctia da tap on dinh bat
bién(hay toan cuc) cho nghiém ctia (6). BSi vay, ham phi tuyén f phai
c6 nhiing tinh chat duéi day.

Dinh nghia 2.1. Cho khong gian ham Banach chap nhan dugc E va
¢ € E la ham khong am, anh xa f : [0,00) x X — X dugc goi 1a
¢-Lipschitz néu ton tai M > 0 sao cho f théa méan

(1) ||f(£,0)]] < Me(t) v6i hau hét t € R,

(i1) ||f(t, 1) — f(t,22)|| < @(t)]|x1 — 2| v6i hau hét ¢t € Ry va moi
T, To € X

Nhan xét 2.2. Néu f la ¢-Lipschitz thi || f(¢, )| < o) (M + ||z|])
v6i hau hét t € R, va moi z € X.

Dinh nghia 2.3. Tap S C R, x X dudc goi la da tap on dinh bat
bién ddi véi nghiém cta phuong trinh (6) néu véi mdi ¢ € Ry ta co
X = Xo(t) ® X;(t) sao cho

inf S?’L(Xo(t),Xl(t)) = inf infl{HSU() + 331“ T € Xl(t), HSUZH = 1} >0

t€R+ t€R+ ’L:O,
va ton tai cac anh xa Lipschitz
gt Xo(t) — Xa(t), teR,

v6i cac hang s6 Lipschitz khong phu thudc vao ¢ sao cho

1) S={t,z+gx) e Ry x Xo(t) ® X1(t) |t € Ry, x € Xo(t)}, ta
ky hieu S; = {x + g:(x) : (t, 2 + g(z)) € S}

(i) S; dong phoi véi Xo(t) v6i moi t > 0.
(iii))  Mdi 2y € Sy, ¢6 duy nhat nghiem u(t) cha (6) trén [ty, 00) thoa
man dieu kien u(ty) = xo va esssup;sy, [|u(t)]| < oo.
(iv) S la bat bién doi v6i phuong trinh (6) néu u 14 nghiém ctia phuong
trinh (6) thoa man u(ty) = xg € Sy, va esssup;s,, ||u(t)|| < oo thiu(s) €
S, v61l moi s > t.

Tuong tit nhu bo dé (2.1.5) ta c6 thé chiing minh bo dé dudi day dua
ra cong thic nghiém bi chin cia phuong trinh (6).
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B6 dé 2.4. Cho ho tién héa (U(t, s))i=s>0 c6 nhi phan mil v6i phép
chiéu nhi phan P(t) va hing s6 nhi phan N, v > 0. Giad st ¢ € E 1a ham
khong am va f : Ry x X — X la @-Lipschitz. Goi u(t) la nghiém cua
(6) sao cho esssup,s,, [lu(t)|| < co véi ty co dinh. Khi d6, véi moi t > t,
ton tai vy € Xo(tg) = P(tg)X sao cho u(t) c¢6 dang

u(t) = Ult, to)vy + /too G(t,7)f(T,u(r))dr (15)

trong d6 G(¢,7) la ham Green.

Nhan xét 2.5. Biang tinh toan triyc tiép ta ching minh duge nghiem
cia phuong trinh (15) théa méan phuong trinh (6) v6i moi ¢ > ¢.

Dinh ly 2.6. Cho ho tién hoa (U(t,s))s>s>0 ¢6 nhi phan mi v6i phép
chiéu nhi phan P(t) va hang s6 nhi phan N, v > 0. Gia st f 1a ¢-
Lipschitz véi ¢ € E 1a ham khong am théa man TN (N || A T o o0 +
No||[A1¢|l) < 1. Khi d6, mdi vy € Xo(tp) ton tai duy nhat nghiem wu(t)
ctia (6) trén [ty,00) sao cho P(t)u(ty) = vy va esssup,s, [[u(t)|| < oo.
Hon nita, v6i uy(t), ug(t) 1a hai nghiém tng véi hai gia tri khéc nhau
Vi, Iy € Xo(to) ta co

ui(t) — ug (D] < Cue M=) |1y — 1y v6i moi t > ty 16
I

trong d6 p thoa man
0 <p<v+In(l—(14+H)NN[MT @+ Nof|A1o]s)), va

C, = N+ A
W + A7 + Plloo
[ ()N (N1H 141 QOHOO N2H 1 H )

o 1—e—(v—n)

Chitng minh: Véi mdi vy € Xo(ty) taxacdinhdanhxaT : Lo(Ry, X) —
L (R4, X) nhu sau

(Tx)(t) — { g(tvt())’/() + ftzo g(tv T)f(Tv :U(T))dT 223 z i is

Thuc vay, v6i 2(-) € Loo(Ry, X) ta c6 |[f(Z, 2(1))[| < o(O)(M + [lz(t)]]).
Dit

(t) = U(t,to)vo + ftzo G(t,7)f(r,z(7))dr néut > tg
I\ = 0 néu t < to
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Ta. 6 [|ly(t)|| < Ne "]+ 1+ H)N [ e Top(r) (M+ |2 (7)) dr
Viz(-) € Loo (R4, X) nén

(1 + H)NN AT ¢l + Nof[ A1)

Mo <N
J5() e < Nlaoll+ 11

(MA+[|2(-)loc)

Béi vay, (Tx)(t) € Loo(Ry, X).
Cac budc tiép theo tién hanh tuong tir nhu trong chitng minh dinh ly
(2.1.7) ta thu dugc diéu phai ching minh. O
Tiép theo ta sé chiing minh su ton tai clia da tap on dinh bat bién.

Dinh ly 2.7. Cho ho tién hoa (U(t,s))>s>0 ¢6 nhi phan mi v6i phép
chiéu nhi phan P(t) va hang s6 nhi phan N, v > 0. Gia st f & ¢-
Lipschitz véi ¢ E FE la ham khong am thoa mén (HH =~ (N1 || AT ol oo +
Nsl[Arells) < 547 Khi d6, ton tai da tap on dmh bat bién S d6i voi
nghiém ctia phuong trinh (6). Hon nita, v6i hai nghiem bat ky uy (), us(t)
tréen da tap S ton tai hai hiang s6 duong u va C,, khong phu thudc vao
tp sao cho

[ur (t) = ua(t)|| < Cpe =) P(to)us(to) — P(to)usa(to)ll, t >ty (17)

Ching minh: Vi ho tién hoa (U(t, s))s=s>0 ¢6 nhi phan mi nén vdéi
moi t > 0 ta ¢c6 X = Xy(t) ® X1(¢t) trong d6 Xo(t) = P(t) X va Xy(t) =
KerP(t). Hon nita, ta c6

inf Sn(Xy(t), X1(t)) := inf inf {H:Uo + x| : 2 € X5(t), ||zi]] =1} >0
teRy teRy i=0,1

Dé xay dung ho anh xa Lipschitz (g;);>0 thoa man cic diéu kien cta
dinh nghia (2.2.3), v6i moi ¢y > 0 ta xéc dinh

) = [ Gt 5)(s.0())ds (18)
to
trong d6 y € Xo(tp) va x(-) 1a nghieém duy nhat ctia phuong trinh (6)

tréen [tg, 00) thoa man P(ty)z(tg) = y va z(t) = 0 néu t < ty. Theo dinh
nghia ctia ham Green ta c6 g4, (y) € Xi(to).
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Do vay, anh xa g, : Xo(to) — Xi(to). Ta sé ching minh g, 1a dnh xa
Lipschitz. Thuc vay, v6i y1, yo € Xo(ty) ta c6

1910 (Y1) = g ()| < /OOOHg(to,S)HHf(S,:Ul(S))—f(s,xz(S))HdS

< (1+H)N / " el (s) — a(s)]|ds

1+ H)N
< LN 0 AT e+ NallAsillllan () — 220l

Vi x;(+) 1a nghiém duy nhat ctia phuong trinh (6) trén [ty, 0o) tuong ting

véi dieu kien P(tg)z;(to) = yi, i = 1, 2 nén v6i moi t > ty ta co

Jor(8) = (0] < |00 ) =) + [ GFrmn(7)  F(rtr)ln
to

(1+ H)N
1-—

< Nllyr — vl + (MM T lloo + NalAsplloo) 21 () = 22(-) ]l

Dt k= LN N A T ol oo + Nol|Argp]lo) < 1 ta co

H:m(-) = 22())[loc < Nllyr — g2l + Ellz1(-) — z2() [l
Suy ra v
() = 22()lloe < 7=l = 22l

Do vay, ta c6
I < N
— 11—

Vay, gi, 12 anh xa Lipschitz v6i hang sd Lipschitz ¢ := % khong phu

2
190 (y1) — 910 (y2) H?Jl — 1y

thudc vao ty.

Dat S = {(t,x + g:(2)) € Ry x Xo(t) ® X1(t) |z € Xo(to)}. V6i mdi
to > 0, ta ching minh S;, = {x + g;,(z) : (to,z + g4,(x)) € S} dong
phoi v6i Xo(tp). That vay, ta dinh nghia anh xa D : Xy(ty) — S, v6i
Dy =y + ¢,(y). Do hdng s6 Lipschitz ¢ < 1 nén g;, 1a d&nh xa co. Bdi
vay, D la dong phoi. Diéu kién (iii) trong dinh nghia (2.2.3) va bat dang
thitc (17) duge suy ra tit dinh 1y (2.2.6). Dé chiing minh S 13 da tap on
dinh bat bién ta phai chiing minh S théa man diéu kien (iv) trong dinh
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nghia (2.2.3). That vay, goi u(t) 1a nghiém ctia (6) trong L. (R, X) sao
cho u(ty) = up € Sy,. V6i mdi s > tg, theo bo dé (2.2.4) nghiem u(s) c6
dang

u(s) = U(s,to)vy + /too G(s,7)f(r,u(r))dr v6i vy = P(to)ug (19)

trong d6 G(s,7) la ham Green.
bat w, = U(s, to)vy + ftz G(s,7)f(r,u(r))dr, ta c6 ws € P(s)X va

u(s) = ws + / G5 7) f(ru(r))dr (20)

Hon nita, v6i moi t > s tinh toan truc tiép va st dung cong thic (15) ta
co

u(t) = U(t, s)ws + / G ) f(ru(F))dr (21)

T (20), (21) va dinh nghia ctia g; ta suy ra u(s) = ws + gs(ws). Do vay,

u(s) € Ss v6i moi s > t,. O
Nhan xét 2.8. Déi véi da tap on dinh dia phuong tinh bat bién khong
ding vi khi ¢ dit 16n nghiem wu(t) ctia (6) v6i u(to) € Be N Xo(t c6 the
khong thuoc B% N Xo(to).

2.3 Da tap khong on dinh cho phuong trinh xac dinh trén
dudng thang

Truée hét, ta nhac lai cac khai niem khong gian ham chap nhan duoc,
nhi phan mi{i vd mot s6 khai niem khac xac dinh trén R.
Dinh nghia 3.1. Mot khong gian vecto E gom cac ham thuyc do dugc
Borel trén R duge goi 1a khong gian ham Banach(trén (R, B, \) trong
do6 B la dai s6 Borel va A 1a do do Lebesgue trén R) néu

(1) (E,||-||g) 1& khong gian Banach va néu ¢ € E, ¢ 13 ham thyc do
duge Borel sao cho |¢(+)| < |¢(+)] (M-a.e) thi € Eva ||[¢||g < ||¢lle
(2) Ham dac trung x4 € E v6i moi A € B ¢6 do do hitu han va
SUPser || X412 < 00, infrer || X[t 41ll2 > 0.
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(3) E < L1 10(R) titc 1a v6i moi doan compact J C R ton tai 5; > 0
sao cho [, |f(t)|dt < By fllg v6i moi f € E.

Dinh nghia 3.2. Khong gian ham Banach E dudgc goi 1a chap nhan
dugc néu n6 théa méan

(i) Ton tai hdang s6 M > 1 sao cho moi [a,b] € R va moi ¢ € E ta ¢

b
M(b—a)
[ 1ottt < T2 e
a HX[a,b]HE
(i) Néu ¢ € E thi ham Ajp(t) = fttﬂ o(t)dr € E
(iii) £ 1a TF va T~ bat bién véi moi 7 € R, trong d6
T e(t)

T gp(t _ T)
T o(t) =@t +7)

Hon nita ton tai Ny, No > 0 sao cho [|TF]| < Ny, |T7|| < Ny v6i moi
T € R.

Chitng minh tuong tu nhu trén nita dudng thang ta c6 bo dé sau.
Bo6 dé 3.3. Cho F la khong gian ham Banach chap nhan duge. Ta c6
cac khang dinh sau
(a) Néu ¢ va v 1a cdc ham thyc do duge Borel trén R sao cho hai ham
trung nhau bén ngoai mot doan compact va bi chan cot yéu trong doan
nay thi ¢ € E khi v chi khi ¢ € E.

(b) Cho ¢ € Ly 15.(R) sao cho ¢ > 0 va Ay € E. V6i moi o0 > 0 ta xac
dinh A ¢ va A, nhu sau

t
N(t) = / e~ 5 (5)ds

—00

Nt = [ e Dp(s)ds
t
Khi d6 A ¢ vi Ao € E. Hon nita, néu ¢ € E thi A_p vi A ¢ bi chan
va ta c6 danh gia
Ny

1—e©

Ny
1—e°

IA¢ll < 1Al va [[Agpllse < 1A Ty ol o
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trong d6 T}, Ay va N1, Ny duge xéac dinh trong dinh nghia (2.4.2).
Bing cac dinh nghia tuong tu bo dé trén van ding déi véi khong gian
ham Banach xéc dinh trén (—oo,ty] v6i moi ¢y < 0.
Dinh nghia 3.4. Ho cac toan tit tuyén tinh bi chin U = U(t, s)s>s
trén khong gian Banach X dugc goi 1a ho tién héa trén dudng thang néu
(i) U(t,t) =idva U(t,7)U(1,s) =U(t,s) v6 i moit > 7> s
(i) Anh xa (¢, ) — U(t,s)z lien tuc véi moi = € X
(iii) Ton tai cac hing s6 K, c > 0 sao cho ||U(t, s)|| < Ket—)
Dinh nghia 3.5. Ho tién héa U = U(t, s);>s trén khong gian Banach
X duogc goi 1a nhi phan mi trén R néu ton tai cac toan ti chiéu tuyén
tinh bi chan P(t), t € R trén X vA cac hang s6 duong N, v sao cho
(a) U(t,s)P(s) = P(t)U(t,s), t=>s
(b) Anh xa han ché U(t, s); : KerP(s) — KerP(t), t > s la dang cau, ta
ky hieu (U(t,s))) "t = Ul(s, 1)
() |U(t, s)z|| < Ne™3)||z|| véi moi = € P(s)X, t> s
(d) |U(s, t)x]] < Ne V=9 z|| v6i moi z € KerP(t), t > s.
Cac hang s6 N, v dudce goi 1a hang s6 nhi phan va céc toan tit chiéu
P(t) duge goi phép chiéu nhi phan.
Tuong tng véi ho tién hoa (U(t, s))s>s trén R c6 nhi phan mi ta c6
ham Green

_f P)U(t,T) néut>rT
Gt,7) = { —U(t,7)(I —P(r)) néut<rT

Ta c6 u6e lugng
IG(t,7)|| < N(14+ H)e "=l véit £

v6i H = supeg || P(t)]] < o0.

Dinh nghia 3.6. Cho khong gian ham Banach chap nhan dugc E va
¢ € F la ham khong am, anh xa f : Rx X — X dudc goi la ¢-Lipschitz
néu ton tai M > 0 sao cho f théa man

(1) || f(£,0)]] < Mo(t) v6i hau hét t € R

(i1) || f(t, 1) = f(t, 22)]| < @()]|z1 — 22]| vOi hau hét ¢ € R va moi 1, xs.
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Xét phuong trinh sau

dr
=
trong d6 A(t) 1a toan tit sinh clia ho tién héa (U(t, s))i>s xac dinh trén
R ¢6 nhi phan mii va f : R x X — X 1a ¢-Lipschitz.
Nhu cdc phan trudc, ta xét nghiem du tot ctia phuong trinh (22) 1a
nghiém cua phuong trinh tich phan

A(t)x + f(t, z), teR, xe X (22)

o) = U e() + [ UL OSEHENE  voitzs  (23)

Su ton tai ctia da tap on dinh bat bién cho cac nghiém ciia (23) da dugc
chitng minh trong dinh 1y (2.2.7), ta chi thay ¢, > 0 béi ¢ty € R. Trong
phan nay, ta sé chiing minh su ton tai ciia da tap khong on dinh bat
bién cho cac nghiém ctia (23).

Dinh nghia 3.7. Tap S C R x X dudc goi 1a da tap khong 6n dinh bat
bién véi cac nghiém ciia (23) néu véi moi t < 0 ta c6 X = Xo(t) ® X1(¢)
sao cho

%gg Sn(Xo(t), X1(t)) := inf i%fl{H:z:O + x| sz € Xi(t), ||| =1} >0

<0 i=
va ton tai cac anh xa Lipschitz
gr Xq(t) — Xo(t), t<0

v6i cac hang s6 Lipschitz khong phu thudc vao ¢ sao cho

i) S={(t,x+gx) e R.x (Xi(t)®Xo(t)) |t e R_, z € Xy(t)}, ta
ky hieu S; = {x + g:(z) : (t,z + g:(x)) € S}.

(i) S; dong phoi véi X1(t) v6i moi t < 0.
(iii)  Mbi zg € Sy, ¢6 duy nhat nghiem u(t) cia (23) trén (—oo, ty] thoa
man dieu kieén u(ty) = zy vA esssup,<y, ||u(t)| < oo.
(iv) S labat bién d6i v6i phuong trinh (23) néu u 14 nghiém ctia phuong
trinh (23) thoa man wu(ty) = x¢ € Sj, va esssup,<, [|u(t)]| < oo thi
u(s) € Ss v6i moi s < .
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B6 dé 3.8. Cho ho tién hoa (U(t, s));s c6 nhi phan mil véi cac phép
chiéu nhi phan P(t),t € R va hdng s6 nhi phan N, v > 0. Gia s,
f:Rx X — X la ¢-Lipschitz v6i ¢ € E 1a ham khong am. Goi z(t) 1a
nghiém cta (23) sao cho esssup,;, ||z(t)|| < oo véi ty cd dinh. Khi do,
v6i moi t < tg nghiém x(t) c¢6 dang

2(t) = U(t. to) 1 + /_ "Gt ) 2())dr (24)

trong do6 14 € Xl(to) = (I — P(to))X
Chimmg minh: Véi moi t < ¢y, dat

y(t) = / " G(t, ) f(r a(r))dr

Ta co

to

ly()lloe < N(1+H)/ e f(ryx (7)) ||dr

—0o0

[/_; e /T (1) dr + /tto G_V(T_t)gO(T)dT]
(1+ H)N([lz(-)l[o + M)

(.
NollArllse + Nl ATT ¢l
< (T+ H)N([[2()lloe + M) = : < o0

IA

Tiép theo, ta sé& chitng minh v6i moi ¢ < ¢y thi y(¢y) thda man phuong
trinh sau

y(to) = Ulto, )y(t) + / "Ulto, 7)f (ry (7)) dr

trong do6

y(ty) = / " Glto, 1) f(roa(r))dr = / " Ulto, 7)P(r) (7, 2(r))dr
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Thuc vay, ta co

Ut t)y(t) + / Uty 7) f(ry2(r))dr = / Uty 7) f (r, (7)) dr

+ Ulto,t) Q(t,T)f(T,:U(T))dT:/ Ulto, 7)f(1,z(7))dr

+ U(to,t)/_ U(t,7)P(7)f(r,xz(T))dr
Ut t) /t Ut o) (I = P(r)f(ra(r))dr
— /_ Ul(to, 7)P(7) f (7, (7))dr — /t " Ulto, 7)(I = P() f(r,2(r))dr

to

+ (Ut = [ Ul n) P a)dr
— /_0 G(to, 7)f (7, x(7))dT = y(to).
Mat khéac ta co

w(ty) = Ulty, )x(t) + /t Ulto, ) f(r, (7)) dr
Do d6 z(tg) — y(to) = Ul(to, t)[z(t) — y(t)]. V6i moi s <t ta cb
P(t)z(t) = PU(t,s)x(s) + P(t)/ U(t,7)f(r,z(7))dr
= U(t,s)P(s)xz(s) +/ Ut,7)P(7)f(r,xz(T))dr
Ta c6
U (¢, 5)P(s)z(s)]| < e " P(s)a(s)]| < He """ |la(-)]I
Béi vay khi cho s — —o0 ta c6
P(t)a(t) = [ Un)P()f(ra(r)ir = Py
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Do d6, z(t)—y(t) € KerP(t). Suy ra, z(ty) —y(to) = Ul(to, t)[x(t)—y(t)] €
KerP(ty). Dat vy = x(to) — y(to) ta co x(t) = U(t, to) 1 + y(1). O

Nhan xét 3.9. Bang tinh toan triyc tiép ta chiing minh dudc céc
nghiém ctia phuong trinh (24) cting 1& nghiém ctia phuong trinh (23).

Dinh 1y 3.10. Cho ho tién héa (U(t, s))s>s ¢6 nhi phan mi véi phép
chiéu nhi phan P(¢),t € R va hang s6 nhi phan N, v > 0. Gia st
f R xX — X la p-Lipschitz véi ¢ € E la ham khong am thoa man
N (N | AT ]| oo+ Nol|Arg]|oo) < 1. Khi d6, méi vy € X, (to) ton tai
duy nhat nghiém x(¢) ctia (23) trén (—oo, to] sao cho (I—P(ty))z(tg) = 11
va esssup;<y, ||2(t)|| < oco. Hon nita, v6i x1(t), z2(¢) la hai nghiém ting
v6i hai gia tri khac nhau py, pe € Xi(tg) ta cé

|1 (8) = ()] < Cue ™y — o] véimoit <ty (25)
trong d6 p thoa man
0 <p<v+in(l—Q0+H)NNIMT ¢l + Nof[Arp]l)), va

N
c, =
Y N N AT ol 4 Nal|Arg]n)

1—@*(”*#)

Chitng minh:  Véi méi vy € Xi(ty) ta xac dinh dnh xa 7" nhu sau

T - LOO((—OO,t()],X) — LOO((—OO,t()],X)

to

(Tz)(t) =U(t to)pr + [ Gt 7)f(7,2(7))dr

Ta chitng minh 7" 1a anh xa co. Thuc vay, véi x(+) € Lo ((—00, 1], X) ta
co [[f(t,z()]| < @) (M + [lz(@)[]). Ta co

I[(T) (@)l < Ne™ =0 flan]| + (1 +H)N/OOO e 1Tl (r) (M + [la(7) ) dr

Vi z(+) € Loo((—00,1], X) nén

(1 4+ H)N(N|IMT plloe + Nofl A1)
1—e?

170 < Nl ]|+ (MA+[Jz(-)]o0)
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Béi vay, (T'z)(t) € Loo((—00,to], X). Xét

T2 =Tyl < (HH)N/_O e 1 Tp(r)dr () = y ()l

(1 + H)N (N ATV ¢l + Nal Arplc)

<
1 —e?

() = y()lloc
Vi LDV et NalMicle) o 4 yan T 1 anh xa co. Khi d6, ton tai
duy nhat z(t) € Lo((—00,t],X) sao cho (Tx)(t) = z(t). Theo bo dé
(2.4.8) va nhan xét (2.4.9) thi z(¢) la nghiém duy nhat clia phuong trinh
(23).
Dé chitng minh bat dang thitc (25) ta thyc hien cac bude tuong tu
nhu trong chiing minh dinh 1y (2.1.7) sé thu dugc diéu phai chiing minh.
[l
Tiép theo ta sé chiing minh su ton tai ctia da tap khong én dinh bat
bién.
Dinh 1y 3.11. Cho ho tién héa (U(t, s))s>s ¢6 nhi phan mi véi phép
chiéu nhi phan P(t), t € R va hing s6 nhi phan N, v > 0. Gia stt f 1a -
Lipschitz véi ¢ € E 1a ham khong am théa man SHON (N | A T5F o +

1—e~
Na||A1gplloc) < 7. Khi d6, ton tai da tap khong 6n dinh bat bién S
d6i v6i nghiem ctia phuong trinh (23). Hon ntta, v6i hai nghiem bat ky
x1(t), z2(t) trén da tap S tuong tng u1, puo € KerP(to) ton tai hai hang

s6 duong p va C,, khong phu thuoc vao ¢y sao cho

lus () = ua()]] < Cpe ™| — przl] v6i moi ¢ < to

Chitng minh: Véi méi ¢ < 0 ta xay dung anh xa g; : X1(t) — Xo(¢)
nhu sau

guly) = / G(t, ) f(r,x(r))dr

trong d6 x(+) 1a nghiem duy nhat trong L., ((—o0, t], X ) clia phuong trinh
(23) trén (—oo,t] thoa man (I — P(t))z(t) = y. RO rang, g:(y) € Xo(t).
Su ton tai clia da tap khong on dinh S duge chitng minh nhu trong dinh
Iy (2.2.7). Duéi day, ta chting minh da tap S 1a bat bién déi véi cac
nghiém ctia phuong trinh (23).
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Goi z(t) la nghiém ctia phuong trinh (23) trong Lo ((—o0, to], X) v6i
z(tg) = 29 € Sy,. Véi s < g, theo bo dé (2.4.8) ta co

2(s) = U(s, to) a0 + /_ ; G(s,7)f (7. 2(7))dr
Dt w, = U(s, to) o + [ G(s,7)f(1,2(7))dr. Ta c6, w, € KerP(s) va
S
Mat khac véi t < s ta co
U(t, 5w, + / G(t,7)f (7 2(7))dr = U(t, 5)U(s. o) 7o

L ULs) / G(s,7)f(72(r d7+/ G(t,7)f (7. 2(7))dr

— Ut to)ywo + / G(t,7)f(rx(r))dr + /_ Gt a(r))dr

— Ut to) o + /_ ; G(t,7)f (7. 2(r))dr = (1)

Vi vay, z(s) = ws + gs(ws). Suy ra, z(s) € S5 véi moi s < t. O

Nhan xét 3.12. Vi cac gia thiét ctia dinh 1y (2.3.11) thi phuong trinh
(23) ton tai da tap on dinh va khong on dinh bat bién, cac nghiém xuat
phét trén da tap on dinh (khong 6n dinh) tién dan vé nhau khi ¢t — oo
t — —00).

2.4 Da tap tam 6n dinh

Trong phan nay, ta xét phuong trinh

u(t) = U(t, s)u(s) + /tU(t,f)f(f,u(f))df véimoit >s>0  (26)

Khi ho tién héa (U(t, s))i>s>0 clia phuong trinh trén ¢6 nhi phan mi va
f 1a -Lipschitz thi dinh 1y (2.2.7) da chi ra sy ton tai ctia da tap on
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dinh bat bién cho nghiém cta phuong trinh trén. Dudi day, ta xét ho
tién hoa (U(t, s))s>s>0 thda man diéu kien tong quét hon.

Dinh nghia 4.1. Ho tién héald = U(t, s);>s>0 trén khong gian Banach
X dugc goi 1a tam phan mi trén [0, 00) néu ton tai cdc ho toan tit chiéu
tuyén tinh bi chan P;(t), t >0, j =1, 2, 3 trén X va cac hang s6 duong
N, a, B v6i a < 3 théa man cac diéu kieén sau

(1) sup;o[|Pi(t)[| <oo  vGij=1,23

) Pi(t)+ Py(t)+ Ps(t) =1 voit >0 va Pi(t)P,(t) = 0 véi j # i.
(i) Pj(t)U(t,s) =Ul(t,s)Pj(s) véit>s>0vaj=1,2, 3.

) Ul(t, 8)|limp,(s) 12 dang cau tit InP;(s) len ImP;(t) v6it > s >0
va j = 2, 3. Tuong tng, ta ky hiéu anh xa ngudgc ciia anh xa
U(t, S)|Impj(5) la U(S, t)|.

(v) Véimoit>s>0vaxe X taco
Ut s)Pi(s)z]| < Ne 9| Py(s)x]]
U (s, )| Pa(t)z]| < Ne P09 Py(t)a|
U, 5)Py(s)a| < Ne*t9||Py(s)x]

Dinh 1y 4.2. Cho ho tién héa U(t,s) c¢6 tam phan mi véi cac hang
s6 tam phan N, «, § va cac ho toan ti chiéu tam phan P;(t), j =1,
2,3. Giast f: Ry x X — X la ¢-Lipschitz trong d6 ¢ € F la ham
khong am théa man k := %(NlHAlerngm + NollArellse) < 77
Khi d6, v6i méi § c6 dinh sao cho § > « ton tai da tap tam on dinh
S = (t,S;) C Ry x X cho céc nghiém cia phuong trinh (26) trong
do Sy =graph(g:) v6i g : Im(Pi(t) + P3(t)) — ImPy(t) la cac anh xa
Lipschits déu théa man Lip(g;) < k <1 va Sy ¢6 cac tinh chat sau

(i)  Mai zg € S;, ¢6 duy nhat nghiem u(t) ctia (26) trén [ty, oo) thoa
mén didu kien u(ty) = zo v esssup,sy, [le 7 u(t)|| < oo trong d6 v = 22
(i) S; dong phoi véi X1(t) @ X3(t) voi X;(t) = P(t)X.

(iii) S 1a bat bién d6i v6i phuong trinh (26) néu u 1a nghiém ctia phuong
trinh (26) thoa méan u(ty) = xo € Sy, VA esssupysy, [le " u(t)| < oo thi
u(s) € Ss v6i moi s >t .

(iv) V6i z(+), y(-) 1 hai nghiem bat ky trén da tap S ta c6

() = y(@)I| < Ce™ ) la(t) —y(to)l|  v6i moi ¢ >ty
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trong d6 C khong phu thudc vao t va hai nghiem z(-), y(-).

Ching minh: D&t P(t) = Pi(t)+Ps(t) va Q(t) = P(t) = [ —P(t). Vi
P;(t)P;(t) = 0 nén P(t), Q(t) 1a céc toan tit chiéu tren X. Véit > s >0
ta xét ho tién hoa dieu chinh

Ut,s) =e Ut s)

Ta chiing minh ho tién héa U(¢,s) c6 nhi phan mi v6i phép chiéu nhi
phan P(t). That vay, ta co

~

PWT(t.s) = e I(Py(t) + BNT(ts)
= e 90U, 5)(Pi(s) + Ps(s)) = U(t, s) P(s)

Vi U(t, $)|mp,(s) 1& déng cau tit ImPs(s) len ImPy(t) nén (7(25,3)|Imp2(5)
ciing 1 dang cau tit ImPy(s) len ImPa(t). Ta co

1U(s,)Q(t)z]| < eI Q(t)z|| voit>s>0
Mat khac, v6it > s > 0 ta co
U, s)P(s)z|| = e IU(t,s)(Pi(s) + Ps(s))x]|

< Ne =) (eI Py(s)a| + e || Py(s)a])
= Ne /=) (e M| Py(s) P(s)x ]| + e Py(s) P(s)x]))

Dit ¢ = sup{||P;(t)[l, t>0,5=1, 3}, taco

d—a)

|T(t, s)P(s)z|| < 2Nge™ =" 09| P(s)z|

Vay, U(t,s) c6 nhi phan mii v6i phép chiéu nhi phan P(t) va cic hing

s6 nhi phan Ny = max{N, 2Nq¢} va v = @.

Dit Z(t) = e Mx(t) va ta xac dinh F: Ry x X — X nhu sau
F(t,z) =e " f(t, ')

Ro rang, F 14 ¢-Lipschitz. Véi phép doi bién trén thi phuong trinh (26)
c6 dang la

Z(t) = U(t,s)Z(s) + / t Ut, &) F(&,7(€))de véimoi t > s >0 (27)
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Vi vay, theo dinh 1y (2.2.7) néu

(l—f—H)No 1
~ (NIIMTT ol + Nol|A 1o
DR NIl + NallAripll) < 5

k=

thi ton tai da tap on dinh bat bién S cho cac nghiém ctia phuong trinh
(27). Qua phép doi bién ngudc lai x(t) = €Z(t) va kiém tra tryc tiép
cac dieu kien tur (i) dén (iv) ctia dinh ly ta thay da tap S chinh la da
tap tam on dinh cho cac nghiém ctia phuong trinh (26). O
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