LOT NOI PAU

Bai todn & 1a mot bai toan co ban cua giai tich phirc, né c6 Gng dung
trong nhiéu linh vuc khac nhau. Viéc tim 1oi giai bai toan 6 da duogc giai
quyét gan nhu tron ven trong C". Tuy nhién, viéc cho cdng thirc nghiém hay
viéc dénh gia nghiém cua bai todn con mot sb van dé mo.

Muc dich cua luan van nay 13 dung phuwong phép biéu dién tich phan dé
cho 151 giai ciia bai toan 0 ciing nhu cho cong thirc nghiém cua bai toan va
gidi thiéu mot sé danh gia nghiém

Ban luan vin ndy gdm hai chuong;

Chuwong 1. Bai toan & trong C va danh gia nghiém

Trong chuong nay, tac gia dung biéu dién tich phan dé giai bai toan o
trong C. Pong thoi cho hai két qua danh gia nghiém cua bai todn trong
khong gian L"(Q;¢)

Chuwong 2. Bai toan o trong C"(n>1) va danh gia nghiém

Trong chuong nay, tac gia dung biéu dién tich phan dé giai bai toan o
trong C" cho mot s trudng hop: vé phai 12 dang kha vi 1ién tuc dén cap k va
c0 gia compact, bai toan o trong da dia cho dang viphan f eC7 (D) , x3y
dung cong thirc nghiém theo nhan Koppelman cho mién 16, chirg minh bai
toan c6 nghiém trong mién gia 16i. Cho mot két qua danh gia nghiém trong
trudng hop vé phai thudc khong gian L2 (Q;loc) khi Q 1a mot mién gia 16i
trong C" (n > 1)

T6i xin bay t6 1ong biét on siu sic ddi véi thay PGS - TS: Nguyén
binh Sang thudc khoa: Toan - Co - Tin truong Pai hoc Khoa hoc Ty nhién,
Dai hoc Qubc gia Ha Noi d4 tan tinh hudng dan, giup d& toi hoan thanh luan
van nay.

Nhan dip nay, t6i ciing xin bay to 10ng biét on sau sic dén cac thay
phan bién, nhitng ngudi da doc va dong goép y kién dé luan van cia t6i duoc

hoan thién hon.



T6i ciing xin bay to 10ng biét on sau sic dén cac thanh vién Xemina
thuoc B mon Giai tich, Khoa Toan - Co - Tin hoc, truong Pai hoc Khoa hoc
Tu nhién - PHQGHN d4 phan tich, dong gop rat nhidu ¥ kién quy bau gitp
t6i hoan thanh luan van tét hon.

Cubi cling, tdi ciing xin cam on Co quan 13 trudng Hoc vién Hau can
da cho t6i duoc di hoc, cam on cac thiy cb trudng Pai hoc Khoa hoc Tu
nhién, Pai hoc Qudc gia Ha Noi d tan tinh giang day, cung cap kién thuc dé
t6i ngdy mot hoan thién hon vé chuyén mén.

Do thoi gian va kién thirc 6 han nén ban luin vin cua toi chic chin
khong tranh khoi nhitng thiéu sot. Do d6, t6i rit mong c6 dugc su dong gop
ctia thay c6 va cac ban dé ban luan vin cua t6i duoc hoan thién hon.

T6i xin chan thanh cam on!

Ha ngi, ngay 10 thangl2 nam 2010

Hoc vién

Nguyén Vin Huynh
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CAC Ki HIEU

A(Q) : tap cac ham chinh hinh trong Q

0Q2: bién cua tap Q

C*(Q): tap cac ham kha vi theo nghia thuc cép k trén Q

Ce(Q): tap cac ham kha vi theo nghia thuc cap k trén Q va c6 gia
compact trén Q

L?(Q) la 16p cac ham do duogc f trén Q sao cho ﬂ f |pdi < oo trong
Q

do6 dA 1a do do lebesgue

LP(Q,¢) 1a16p cac ham do duoe f trén Q saocho | |6 ?dA <o
Q

trong d6 dA 1a d6 do lebesgue.

SH(Q): tap hop cac ham diéu hoa dudi trong Q

B(z,R): Hinh cau tam z ¢6 béan kinh bang R

C;q (Q) : Dang vi phan (p,q) c6 hé sb trong C*(Q)

L*(Q;¢) : khoéng gian cac ham trong ©Q binh phuong kha tich theo do
do e ?dA, trong d6 dA 1a do do lebesgue

L?(©;loc) : khong gian cac ham binh phuong kha tich dia phuong theo
do do lebesgue

sz’q (Q; ) : khong gian cac dang vi phan (p,q) voi hé s trong L*(Q; )
C”(%;R): khong gian cac ham xac dinh trong Q kha vi v6 han va
nhan gia tri thuc

D(Q)=C;(Q): khong gian cac ham xac dinh trén Q kha vi v han va
c6 gia compact

D, ,(€2): khdng gian cac dang vi phén (p,q) v6i hé so trong D(Q)



Chuong 1. BAI TOAN  TRONG C VA PANH GIA NGHIEM
1.1 Bai toan o trong C
1.1.1 Ham chinh hinh mjt bién phirc
Gia thiét Q 12 mot tap mo trong C ma ta ddng nhat C=R?. Cho ula
mot ham bién phirc xac dinh trong Q. 7€ Q,z=x+1iy, X,y R

u:Q—->C
ZHu(z)=u(x,y)

Ta gia thiét thém 1a u € C'(Q) theo nghia thwc. Khi d6
- . 1 -1 -
dz=dx+idy; dz=dx—idy = dx:E(dz+dz), dy—z(dz—dz)
ViueCY(Q) tasuy ra

du:a—udx+a—udy:>du:1 a_u+18_u dz+1 au_lou dz
OX oy

2{ ox ioy 2\ ox oy
- ou 1l(ou lou) ou 1(ou 1ou
Dit e e e B
oz 2\ox 1oy) 0z 2\ ox 1oy
8u:6—udz;5u:8—lid2
0z 0z
Khi d6 du=Yaz+ M d7-0u+a

0z 0z
Dinh nghia 1.1.1.

Gia thiét Q 1a mét tdp mé trong C, ula mgt ham bién phire xdc dinh

trong Q va ueC*(Q). Néu %:O VzeQ thi ta n6i ham u chink hinh
z

trong Q. Ki hi¢u tdp cac ham chinh hinh trong Q 1a A(Q)

Cho K 1a tdp compact trong €, ta n6i ham u chink hinh trén K néu
ton tai méttdp mo U chita K sao cho u e AWU)
1.1.2 C6ng thie tich phan Cauchy va 1oi giai bai toan &

Gia thiét Q 1a mot tap ma, bi chin trong C ¢d bién Q tron hay tron
tirng khuc. Khi d6, néu hdm u e C°(Q) N C*(Q) ta c¢d cong thire Stokes
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judz:j du A dz
oQ Q

Véi du :8—udz +6—Ed2 ta co:
0z 0z

a —
6J;ludz:J;!du/\dz:ga—;dZAdz (1.1)

Dinh ly 1.1.2. (Cong thic tich phdan Cauchy)
Gid thiét Q 1a mét tdp md, bi chan trong C ¢6 bién 6Q tron hay tron

ting khiic. Khi d6, néu ham u e C*(Q) ta c6

u(§)=;ﬂ{j U@ g jja”/ dE}, £eQ (1.2)

Chirng minh

Cho {eQ tuyy, dit Q, ={zeQ:|z-{|2 &} voi & la mot sO duong
du bé sao cho 0 <& <d(¢;CQ) trong d6 d(¢;CQ) la khoang cach tir ¢ dén
phén bl cta tap Q trong C. Khi d6 tap bién 0Q, =6QUS, trong d6 S, la

mat cau tdm ¢ bén kinh bang ¢

e A(Q2,) nén ta co:

”az[U(Z)j dz‘”_zrdz (1.3)

Ap dung (1.1) ta c6

”az(U(Z)jdz dz = I (@), z:j u(z) dz_,[ u) 4,

Ham u e C* (Q):> u( 2 e C*(Q) va hon nita

Q, ﬁQZ_g Z—§
- Iﬂdz—znu(§+ge‘9)d0
agz_é/ 0
Cho ¢ \u0 ta duogc
u(z) @)
”52( j dz—ﬁj; gdz ziu(e) (1.4)

Két hop (1.3), (1.4) ta c6 diéu phai ching minh.
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Dinh Iy 1.1.3. Gia thiét Q 1a mét tdp md, bi chan trong C ¢6 bién 6Q tron
hay tron ting khiic. Gid thiét f mét ham phitc xdc dinh trong Q va ham
f eC{(Q) (k>1). Khi do

(g)_—ﬁf(z)dz dz, ¢eQ (1.5)

Xdc dinh mgt ham chink kinh bén ngoai gia cia f, hon nita u e C*(Q) va

d_ =f trén Q
o
Chirng minh

Goi K =supp f , hién nhién Lg chinh hinh véi moi z e K, ¢ e CK
Z —

:ii =0 VzeK, {eCK:é—u—ngeCK
oz\z-¢ o¢

Vay u(¢) 1a mot ham chinh hinh bén ngoai gia cua f

Trudong hop Q = C, tir (1.5) bang phép ddi bién z:=z—¢ taco

u(e)=— “f(z )z ndz

27l

Suy ra, néu f e C5(Q) thi ueC*(Q) va

u@)_ 1 ”auz /0% 4, 47—
o¢ 2ri

J-J-éf (z)/az s nd3

27l

Ap dung (1.2) véi ham u thay bing ham f ta c6 5U(§C )

=f(0), £€Q

Trudng hgp Q bét ky, voi mdi z, € Q ta ldy mot 1an can mo V cua z, trong
Q va chon ham ¢ € C;(Q2) sao cho
‘P|\7 =1

0<@<1, trén Q\U vé6i U 13 mot tap mé trong Q chira V
=0

|Q\U

Pat f,=fo; f,=f(l-9) thi f,f,eCQ)



5 1 fl(z_é/) . _ 1 fz(z_é/) .
Dit ul(g):—zﬂijgj . dzadz; uz(g)_—zﬂijgj . dzAdz
Thi u(@)=u(l)+u,(¢). VatrongV: f,=1f, f,=0 nénsuyra

a‘;(f) ~f,(0)=f({) trongV

Dinh nghia 1.1.4. (Bao 16i chinh hinh)

Cho Q la mét tap mo trong C, K la mét tdp con compact trong Q.

Bao 16i chinh hinh cia K trong Q ki hiéu K va dwoc xdc dinh béi

K ={zeQ:|f(z)|<sup|f|, Vf e A(QQ)
K

Tdp K compact dwoc Qoi 1a compact 16i chinh hinh néu K =K
Tdp Q duwoc goi 14 16i chinh hinh néu K = K véi moi tdp K compact trong Q
Ménh dé 1.1.5. K 1a hop cia K véi cac thanh phan compact twong doi cia

Q\K trong Q

Dinh ly 1.1.6. V6i moi ham f € C*(Q) thi phuong trinh g—%: f co nghi¢m

ueC”(Q)
Chirng minh
Truong hop f €C;(QQ) theo dinhly 1.1.3 taco diéu phai ching minh

Truong hop ham f khong co gia compact trong Q. Chon moét ddy tang cac

tap con compact véc can trong Q: K; cQ, K, <K,

vj, LlJKj =Q va loi
chinh hinh trong Q tac 1a Rj =K, Vj sao cho moi tdp con compact cta €
déu dugc chira trong mot tap K j nao do.

Vi moi K, ton tai y; €Cy (€) sao cho y; =1trong K;.

bat: ¢, =y, 0=y, -w,;,Vj=2, khi d6 ¢;=0 trong K, ,Vj>2 va

@; =1trong Q.
j=1



Ap dung dinh Iy 1.1.3 cho ham ¢, thi phuong trinh %Z(Djf co mot

nghiém u; e C*(C) va vi ¢; =0 trong K, , nén u; la mot ham chinh hinh
trong KJ._1 Vj>2.

Theo dinh ly Runge, v6i moi u; 1a mot ham chinh hinh trong K, ; Vj>2 ta
c6 thé tim dugc mot ham v, chinh hinh trong Q sao cho u; duogc xap xi déu

trén K, boi v, do vay ton tai v; € A(Q2) sao cho |u; —v;|< 27! trong K|,

Lap tong u :u1+2(uj -V;), tong ndy hoi tu déu trén moi tap compact
j=2

trong Q. Ké tir s6 hang thit | +1 dén oo 1a nhitng ham chinh hinh trong 1an

can cua K, va téng ndy hoi tu déu dén mot ham chinh hinh trong phan trong

cia K,. Do d6 u 1a mot ham kha vi vo han trong Q va c6 thé 1ay dao ham

tirng s6 hang qua tong.

Suy ra, 8—E—8u Z ):Zgojf = f (dpcm)
j=2

=

1.2 Panh gia nghiém ciia bai toan o6 trong C

1.2.1 Khdng gian L*(Q) va L*(Q;¢)
Dinh nghia 1.2.1. Gia thiét Q 1 mét mién trong C, peR,1<p<ow. Ki

hiéu L°(Q) 1a ldp cdc ham do dwoc f trén Q sao cho I|f|pdi<w trong

do dA la do do lebesgue

Trong LP(Q), dat |f, :U|f|pdijp véi fel’(Q) (1.6)
Q

Dinh nghia 1.2.2. Gia thiét Q 1a mét mién trong C,peR,1<p<o, ¢ la

mot ham lién tuc trong Q, Ki hiéu, L?(Q,¢) 1a I6p cdc ham do duwoc f trén

Q sao cho _ﬂ f |pe_“’di <o trong do dA la do do lebesgue.
Q
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LP(Q.loc) 1a16p cdc ham do dwge T trén Q sao cho [|f e ?dA <o
K

voi moi tdgp K compact trong Q, trong doé dA la dé do lebesgue.

Trong L*(Q.¢), dat ||t :( | |f|pe‘<"dijp véi f el?(Q,p) (1.7)
Q

Ménh dé 1.2.3.

1. LP(Q) va L"(Q;¢) la cac khdng gian Banach Véi chudn twong iing
dwoc xdc dinh ¢ (1.6), (1.7)

2. LP(Q,loc)= U L"(Qe)= U L(Q9)

9eC?(Q) 9eC”(Q)

1.2.2 Ham diéu hoa va di¢u hoa dwéi
Dinh nghia 1.2.4. (ham diéu hoa)
Gid thiét Q 1a mgt mién trong C, ham u xdc dinh trong Q, nhdn gid
o’u

tri thie va thuge I6p C*(Q) dwoc goi 1a ham diéu hda néu Au = 46 et 0
201

trong Q
Dinh nghia 1.2.5. (ham diéu hoa duéi)
Mot ham u xac dinh trén mét tap mo Q < C va nhdn gid tri trong
[—00;00) dwoc goi la diéu hoa duwedi néu théa man:
1. u la lién tuc trén, tirc 1a tap {zeQ:u(z)<s} 1a tdp mo véi moi
seR
2. Vi moi tdp compact K < Q va moi ham lién tuc h trén K va diéu
hoa trong phan trong cia K vd h>u trén bién cia K thi h>u
trong K
Tdp hop cic ham diéu hda dudi trong Q ki hiéu SH(Q)
Cha y. Piéu kién (2) trong dinh nghia 1.2.5 trong dwong véi diéu kién (2°)
Sau.

(2°). Vi moi 7€ Q, ton tai R > 0 sao cho B(z,R) = Q va ham u théa

10



127r

u(z) < I u(z+re")dt;0<r<R
2z

Ménh dé 1.2.6. (Xdp xi ham diéu hoda duéi bang mét ddy cac ham diéu hda
dwoi tron)

Cho 0<peC(C), ¢(z) =0khi|z|>1 va gid thiét j(pom =1 trong dé
dA la do do lebesgue trong C. V& méi e>0, dat
Q, ={zeQ:d(z;CQ) > ¢}.

Néu u khéng dong nhdt bang —o va u la ham diéu hda dudi trong Q thi khi
ao: v, (2) = [u(z—e{)p(£)dA()

La ham diéu hda duwdi trén Q_ va u_\vu khi & \y0

1.2.3 Ham Green

Dinh nghia 1.2.7. (ham c6 cuee logarit tai mét diém)

Cho Q la mgt mién bi chan trong C. Véi méi ae€,3r >0sao cho
B(a;r) c Q. Gid thiét u € SH (B(a;r)) ta noi u co cuc logarit tai a néu
u(z) - log|z —al<O() khi z > a tic /a
ILn;[u(z)— log|z —a|| <
Dinh nghia 1.2.8. (ham Green)
Cho Q 1a mét mién bi chin trong C va acQ, dat
G(z;a) :sup{u(z) ueSH(Q),u<0,u(z)-log|z—a|<O() khiz — a}
Khi do, ham G(z,a) dwoc goi la ham Green trén Q c0 Cuc tai a
Ménh dé 1.2.9.
1. AG =-¢, voi G la ham Green c6 cuc tai a, 5, la ham ¢ —Dirac

2. G(z,a) la ham diéu hda duwdi, nhdn gid tri dm va c6 cuc logarit tai a

11



1.2.4. Céc toan tir co ban
Cho Q 1a mot mién trong C, @ € C*(Q) va la ham diéu hoa dudi trén
Q. Trong khéng gian L*(Q,¢), toan tir lién hop cla toan tir 8_8_ Vvéi tich vo
YA
huéng trong L*(Q,¢) dugc dinh nghia:
0, _
Oa =—€’—(e’a) (1.8)
0z

Tinh chit cua 6o .

Ta co: Iu%e‘“"d/l = —ju.e“’ g(e“"a).e“"d/l
5 5 0z

0, ,— 0 (o
=—|ue? =(e’a)e?di=—|u—(e?a)dA
g[ 82( a) i 82( )

= aa—ge_“’di VaeC;(Q)
y, 01Z
A au A - T 0
Vay, —= f <:>Iu0ae ¢di:Iafe °dA Va eCl(Q) (1.9)
4 Q Q

Ta dinh nghia toan tir Laplacian phuc trong L*(Q;¢):
0
oa =——(0a) (1.10)
0z

Khi d6, voi a € C*(Q) thi oa ¢6 mot s6 tinh chat:
Tinh chat 1.

2
Ki hicu A=—C— taco: aa=Aa—22.9% _ g (1.11)
0102 07 012

Chung minh

12



0z 0 5
:—i e’e” a—(o.a e’e” oa
0z 0z 0z

Tinh chdt 2.

_0(8_o_cj =0a + Ap.a (1.12)
0z
Chung minh

Theo (1.11) ta suy ra

2
Da+A¢.a:Aa—a—¢.a—O_l:aa_ 6(0.8(1
0z 01 0207 07 01

Mat khac —O(G—qj:ewg(e_‘pé—g):Aa—&—@.@—o_‘
0z 0z 0z 07 01z

Viy ta c¢6 diéu phai chimg minh

Bé dé 1.2.10.

a_aZ

Aal e*)=2Re(oa.a)e™ +(0af e + ~ e +Aplale?  (1.13)

Chirng minh
Véi a, B eCl(Q) thi

0( = o, 0 NB\ 0 oA ,0
E(a.ﬂe )—5((0@ ).ﬂ)—g(ae ).B+ae a—f

= |- ¢’£ -2) le=? —tp@
= [e az(oce )}e P +ae P

= _g(a)_ﬁe—w+a%e—rp (*)
0z
Tuong ty ta cling co
o/ — —— —oa
—(a.pe?)= -0(B)ae’+p—=¢€" *x
~(ape?)= -0(prae+ B (**)

13



Tur (*) va (**) suy ra

A(|a|2e-¢):ai(aaz( -w)j: (0(a)ae‘”+ag—ze j

= 0(a)0(a)e™ —a—=Le™ —0(—_ a

Ap dung (1.12) ta c6

A(|05|2 e’) = |67(Oc)|2 e’ — %e +[oa + Ago.a].a.e“" + 66_(;

e’

Ap dung (1.10) ta co

2
A(|oc|2 e’) = |0(oc)|2 e’ —qonae™ +oa.ae’ + A(p.a.a.e“” + 8—(5 e’
. 2
= 2Re<|:|a.a).e“” + |00¢|2 el +|—=| e+ A(D.|a|2 e’
(dpcm)
Hé qua 1.2.11.
Néu oa =0 thi

1. Véi u :|a|2 e thita cd UAp < Au

)
2. Véi v=|ale ? thitac %VA(DSAV

Chirng minh

1. Véi u=|al e va oo =0. Ap dung (1.13) ta c6
2

A(U) = |6?oc|2 e’ + 88—(} e’ +Apu
z

Suyra uAgp<Au

_P
2.Véiv=|ale 2 taco



1 2 1 _3 2
zlu 2Au+16—li o :lu 2Au lu“é—g
2 20| o0z 2 4 0z
1 2
=1y au Ly
2 2 Z
1 -1 1 1
Suy ra AVZEU 2Au ZEU‘ZA(D:EVA(D (dpcm)
Hé qua 1.2.12.

1 e
Véi >0, dat v, :(|a|2e“" +g)2 thi Av, > —|oa|e ?
Chirng minh (lam twong ty hé qua 1.2.11)
Ménh dé 1.2.13. Néu a 1a nghiém ciia bai toan oa = f (1.14) trong mién

Q va a=0 trén bién 8Q thi u=—-6a la nghiém trong L*(Q,@) ciia bai

toan Y = 1
0z
Chirng minh

Theo gia thiét o 1a nghiém ctia bai todn oo = f néntacd oa=f (*)

Tir (1.10) thay vao (*) ta c6: -2 (0ar) = f < -2 (~0a) = f
01 0z
5
Thay u=-6a ta dugc ?(u) = f
YA

Viay u=-60a la nghiém trong L*(Q,@) cua bai toan % = f
z

Dinh ly 1.2.14. Bai toan (1.14) c6 nghiém theo bai toan 6 — Neumann la:

a(2) :j f(OIN(z,£)e"dA(S) (1.15)

Q

Trong d6 N(z;¢) duoc goi 1& nhan Neumann cia bai todn 6 — Neumann
Véi cac tinh chdt

L a(2) = [oa()N(z:£)e " dA(C)

Q

2. N(z;¢)=0V¢ edQvan, N(z;)=e""5,, (6, laham 5 —Dirac)
15



3. N(z;)=0VzeoQvao N(z;{) =e"s

o) (6 1aham 6 —Dirac)

4. N(z;§)=N(¢;z) trong QxQ

1.2.5 Panh gia nghiém cia bai toan o
Bai toan: Cho Q 1a mot mién trong C, f 1a ham do dugc trong Q, ¢
la mot ham diéu hoa dudi trong Q. Hay danh gia nghiém cua bai toan

%:f trong L°(Q, ) (1.16)
YA

Dinh Iy 1.2.15. Cho Q 1a mgt mién trong C, f la ham do dwoc trong Q, ¢
la mét ham diéu hoa dudi trong Q, gia thiét 1< p<2; diamQ <1. Khi dé
(1.16) c6 mot nghiém u thoa man:

(I<|U|e‘¢)pdijpSCpI|f|e“"di (1.17)

Q
Trong doé C la mgt hang s6 dwong chi phu thuéc p
Pé chirng minh dinh 1y ndy ta can hai bo dé sau, véi gia thiét ¢ € C*(Q)

Bé dé 1.2.16. Gid thiét 1< <o va a e C(Q) sao cho

0 AN é
sup|ale 2<C, j[|0a|e Zj dA (1.18)
Q

Q
Khi d6, véi méi T do dwoc trong Q thi phuwong trinh (1.16) ¢6 mét nghiém

u thoa man

e
ue 2

_¢
scqj|f|e 2d 4 (1.19)
Q

p

Véi diéu kién vé phdi ciia (1.18) hitu han, & ddy p théa man : %+ % =1

Chirng minh
* Truong hop q <oo

Goi F 1a khdng gian con cua L*(Q) gdm cac ham v c6 dang
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0
v=(0a)e 2;a eC,(Q)
Ta dinh nghia mot phiém ham phan tuyén tinh trén F boi

T((0a)e™?)= j fae?di

Vi diéu kién (1.18) thi phiém ham nay c6 chuan nho hon
A:=C,[|fledA
o
Theo dinh Iy Hahn-Banach, chiing ta ¢ thé md rong phiém ham nay thanh
mot phiém ham trong L%(Q) bao toan chuan. Do d6, c6 mot ham g e LP(Q)
sao cho

T(v)= jg\_/d/l véimoi ve LY(Q)
Q

1
Va U|g|"d/1jp <A
Q

e
Ldy g=ue?, va chon truong hop v=(0a)e 2;a e C, (QQ) , khido
T(v):jg\‘/dA@jf&e-wdzzju%—wdx
Q Q Q

Theo tinh chit cia toan tir @ (1.9) thi %:f hay u I3 mét nghiém ctia
YA

(1.16) va
lofl, < Acfue?| <c,[lff"d2
Q

Trudng hop q=oo, ta thay khdng gian L”(Q) boi khong gian C,(Q). Bang
cach ching minh twong ty khi ¢ <oota c6 diéu phai ching minh.
Bo dé 1.2.17. Gia thiét diamQ <1 va o e C7(Q). Khi d6 véi moi 2<q< 0

c6 Mot hang s6 dwong C, chi phu thugc vao q thoa man

X A a
sup|ale 2<C, j[|0a|e Zj dA (1.20)
Q

Q

17



Chirng minh
V6i ¢ la mot ham diéu hoa dudi thi A >0
Theo b6 dé 1.2.10 v6i o € C(Q) thi:

a_aZ

A(|OC|2 e’)=2 Re(ua.&).e_“’ + |005|2 e’ + P e’ + A(p.|oz|2 e’

= Aol )2 2Re(oa.a)e” (1.21)

Véi gia thiét diamQ<1, xét ham E:E(a):glnﬁ; acQ, tinh toan
T Z—a

truc tiép theo dao ham suy rong ta dugc: AE = ~0 VAVl 2eQ tht E>0
Nhan hai vé cia (1.21) v6i E >0 sau d6 ly tich phan hai vé ta duogc

[EA(a['e?)dA>2Re[E (oaa)e dA
Q Q
ViaeCy(Q) nén [EA(al e ?)dA=|af e @ (1.22)
Q

Tich phan ting phan vé phai ta duoc

2Re j E.(Da&).e‘q’di =-2 j E.[0c| e°d A +Re j %(Ha)ae“"d/l (1.23)
Q Q Qc ™

Pat M =suplaje?; N, :H(Qa)e“"’zuq V6i 2 << oo
Q

Két hop (1.21), (1.22), (1.23) ta duogc
2 2
M?<2N*A+BN M (1.24)
1

O day A:supU(E(a))rdijr voi 14221

aeQ) O r q

1
p

B=sup| | Lda| wei s+l

ach Q|z_a| P q

Khi d6 A, B 12 hiru han va tham chi doc 1ap véi Q véi diéu kién diamQ <1

Tur (1.24) ta suy ra M <C,N, (dpcm)
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Chirng minh dinh ly 1.2.15.

Vi 2<q<oo VA L +1o1 khidé 1< p<2.Véi @ eCH(Q), ¢ 1 mot ham
P q

tron trén © thi phuong trinh % — f theo cAc b d& 1.2.16 va 1.2.17 va bing
YA

cach thay ¢ ::% c6 nghiém u thoa man Hue“"”p < Cqﬂ ferda
Q

Truong hop ¢ 12 mot ham diéu hoa dudi, theo ménh dé 1.2.6 ton tai day cac
ham diéu hoa duéi tron @, xac dinh nhu sau : ¢_(z) = I¢(z —eQw($)dA(S)
Trong do: 0<y e Cy'(C), y(2) =0khi 2| >1 va gia thiét [ydA=1 trong d6
dA 1a do do lebesgue trong C. Véi modi e>0, dat
Q, ={zeQ:d(z;CQ) > ¢}.

Thi ¢, 1a ham diéu hoa dudi trén Q_ va ¢, N ¢ khi & 0

Khids — [ue™| <C,[|tf"d2
Q
Cho & 0 ta duoe Jue| <C,[|fled2
Q

Tir hai két qua trén ta suy ra dinh 1y 1.2.15 duoc ching minh
Nhégn xét: dinh Iy 1.2.15 cho ta mét danh gia nghiém cua bai todn 0 trong
L°(Q,¢) véi 1< p<2 biang mot danh gia cia ham f ¢ trong L'(Q,¢)

Bing d6 do Dirac, Bo Berndtsson dé chi ra 1a danh gia trong dinh 1y
1.2.15 1a sai trong L°(Q,¢). Do viy trong truong hop L*(Q,e) thi Bo
Berndtsson da dua ra mot danh gia khac nhu sau
Dinh Iy 1.2.18. Cho Q 1a mgt mién trong C, f 1a ham do dwoc trong Q, ¢
la mét ham diéu hda dudi trong Q va gia thiét diamQ < oo. Khi dé (1.16) co

mét nghiém u théa man:

j ufe?di<- j j G(&:2)| F(Q)||f (2)e“*DdA)dA(z)  (1.25)

Q QxQ

Trong do, G(C;z) la ham Green doi véi mién Q. €O Cuc tai 7€ Q.
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Pé chirng minh dinh 1y ta can hai bo dé sau
Bé dé 1.2.19. Véi u 1a mét nghiém ciia bai toan 1.2.16 va N(z;¢) la nhan

Neumann cua bai toan 6 — Neumann thi ta co :

[l edzs [N @l P0a¢)dza @20

QxQ
Chirng minh
Ap dung ménh dé 1.2.13 vadinh 1y 1.2.14 ta co

gj} ufeda= i (6a).(6c ) dA =~ i ¢’ %(e—wg)_(@)e—wd A

_-[aaz _“’a <0a>di e‘”a%(@a)di

= —j@.a.e_(”di

Thay (1.14) va (1.15) vao ta dugc
= =[] FOT@N@ e P OdA(2)d2(S)

QxQ

Suy ra j|u| e ?dA < ” IN(E;2)[|F ()| (2)]e @ DdAC)dA(Z)  (dpem)

QxQ

Bé dé 1.2.20. Cho G(¢;2) 1a mgt ham Green trong Q Voi cuc tai z.

.
Khidswes:  IN@zOe 2" <6(ze) (1.27)

Chirng minh
Vi o eC(Q) va & >0, theo hé qua 1.2.12 thi

40(4)

(|a(C )| e +8) —~|oa ()| € (1.28)
Nhan hai vé cua (1.28) véi —G(¢;a) >0, aeQ ta dugc

4)

~G(¢:a)A(ja(g) -¢<4>+g) >G(¢:a)oa(g)e (1.29)

Ly tich phan hai vé theo bién ¢ cua (1.29) véi gia thiét o, =0 ta co
e a)A(|e(¢) e +e) 4A(Q)2 [6(a)pad)le e @3
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Tich phan tirng phan vé trai cua (1.30) ta duoc

[-GEi@A(a(@) e + e da()

Q

= [6(¢ia) =0 (el e +e) d2(¢)

54 o¢

j%e(g a)—(|a<4>| e te)? }di@ )

= (@) e "+ A [G(C AR

Theo ménh dé 1.2.9 ta ¢

= ~[(le)f e+ 8)26,,d2(£)

= <5(a>i(|a(é)|2 o) +8);>

1
= —<|Oc(a)|2 e @ 4 8)2

Thay vao (1.30) ta dugc

~(le@)"e ¢<a>+g) j G(¢:a)|pa(d)e "2 4a)

1

o (|a(a)|2 e @ 4 8)5 <[ G(g;a)||:|a(§)|.e_¢7d/1(§)
Cho ¢ \u0 ta duogc
_e(&)
()| e < - j G(¢;a)|pa(¢)le 2 dA(g) (1.31)

Chon a(¢)=N(z;¢) theo dinh 1y 1.2.14 thi oo =oN(z;¢) =5 (2)
Thay vao vé phai va bién doi ta c6
[d(9] (&)

jG(: Q)pa($)e 2 di)= je(g a)e"5(z)e 2 dA(g)
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= e"(G(¢ a)e *%5(2)) =e”IG(z;a)e (1.32)
Tu (1.31)va (1.32) vathay a=¢, a({)=N(z;{) taco
|N (Z; é/)|e—rp(4)/2 < —e(p(z)G(Z; g)e—tp(Z)/Z

1
s IN@O)e Sl (0)]

<-G(z;4)

(dpcm)
Chirng minh dinh ly 1.2.18.
Ap dung lién tiép hai b ¢ 1.2.19 va2 1.2.20 vathay ¢:=¢/2 taco

[luf e*da< [[IN@:2)]|f () f @]e™ O PdA)dAz) (b6 dé2.19)

QxQ

<- j j G(&;2)|F()||f (2)|e?*DdA(L)dA(z) (bd dé2.20)

QxQ

(dpcm)
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Chwong 2. BAI TOAN & TRONG C" VA PANH GIA NGHIEM
2.1 Bai toan & trong C"
2.1.1 Ham chinh hinh nhiéu bién phic
Gia thiét Q 1a mot tip mo trong C". Cho u la ham bién phtic xac dinh
trong Q. ze€Q; 2=(2,,2,,...,2,); Z; =X +1y;; X;,¥; € R V] =1n; u:Q->C

va u e C*(Q) theo nghia thyc. Khi d6

du :Zn:a—udzj +Zn:8—£dz_j

j=1 Zj j=1 Zj

.. ou 1 ou 1loau ou 1lfou 1lou .
Voi =_| —+3 ,—==| —->—| Vi=Ln
oz; 2\ 0x; 1oy; ) 0zj 2\ 0x; 10y,

]

Dt au:Za—udzj ; EU:ZG—Edz_j
j:lazj j=1 8Zj

Khi d6 du =6u+au
Dinh nghia 2.1.1. Gid thiét Q 1a mét tip mé trong C", uld ham bién phirc
xdc dinh trong Q va ueC*(Q). Néu du=0 trén Q thi ta n6i ham u chink
hinh trong Q. Ki hiéu tdp cdac ham chinh hinh trong Q la A(Q)

Cho K 1a tdp compact trong ©, ta ndi ham u chink hinh trong K néu

ton tai mét lan cgn mé U ciia K trong € sao cho u e A(U)

2.1.2 Cong thike tich phan Cauchy trén da dia trong C"
Dinh nghia 2.1.2. (Dang vi phin C; ,(Q), p,q,keN;0<p,q<n)
Dang o e C;q (Q) néu  1a dang vi phin song bdc cé dang
a)zzl fydz, Adz, A...Adz; Az Adz), Andzy, (%)
Trong dé: | =(iy,1,,-,1,); 3 = (s Jpreeos Jg)
ZI |a tong ldy theo chi sé ting
f, eC*(Q)

Doi khi ta ki hiéu cho @ e C;q(Q) la: o= Z 9,0z, Adz,
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Dang vi phdn xdc dinh theo (*) con con duwoc goi tit 1a dang (p,q)
Dinh nghia 2.1.3. (Da dia)
1. Mot tap D < C" c6 dang

D:f!Dj :{z:(21,22,...,21.,...,zn):zj eD, Vi :1;_n}
=

trong dé: D; la cac hinh tron trong C “D; duoc goi la dia trong C” thi
D dwoc goi la da dia trong C"

2. Tap 1_[8Dj dwoc goi la khung cia da dia D va dwoc ky hiéu la 0,D

j=1
Dinh ly 2.1.4. (COng thizc tich phdn Cauchy trén da dia)
Gid thiét D 1a mét da dia mé trong C" va u 1a ham bién phirc chinh

hinh theo cac bién tich biét Z, V] =1n tai moi diém zeD. Khi dé, néu

ham u e C*(D) ta co

1 1 1

uig)=—-— : u(z)dzdz,..dz,, £eQ (2.1)
(271) oa=6 2-C, 2=,

Chirng minh

Cho ¢ €Q tly y, vi u la ham bién phirc chinh hinh theo cac bién tach
bigt z;, V] =1n tai moi diém ze D hon nita ham u eCl(B) nén lién tuc
trong D, Vj=1Ln
Ap dung cong thirc Fubini va dinh 1y 1.1.2 ta ¢

1 1 1 u(z,z,,...,2,)
u(g)_ZﬂiaL = aL"'ZﬂiaL (Cl—zl)(éz—zz)---(én—Zn)dzldzz"'dz" (dpcm)

2.1.3. Ung dung biéu dién tich phan giai bai toan o
Cho Q 1a mot tap mo trong C", xét bai phuong trinh éu = f (2.2)

Trong d6 f =) fdz, eCy (Q), ueC'(Q) laham can tim

=1

Ta thay (2.2) trong duong vé6i hé phuong trinh sau
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M _ ¢t vj=In

Néu (2.2) c6 nghiém u e C*(Q) thi 6ou =of =0 diéu nay twong dwong véi

af_ 2 2 -
o ou _ 0u iy iy
dz, 0,0z, 07,0z, 01,

r A r ‘A NP ‘A A A 61:] 8fk . PR
Do @6, hé (2.2) c6 nghiém thi diéu kién can 1a = o7 Vj,k=1Ln (2.3)
z, 01

Pinh Iy 2.1.5. (Baitoan 6 véiham f eCK(C"))

Gia thiét f, eCi(C") Vj=1Ln va théa man (2.3). Khi ds, (2.1) co
nghi¢m ueC/(C").
Chirng minh

Vi f, eCE(C") nén ton tai ham

1 1 -
u(z)=—|—f~.(z2,,2,..,2.)dt Adt 2.4
O] Pl (CLILARL AL (2.4)

Doibién t:=t—z suy ra

u(z):—ziﬂi(j:% (2, —:2, 2,2 )dt A dE (2.5)
Tur diéu kién f, e CS(C") két hop véi ruy ra ueC*(C")
Khi |z,| +|z,| +... +|z,| dulon thi f(z, -t;2,,2,,...,2,)= 0. Do d6 ueCy(C")
ou

Theo dinh Iy 1.1.2 thi —=f;
0z,

Voi j>1,tr(2.5)taco

ouz) 1 I} 0
0z,  2rmijtoz;

] C

f(z,-t,2,,25...,2,)dt Adt

Str dung diéu kién (2.3) ta co

ou(z) _ _ 1]} 0 fj(zl—t;zz,zs,...,zn)dt/\df
0z, 2ri .t 0z,

Theo dinh 1y 1.1.2 suy ra j—iz f.Vj=2;n

J
]
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Vay ham u xac dinh boi (2.4) cho ta nghiém cia phuong trinh (2.2)
Dinh Iy 2.1.6. (Bai toan 0 trén da dia)

Cho D la mgt da dia mo trong C" (n>1)va f eCJ (D) théa mén
diéu kién 0f =0 trong D. Néu D' 1a tdp con compact twong déi trong D thi
ton tgi ueC (D) saocho du= f trong D'

Chirng minh
Ta sir dung phuong phap chirg minh quy nap vé sy ton tai nghiém u theo su
khong c6 matcua dz,;dz, ,;..;dz. (0<k<n)trong f
Véik=0thi f khong c6 mat dz,;dz,;..;dz,, ma f eC? (D) nén f =0
suy ra nghiém u=0
Gia thiét dinh 1y dung v6i f Ia dang khong chira:dz,;dz, ,;...;dz, 0<k <n)
Ta ching minh dinh 1y cing ding véi f la dang khong chta
dz,;dz,,;..;dz,
Vi f la dang khong chira dz,;dz,,;..;dz. néntaco thé bidu dién f duci
dang sau: f=gadzc+h (2.6)
Trong d6 ge C;,(D), he C; (D) khong chira dz,;dz,,,;..;dz,
Véige C;, (D) taco bicu dién

g=> g,dz Adz, 2.7)

Suy ra ég:izl%di/\dzl Adz,
et |

]

Suy ra of (iZ%dEj/\dzlAdfjJAdfk +0oh

= i
Vi of =0 suy ra

(iz%dzmdz, AdEJJAdEHého 2.8)
=L

azj

Vi j>k tor (2.7) vado g va h doc lap voi dz,;dz, ,;...;dz, nénsuy ra
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Bu _g vj>k (2.9)
a .

Zj

Vay g,, la cac ham chinh hinh theo cac bién z; Vj >k
Bay gio ta chon ham G, la nghi¢m cta phuong trinh

0G,,
— 2.10
0z, 9u ( )

Dé giai (2.10) ta chon ham y eCZ(D,) sao cho y(z,) =1 trong mot lan D"

cua D' trong D va dat

1 1 -
G, (z) = o _[ v(z2)9,(20 0 20t 2y 2, )dE A dE

Dkt_zk

Suy ra

1 1 .
G, (z,) :—Z—MJ.EI//(ZK 00,22 1 2, 1,20 2,)dEADE (2.11)
Dy

Thi G,, eC”(D) va langhiém cua (2.10) trong D"

T (2.9) va (2.11) tasuy ra 29” =0 Vj>k (2.12)
Zj
Pit G=> G,z rdzs

Trong D" tacé oG :ZZ 88% dzjadz, Adz, (2.13)
[ Z;

Két hop (2.10), (2.12) va (2.13) ta c6

_ K, . _ _ _
GG:Z;Z z%]de/\dzl/\dZJ:g/\de‘Fhl (2.14)
= .

j
Trong d6 h eC7,,,(D) valadang khong chira dz,;dz,.,;...;dz,
Két hop (2.6) va (2.14) ta co

oG —h="f-h
Suy ra h—h="f-0G (2.15)
Suy ra d(h—h)=0f —66G =0

Theo quy nap ton tai dang vi phan v théaman ov=h-h (2.16)

27



T (2.15), 2.16) tacd ov=f —oG
Twong duong v6i (v +G) = f
Pitu=v+G thi au=f (dpcm)

* Trong khong gian C"xC", xét cac dang vi phan

o(z) =dz, Adz, A...AdZ,

W' ()= Y (DAL A AL AGE A DS, = (D7 A G
1

(¢.2)

Ménh dé 2.1.7. dpu=0

H= » (§) no(2)

Chirng minh

dyd{ L }a)*(g)/\a)(z)+ d(0'($) ro(2))

(¢:2)

Zn:(gjdzi +2,d¢)

—_nl2 — n (D¢, AdS A w(z) +
(¢:z) § JZ;‘ )

1
(¢:2)

no($) A w(z)

(¢:z)’
1 1
(¢:z)’ (¢:z)’

Gia thiét Q 13 mot mién 1i trong C". Xét 4nh xa 5: Qx Q — C" V6i gia thibt

=-n

o(C)Aw(z)+n o(C)Aw(z)=0 (dpcm)

ham s thoa méan hai diéu kién:
1. seCHQxQ)VA (S(¢;2);¢ —2) 20 V(L;2) e Qx Q¢ # 2
s(¢;2)<Clg —2); [(s(¢32):¢ —2)| = Cls —2f (2.17)
Déi v6i ¢ e Q; z thude tap con compact bt ky ctia Q, & day C 1a mot
hang s6 duong
2.V6imdi & €0Q:s(¢;.) 1aham chinh hinh trong Q (2.18)
Nhdn xét. Khi Q 12 mot mién 161, ta s& chang minh duoc ton tai ham s(¢;2)

thoa man cac diéu kién trén.
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That vay, Q 1a mot mién 18i thi ton tai mot ham 16i p e C*(Q) xac
dinh trén C" sao cho Q dugc x4c dinh boi:

={{eC":p()<0:p(¢) =0trén 60y} .

A A 82
Layma tran A:A(g):_p(g)l (84/ 84/ j (Ajk(é/))nxn

Do p 1a mot ham 16i x4c dinh 4m trén Q nén ma tran A c¢6 dang ma trin

Hermitian xac dinh duong.

Xay dung ham s:QxQ—C" véi s,(¢;2) = ZAlk(g) (& —z)vi=1,

Ta kiém tra ham s thoa man céc diéu kién trén;

* Hién nhién se CY(QxQ)va (s(¢;2);¢ —2) 20 V(;2) e Qx Q¢ # 2

*Taco: [s(&;2)|= \/Zs (&:2)s(C;2)

Trong do s, (¢;7) = z"_:Ajk(g).(Zk ~z V=1

Giasu &, =u, +iv,;z, =X, +1iy, thi

5,(C:7) = Zri:Ajk(.).(uk _ xk)+ii_Ajk(.).(vk —y, )V i=1n
gj(g;z):i_Ajk(')'(uk IZA]k() =Ln

Do d6 [s(&;2)|= \/Jzn;{(kzn; Ay ()-(u, - Xk)jz +(§ Ay (- (Vi = Yy )jz}

Ap dung bét dang thirc Bunhiacopski ta duoc

< S £m0 S e -x) 0 -n)]

=1 \ k=1

< 3[Sm0)56 e =)

=1 \ k=1 k=1
Do d6: |S(§;Z)|£C|§—Z|
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Hoan toan tuong tyu ta c6 ; Ks(g;z);g - z>‘ >Cl¢ - z|2
Vay (2.17) duogc thoa mén.
Ta ching minh hdm s thoa mén diéu kién (2.18).

Theo dinh nghia cua ham s, vai § € 0Q  ta co:

05(67) _ ry=— ’p _

oz o= agja_gk_o khike= ]
, G ___op 0 vilTE
Va " A O == ja_j+,o(g)_o vj=LIn.

Do d6, véi mdi ¢ € 6Q thi s(¢;z) 1a ham chinh hinh trong Q theo bién z.
Nhdn xét. Khi Q 12 mién 161, ton tai hdm s thoa mén céc diéu kién trén. Trén
co s¢ do, Koppelman xay dung nhan Koppelman c0 trong va khéng co trong,
tir d6 xay dung cong thirc nghiém cho bai todn & trong mién 15i Q.
Xét nhan Koppelman khéng cd trong
1 .

K= <S(§; - z>” o (s(¢;2)) Aw(S —2) (2.19)
Nhén xét: Nhan K dugc dinh nghia theo (2.19) la nhan chinh hinh véi ham s
thoa man céc diéu kién (2.17) va (2.18)

Goi K, lathanh phan cua K song béc p,q déi voi bién z va song bac
(n-p; n-g-1) d6i véi bién ¢ .
Xét nhan Koppelman co trong:
Xét dang viphan A(C;2)=e“"0 (&) A w(2)
Xét anh xa Q:QxQ — C" thoa mén diéu kién, véi mdi ¢ € dQ ¢b dinh thi
anh xa Q(¢;.) 1a mot ham chinh hinh trong Q.
Xét anh xa s:QxQ — C" théa man cac diéu kién néu trén
vateR" xét

N=A(Q+ts;¢ -2)=e" "0 (Q+ts) n (¢ —2)
Taco thé tich N =N, +N' véi N, 1athanh phan ctia N chira dt, N' Ia thanh
phan cta N khong chua dt
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Béng tinh toan truc tiép ta duoc

n-2
N, = —e'¥¢-otise) (t“‘lw*(s) Ao -Z)Andt+ ) ta A dtj (2.20)

k=0

Véi a, ladang khong chua t

Ménh dé 2.1.8.
1.dN =0
2.d,,N,=—d,N"

Ta dinh nghia nhan c6 trong

K = j N, véi gid thiét Re(s;¢ —2) <0 V(¢ #2 (2.21)

0
Suyra d, K =[d, N ==[dN'==N| =e*"0’ Q) ra -2)
0 0 0

pit P, =% "0’ (Q) A 0(¢ -2) (2.22)
thi d. ,K=P., va P, khong chta s
Néu Q=0 thi N = A(ts;¢ —2)=e™ "0’ (ts) A 0({ - 2)

Khi d6 N, =—e"t" " (s) A (¢ — z) Adt

Do d6 bang tinh toan tryc tiép theo tich phan timg phan ta dugc

K= OON ) -
lt e z)g_z>“"‘°’)”"“ 2)

la truong hgp nhan Koppelman khong co6 trong
Dinh ly 2.1.9. (Cong thizc Koppelman)

Gia thiét f €C.,(Q)
Khi do: voi >0 tacod

f(g)ch,q,n{ [ FOAK, &)+

(_1)p+q+1[jéf A Kp,q(g;.)—égj f A qul(g;.)j} (2.23)

voi q=0 taco
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f(g)ch,n{ [ FOAK, &)+

(1 p+1[ [t AK, ()-8 [F() A Pp,ql(g;.)j} (2.24)

Trong do

Goi K, lathanh phan ciia K song bdc p,q doi véi bién z va song bdc
(n-p;n-q-1) doi véi bién ¢ .

Goi P, la thanh phan ciia P song bdc p,q ddi véi bién z va song bdc
(n-p;n-q-1) doi véi bién ¢ .

Trong do K, P duoc dinh nghia nhu trong (2.21), (2.22)
Chirng minh
a. Chung minh truong hop >0, gia thiét ¢ l1a dang (p,q) tron véi gia
compact trong Q, ta s¢ chiing minh

[o) A f(é)ch,q,n{ [ #OATOAK, &)+

o0QxQ

(_1)p+q+1( [ () nat()AK, (&)= [ #(&)ndc | f(.)/\Kqul(C;.)j}

QxQ QxQ QxQ

= [p) A f(@)ch,q,n{ [ ) ATOAKE)+

o0QxQ

<—1)p+q+1( [ () ot ()AKE) - | dQ)nd: | f(-)AK(C;-)j}

QxQ QxQ QxQ

Véi £ >0 cho trude, dat Q, =QxQ\{({;2) e Qx Q¢ 7<)}
Xét | = j P A T(Z)AK,,(S52) (2.25)
o(QxQ)

Theo cong thic Stokes va vdi ¢ duong du nho sao cho 0< e < d(suppg;oQ)

ta co

1= [dpnfAK+ (D" [pndf AK+ [gafadk+ [ gafak
Q, Q, 0, | -2=¢

Tu (2.21) ta co
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|—Id¢/\f/\K+(1p+qj¢/\df/\K+I¢/\f/\P+ IZSRN

¢-2=¢
(2.26)
Vi cac diédu kién (2.17), (2.18) va cong thirc (2.21) ta co:
O(s)=0(¢ —7) (vi[s(£;2)|<C|¢ ~1|)
KO{ |S(§;Z)| nJO( 12n1J
(s(¢:2):i¢ - 2) < -7
(Vi Ks(g;z);g - z>‘2 Cl¢ - z|2)
Vi vay ba tich phan dau trong (2.26) hoi tu déu khi & \u 0 (2.27)

© © n-2
Xét K = j N, = j g\ttt [t"‘la)*(s) Aol —2)ndi+ Y ta A dtj
0 0

k=0
Tinh tryc tiép theo phuong phép tich phan ting phan ta thu duoc
—_1\1 (Q¢-12) .
K= DR (D) AwC —2)+ T, v6i T,=0(¢
(s(¢;2):¢ -2)
Str dung khai trién da thire Mac-Laurin cho ham e €<% ta thu duoc
K= (n-1)! :
(s(¢2):i¢ —2)
Do doé

2-2n
—Z|

2-2n
—Z|

w (S(C;2)) n( —2)+T, T, v6i T, =0(/¢

(n-1)! " .
pAfAK==lim oAt A- —0 (s(£;2)) hnoo($ —2)
otk | ot e e

= Cpan-[#A (2.28)

Cho ¢ \V0, tr (2.25), (2.26), (2.27) va (2.28) tasuy ra
j¢AijK [ onfAK+(ED™ [ padf AK

QxQ QxQ

+J‘¢/\J.f A P+Cp’q’nj.¢/\ f

= (- 1)p+q+1j¢Ad ijK+( 1)P+ j d~df AK

QxQ
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+J‘¢/\If/\P+Cp’q’nj¢/\f
Q Q Q
Véiq>0thi P, =0 nén tasuy ra

jmj f AKZ(—l)p+q+1j¢Adzjf/\K+(—1)p+qj.¢/\J. df AK+cp,q,nj¢Af

=P Ad, [ FAK+ (D™ [gA[fAK+C,  [on T
Q Q Q Q Q
@jw{j f /\K+(—1)p+qdz_[f AK+(—1)p+q+1Idf /\K}:Cp’q’njl¢/\f
Q oQ Q Q Q

o f(g):Cp,q,n{j FOAK, &)+

oQ

+ (—1)p+q+1[jéf ~K, (S5 —54_[ fA qul(cj;.)j} (dpcm)
o o

Trudng hop q = 0, lam twong ty ta c6 diéu phai chimg minh.
Dinh Iy 2.1.20. Gid sir Q 1a mgt mién 16i, ham s:QxQ — C" 1a ham théa
man cac diéu ki¢n (2.17), (2.18) va f eCl (Q) (q > 1) théa mén of =0.
Khi do phuong trinh (2.2) ¢6 nghiém

U(E) = (=D"C e[ F()AK,(:(S3) (2.29)

o

Chirng minh
Véi didu kién (2.18) voi mdi ¢ € 6Q thi s(¢;.) 1a mot ham chinh hinh trong

Q nén véi mdi £ edQ thi K, (¢;2)=0vq>1 va theo gia thiét of =0

nén theo (2.23) ta co
f (g) = (_l) p-*—q-*—ncp,q,n [_5§J. f A Kp,q—l(g;')j
= 5((—1) P+qCp’q’nJ. f A Kp’q_l(é/;.)j
Hay u($)=(-1) p+qCp’q’nJ‘ f()AK,.4(¢;) 1a nghi¢m bai todn (2.2)  (dpem)
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Hé qua 2.1.21. Bai todn & trong mién 16i luén c6 nghiém va cong thirc
nghiém dwoc cho boi (2.29)

2.2 Bai toan & trong mién gia 16i trong C"(n>1)

2.2.1 Mot sb tinh chét ciia toan tir xac dinh tr0 mat trong khong gian
Hilbert

Dinh nghia 2.2.1. Cho E, F la hai khong gian Hilbert, A:D, —> F la mg¢
todn ti tuyén tinh, véi mién xdc dinh D, la khong gian con cua E. Ki hi¢u
N, 1 nhan ciia todn tir A, R, & dnh ciia todn tir A va G, la do thi ciia todn
tir A. Khi d6: todn tir A dwoc goi la xdc dinh -0 mdt néu D, tru mdt trong E,
toan tir A duoc goi la dong néu do thi G, la déng trong E x F

Dinh nghia 2.2.2. Cho E, F la hai khong gian Hilbert, A:D, —> F la m¢¢
todn tir tuyén tinh xdc dinh trd mdt tir E vao F. Goi D, latip gom tat ca cdc
phdn tir y e F sao cho ton tai y" e F théa man (Ax,y)=(x,y") VxeD,.
Do D, tri mdt trong E nénnéu y" ton tai thi nd 1a duy nhat.

Khi do, toan e A" :D,. — E xdc dinh boi A'y =y duoC goi la toan tir lién
hop cua toan tir A

Ménh d@é 2.2.3. Cho E, F la hai khong gian Hilbert, A:D, — F 1a mét todn
tir tuyén tinh déng, xdc dinh tr0 mdt tir E vao F. Khi d6 ta c6 cdc tinh chat

sau

*

1. A" 12 toan tir dong xdc dinh tri mdt tir Fva0 Eva (A7) = A

2.N, =(R)" (N,.) =R, (R, ldbao ding cia R,)

3.N,=(R,)", (N,) =R, (R, ldbao ding ciia R.)

4. A 1a toan anh néu va chi néu A" c6 nghich ddo lién tuc. Trong
truong hop nay thi R . la dong trong E

5. Gid thiét Fo 14 khong gian con dong cia F théa m&n R, c F,. Khi

ds, R, = F, néu va chi néu ton tai mét hang sé dwong c sao cho:
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Iy| < C.HA*yH, vyeD,. NF,
Trong truong hop ndy, méi y € F,, ton tai x e D, sao cho

[x[<c.ly]. Ax=y
Va méi Xe(NA)L, ton tai ye DA* N F, sao cho
ly[<c x|, Ay=x

2.2.2 Ham da diéu hoa dwéi va mot so tinh chat
Dinh nghia 2.2.4. (Ham nua lién tuc trén)

Cho tdp mo Q< C", ham f :Q—)[—oo;+00) dwoc goi la nia lién tuc
trén tai z, € Q néu véi moi € >0 cho trude, ton tai s6 & >0 sao cho VzeQ
théa man |z —z,|<§ thi

f(z)-f(z))<e; f(z,)#—0
F() <2 f(z) =
£
Ham u dwoe goi 14 Niva 1ién tuc trén trong Q néu né nira lién tuc trén tai moi
diém thuéc Q
Dinh nghia 2.2.5. (Ham da diéu hoa duwedi)

Cho tdp mé Q< C", ham f :Q—)[—oo;+00) dwoc goi la da diéu hoa
duéi trong Q Nnéu théa man cac tinh chdt

1. f la nwa lién tuc trén trong Q

2. Vi moi 2e¢ eC";¢ =0 thi ham ¢:D —[-0;+0) xdc dinh

nhie sau @)= f(z+t) la ham diéu hda duwdi wén D Vvéi
D:{te(C:Z+t§eQ}
Tdp cdc ham da diéu hoa dudi trén Q dwoc ki hiéu 3 PS(Q)
Ménh d@é 2.2.6. Cho tip mé Qc C", ham f:Q—[—o0;+o0) va gid thiét
f eC*(Q). Khi do, f la da diéu hoa duéi tén Q néu va chi néu dang

Hermitian D'D" f (a) khéng am véi moi a € Q, tuc la
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n 2 _
DD f(@)=) 8(;_ ()b, 20 VaecQ;beC" (2.30)

jok=1 8Zj Zx

Chu y. Ham f c¢0 dang Mermitian (2.30) duwong v&i moi
acQ,vbeC",b=0 thi nguoi ta goi f 1a da diéu hoa dudi chat trén Q
Ménh dé 2.2.7. Cho tdp mé Qc C", ham f da diéu hoa dudi chat trén Q.

Khi d6, ton tai mét ham sé thuwc dwong @ € C*(Q;R) théa man :

n 2 _ n 2
DD f(@)=3 -2 ()b, >p(@) 3| vacobec (231)
j,k=182-82k j=1

j
Chirng minh

Néu b =0 thi (2.31) hién nhién ding, nén ta chimg minh v&i b =0

b

b
j=1

A A R , . n 2 ~ A A J4
Khbng mat tong quat ta coi Z‘bj‘ =1, vi néu khong ta xét b=
i1

Pt S :{b e :Zn:\bj\z :1}
-1

Gia thiét {Q j }O_O_l la ddy ting cac tdp con md, compact twong d6i trong Q va

thoa mén Q=| JQ,
j=1

Do f 1a ham da diéu hoa dudi chit trén Q nén

n 2 _ _
inf{z 8; (a)bjbk:Vaer;beS}cj>O Vji=12,..

j k=1 OZ;0Zy

Do {Qj}_=1 la ddy tang cac tap con mo, compact twong doi trong Q nén

{c, }il la mot day giam, duong va 1a ddy bi chian

bat Q,=9<. Khi d6 ton tai mot ham y e C”(Q;R) sao cho y Zi trén
C.
j

Qj \Qj_1 voimoi j=1,2,...

bat ¢ = L thi khi d6 @ € C*(Q;R) va thoa man (2.31) nén la ham can tim
v
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Dinh nghia 2.2.8. (Bao 16 diéu hoa)
Cho tdp mo Qc C", K 1a tdp con compact ciia Q. Bao 16i da diéu

hoa cua K trong Q duoc ki hiéu la Kgs va dwoc xdc dinh boi
K ={zeQ:u(z)<supu YuePS(Q)
K

* Cho §(z) 1a mot ham lién tuc bat ky trong C" va & >0 trir tai diém 0 va
thoa man §(tz) =[t|5(z) VteC,zeC"
Dit 5(Z;CQ)ZVEQJQ{5(Z_W)} (2.32)
Nhén xét: Hién nhién &(z;CQ) lién tuc theo z
Dinh nghia 2.2.9. (Tép gia 16i)

Cho tdp mo Q< C", Q duwoc goi 1a tdp gia 16i néu ham —logs(z;CQ)
la ham da diéu hoa dudi trong Q
Ménh dé 2.2.10. Cho Q 1 tdp md, gia 1oi trong C", K 1& mét tdp con
compact cua Q va 'V la mét lan cdn mo cua Kgs . Khi @6, ton tai mét ham da
diéu hoa dudi chat T €C*(Q) théa man :

1. Tdp {zeQ: f(z) <c} la compact twong déi véi moi ¢ e R

2. f(z2)<0VvzeK

3. f(z2)>0VvVzeQ\V

2.2.3. Todn tir 0 cho dang vi phan

Cho Q la mot tap mé trong C", ¢ la mot ham lién tuc trén Q, ta ki
higu L*(Q;¢) 1a khong gian cac ham trong Q binh phuong kha tich theo do
do e*d A, trong d6 dA 1a do do lebesgue. Hién nhién L*(Q; ) la khdng gian
con cua khong gian L?(€;loc) cac ham binh phuong kha tich dia phuong
theo do do lebesgue va ngugc lai, mdi ham trong L*(Q;loc) twong tng véi

mot ham trong L*(Q;¢) véi mot vai ham ¢ nao do.
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Ki hiéu sz’q(Q;go) la khéng gian cac dang vi phan (p,q) véi hé sb trong
L*(©2¢).
Xét dang vi phan f, g trong sz’q (Q;0)

f=> fydz, adz,; g=> g,dz ~dz, (I|=p;J3]=0)

Pit (f:0)=2f,0u |/=2|f[5(f:0), =] fge7da
1J Q

N

va  |f[f=]|f[evda (2.33)
Q

Nhdn xét. Voi tich vé hudng cua f, g trong sz’q (Q;0) duoc xdac dinh nhuw
trén thi ta co sz’q (2;0) la mot khong gian Hilbert
Dinh nghia 2.2.11. Cho Q la mot tip mo trong C", «, 8,y 1a ba ham trong
thuge C”*(; R)

1. Dgt D, lakhéng gian con gom tat cd nhitng ham f e L*(Q, o) sao
cho ham suy rong % e 2(Q, ) Vj=Ln

j
bat  A:D, - L(Q,B)

t o af=af =3 Tz,

=1 OZj

2. Pat D, lakhong gian con cia L2, (Q, ) gom tdt cd nhing ham

n _ a |
g=>9,d2; € L%(Q, B) sao cho ham suy réng 6_91_ ?k ()
=

Zk Zj
Vj,k=Ln

Dt B:D, - L2,(Q,7)

— 89 89 — —
> Bg=0g=) | =+——2% [dzx AdZ;
J 9= ;(azk azjj AR
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Ménh d@é 2.2.12. Cho Q la mét tdp mé trong C", a, B,y 1a ba ham trong
thuge C*(€2;R) va A va B la cac toan tu dwwoc xdac dinh nhu trong dinh nghia
2.2.11. Khi do

1. A latoan tu dong, xdac dinh i mdt tr >(Q,a) va L2 (Q, B)

2. B latoan tir déng, xdc dinh tri mdt tir L2, (Q, B) va L2,(Q,7)

3. Ry,cNg

B

Ton tai todn tir [ién hop 4™ ciia A va D, (Q) D, ,va néu

9=>9,dz,€D,. thi
=L
. 0, o 09 op
Ag=—e") — =—e*” .
| J-Z;‘&zj<g h Z(&z ‘821)
5. Néu p eD(Q)va f eD, thi o.f eD, va A(pf)=pAf +fé(0

6. Néu o e D(Q) va g e D, thi pg € D, va B(pg) = ¢Bg +ég0/\ g
7. Néu peD(Q) va geD,. thi pgeD,.va A'(pg) =pA'g-e“’gop
Chirng minh 4:

* Theo 1 ctia ménh dé ndy thi ton tai A" cia A

* Pé chimg minh Dy, (Q) c D, lay g = Zg d Z e D,,(Q) ta s€ chiing minh

j=1
geD,

That vay, lay f e D(A) ta co
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Suyra geD,. va A'g :—e"‘zaigje‘ﬂ
=1 02

j
Suy ra Dy (Q)<D,.
Tiép theo ta chimg minh cdng thic trén khong chi dung véi g e D, (2) ma

con ding v6i ge D,

That vay, lay geD,., g:Zgid Z_i va f eD(Q)c D, tacod

i1

(f:Ag) =(Af;9), Zjaf (9g7)da = [fei@ﬂge l

J—lg =LY

A « L 0 op
Viy Ag=-e*) — =—e*F —
AR ;az Ji° Z(az 95 J

Z]
Chirng minh 7.
* Voi peD(Q); geD,. thi hién nhién @g € D,
*Véi f eD,. Vadap dung 6 cia ménh dé nay ta co
(Afipg), :(g;Af;g)ﬂ :(A@f )— fé(g});g)ﬂ
=(Alf)g), ~(fo(e)rg)

= (g?f;A*g)a - If@Tg e ’dA

k;ji=1o

= (f:pA7g) ij—g e“Petd A

Gita O
- (150A), ~(tie""az0),
= (f;goA*g —e“_ﬂgégo)a vieD,
Viéy taco. A'(pg)=pA'g—e“"gop (dpcm)
Ménh d@é 2.2.13. Cho Q 1a mét tdp mo trong C" va {n;}", 1a mot déy trong
D(Q) sao cho 0<n, <1Vi trén Q va n, =1 trén moi tdp compact ciia Q

Vi i dii lon. Gid thiét ¢,y € C*(Q;R) sao cho |817i|2 <e” Vi trén Q va
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n 2 _ n
s (@b =[ 2oy @) +c@e"® |3 b vacQbeC" (234)
k=1

jik=1 8zj82k

c(.) la ham dwong. Dat a,B,y €C*(Q;R) la ba ham trong théa mén
a=p-2y;f=p—-y;y=¢. A, B la cac toan tw dwoc dinh nghia trong
2.2.11. Khido

A'g

[clole?dz<2|ag| +|Bgf vgeD, ND,
Q

Pdc biét, néu c Ia ham hang dirong thi ta c6

Mdi geN, c6 f eD, sao cho ||f||a£\E||9”ﬂ va Af =g

Mdi f e(N,) ¢ g e D,. N D, sao cho ||g||ﬂ S\E”f”a va A'g=f

2.2.4. Bai todn o cho mién gia 18i trong C" va danh gia nghiém
Dinh ly 2.2.14. (Pinh Iy ton tai nghiém cho bai toan o)

Cho Q la mét mién gid I6i trong C". Khi dé, véi méi g e L2 (€;loc)
théa man 6g =0, thi tén tai f e 2(Q,loc) sao cho of =g
Pé chirng minh dinh 1y ta can ba bo dé sau
Bé dé 2.2.15. Cho Q lamgt tdp mo trong C". Gid thiét {n,} 1a mot déy
trong D(Q) sao cho 0<7n, <1Vi trén Q va n, =1 trén madi tdp con compact
Cua Q Voi i du lon. Khi do, co mot ham y € C*(€;R) sao cho ‘éﬂir <e¥ Vi
trén Q
Chirng minh

Goi (U;);, la ddy ting céac tap con compact twong doi cua Q va phu

Q. it c, :supsup\éni(x)\2 Vj=Loo . Do dn, =0 trén U, khi i di 16n nén

i xeU;
C; <o Vj. bat U,=d, thi c6 mot ham 7 € C*(Q;R) sao cho 7 >c; trén

U, \U_,Vj=Loo
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Pit y =logz thi y 1a ham can tim
Bé dé 2.2.16. \\6i a 1a mot s6 thuc cho truée va f R — R 1a mér ham bj
chdn trén méi khodng cé dang (—»o;b), Vb eR va théa mén f(t)=0Vt<a.
Khi @6, véi méi €>0 cho trude, ton tai mét ham khéng dm, ting
g e C”"(R;RR) sao cho

g(t)=0Vt<a-¢
gt)>f(t) vteR

Chirng minh

* Thay ham f boi max{ f;0} ta c6 thé coi f 12 ham khong am
*V6imdi jeN, ditt;=a+(j-Le vac,=sup{f(t):t<t}

Suy ra ¢; <oo Vj vi f 1aham bi chan trén mdi khodng (—wo;b) Vb e R

Chon ham ¢; € C*(R;RR) sao cho

1 khit>t,
%00 knits<t,

Xétham g:R—> R

t—>g(t)= Z(Cm _Cj)(oj (t)

j=1

Vi véoi mdi teR, ton tai neN sao cho t<t <t  <.. nén
@;(t)=0Vj=n+1, vdy ham g hoan toan xé4c dinh
Vi g, eC*(R;R) = g eC*(R;R)
Theo dinh nghia cua c; thi {C j}?il la mot day tang, va theo dinh nghia cia
day ham ¢, thi day ham nay khong am, tang. Do d6 g 1a ham khong &m, ting
Mt khdc, khi t <a—g =t; thi ¢;(t)=0Vj=>1nén g(t)=0vt<a-¢
Bay gi¢ ta chung minh g(t) > f (t) Vte R.

That vay:
Voit<a thi gt)>0=f(t)
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Véit>a thitontai n>2saochot , <t<t , theo dinh nghia cia @; thi

c,=0vac,>f(t)do t<t, nénsuy ra

90 =3¢, )0, () + (¢, ¢, )0, 0

= rTz_l(cjﬂ - Cj) + (Cn+l - Cn)(on (t)

=c,—¢ +(c,,—¢C)o,{t)=c, +(c,,—cC)p,(t)>c, > f(t) (dpcm)
Bé dé 2.2.17. \Iéi a 1a mot s6 thuc cho truée va f R — R 1a més ham bj
chan trén méi khodng c6 dang (-o0;b), vbeR va thda mén f(t)=0Vvt<a.
Khi d6, véi méi £>0 cho trude, ton tai mét ham khong am, tang, l6i
g e C”"(R;RR) sao cho

gt)=0Vt<a-¢
gt)>f(t) vteR
g'(t)>f(t) VteR

Chirng minh
Theo bd dé 2.2.16 thi ton tai ham khong am, ting ¢ € C*(R;R) sao cho

p(t)=0Vt<a-¢
pt)>f () VteR

Ta s& ching minh ham ¢'(t) thoa mén cac gia thiét cua bd dé 2.2.16 véi a

duoc thay bang a—%.

D& thdy, ¢'(t) =0, Vt<a—%.

Bay gio lay b tiy y, beR, néu b+¢e < a—% thi hién nhién ¢' bi chan trén
(—o0;b+¢] (do @'=0 trén d6), con néu b+ & > a—g, trén khoang

(—oo;a—%j thi ¢'(t)=0, con trén [a—%;a+ ﬂ thi o' 1a ham bi chin.
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Vay ¢'(.) bi chan trén (—oo;b + g] véi b tuy y thuoe R hay ¢'(.) bi chan trén
(—o0;b) véi b tly y thude R
Theo bd dé 2.2.16, ton tai ham y € C*(R;R) sao cho

w(t)=0Vt<a-¢
{l//(t) >p'(t) VteR

bat g(t) = _t[ [p(X) +y (X)]dx VteR

Do ¢; € C*(R;R) nén g'(t) =e(t) +y(t) vasuy ra g e C*(R;R).

Tu tinh tang, khong am cua ¢,y Ién g'(t) cling 1a ham ting, khong am va

theo dinh nghia ciia ham g thi g(t) 12 ham khdng am, tang, 16i va
g't)ze)>f(t)vteR

Bay gio ta chung minh g(t) > f(t)Vte R

That vay

Néut<a—eg thi gt)=0= f(t)

Néut>a—g thi g(t)> j v (X)dx = j @'(X)dx=p(t)> f(t) YteR (dpcm)

Chirng minh dinh ly 2.2.14
Liy g, e L2(Q,loc) ma dg, =0. Pé ap dung ménh d& 2.2.13 ta xdy dung ba
ham trong o, 8,y € C*(Q;R) va thoa mén:

Ag| +|Bgl’ vgeD, ND,

0y € Ly(% B) va g} <|

Lay day {n,}.", 1a mot ddy trong D(Q) sao cho 0<n, <1Vi trén Q van, =1

trén mdi tip compact cia Q V&i i du 16n. theo bo dé 2.2.15 ton tai ham

w €C”(;R) sao cho Héﬂ. H2 <e” Vi trén Q

Tu g,e” e 2 (Qloc)= U L2,(Q,0) nén ton tai ham trong
)

ceC” (R
o eC”(;R) sao cho g, € L2,(Q,0) < g, € L2, (Q,0—v)
Bay gio ta tim ham ¢ € C*(€2;R) sao cho ¢ > o trén Q va
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n 82(0 b a n 2 n
J:Zk=:1 07,02« (a)bj bic= |:2|6W(a)|2 * c(a)e"’( ):|§|bk| VaeQ,beC

j
Theo ménh d& 2.2.10 ton tai mot ham da diéu hoa dudi chat ueC” (4 R)
sao cho K, ={zeQ:u(z) <t} 1a compact tuong d6i trong Q Vi moi te R

Theo ménh dé 2.2.7 ton tai mot ham sb thuc duong 7 € C*(Q;R) thoa mén :

n 2 _ n 2
D'D (@) = Y T (@)b,b, > p(@) Y| vacbeC
Lk:l@ZJOZk j=1

Bay gio ta xay dung ham y € C*(R;R) 16i, ting sao cho

xouzo
2.35
(rou)r=2(ouf +ev) (2.35)
Xac dinh ham v:R — R xac dinh boi
2oy @ +e0)

sup| |o(z)| + khit>infu
t s v(t) =1 2K, 7(2) @ (2.36)

0 khi t <infu

Q

Theo tinh chat cia hAm o,y va bang cach chirng minh twong ty tinh bi chin
cia ham ¢' trong bd dé 2.2.17 ta c¢6 v bi chin trén mdi khoang
(—o0;b)vbeR. Va ham v théa man cac gia thiét trong bd dé 2.2.17, do d6
ton tai mot ham khong am, 10i, ting y € C*(R;R) thoa man
x () 2 v(b)
{x'(t) >V(t)

Do d6, voi mdi z Q) tach

eR

2(U(@) 2v(U() 2|0 ()2 o (2)
2(oy @) +er)

)2 @)z =
2(oy @) +er)
@) 2vu@) 2 =
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Vay ham y thoa mn (2.35), dat ¢ = you, do x 1a mot ham khong am, 16i,

tang y € C*(R;R) nén ta co

d*(xou) ., glu
——=>(a)b, b > —b. b
Jzk:1 07,07« @ x (“(a)),%az oz !

2
)

., glu — ) IR | n
- 1%82 Ozx (a)bjbk . 2(|6l//(a)| +e ))'é‘bj‘ VaeQ;beC

]

Pat a=p-2y;B=p-y;y =9 thi g,eL;(Q,)
Ap dung ménh d&2.2.13 v6i c =1 ta co:

||g||2 < vgeD,. ND,

Do d6 ton tai ham f, € L*(Q,&) < L*(Q,loc) théa mén of, =g,  (dpcm)
Dinh ly 2.2.18. (Binh Iy | ddnh gia nghiém cho bai todno)
Cho Q la mgt mién gia l6i trong C" va ¢ 1a ham da diéu hoa dudi

chat thugc 16p C*(Q). Gia sir ¢(.) 1a mét ham dwong théa man

) "
c(a)Z\b\ ‘Jklaz(p(a)b b; VaeQ;beC

Néu fel?(loc) va of =0 thi phuong tinh du=f c6 nghiém
ue LZ(Q; loc) théa mén
2 [
[lufevda<2[—e*da
0 C
Chirng minh

2
Pit M zzjﬁe“/’d/lzo
o C

Cho Q la mot mién gia 16i trong C" nén theo ménh dé 2.2.10 ¢c6 ham

da diéu hoa dudi chat ueC”(;R) sao cho Q ={zeQ:u(z)<t} la
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compact tuong d6i trong Q voi moi teR. Vai t, ¢ dinh bat ky, 1ay day
(m);, =D(Q) saocho 0<n, <1Vi van,=1trén Q .,
Chon ham duong yweC"(Q;R) sao cho w=0 trén Q , va
e¥@>c(2) VzeQ

Do u 1a mot ham da diéu hoa dudi chit nén theo ménh dé 2.2.7 ton tai mot
ham sé thuc duong @ € C”*(Q;R) thoa mén :

pap

Jkla

(a)b b, _q)(a)Z\b\ VaeQ;beC"

Xac dinh ham v(t) nhu trong (2.36), ham v(t) =0 trén (—oo;t, +1) (vi lay

(—oo;t, +1) thi néu t<infu thi v(t)=0, con néu t>infu thido Q_cQ,
[9) [9) 0 0

nén y(t)=0vze{z:u(z)<t}, tacla v(t)=0)
Theo trong chirmg minh dinh 1y 2.2.14 thi v(t) la ham bi chan va théa mén
cac gia thiét coa bd d& 2.2.17 nén ton tai mot ham khong am, 16, ting
7 €C*(R;R) thoa man
yO>v(t) VteR
') >v(t) VteR
2(t)=0 Vte(—owo;t, +1/2)
Do d6 VzeQ taco
2(u(z)) 2v(u(z2)) = 2y (z)
2loy ()] +c(2)(e"™ -1) (2.37)
(2)
Mt khac, do y mot ham khong am, 10i, ting ¥ e C*(R;R) nén ta co

x'(u(2)) 2v(u(2)) 2

0, o 0?

Z%'(U(a))f(a).i‘bj‘
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> [2|81//(a)|2 +c(a)(e’® —1)1_211:|bj|2 VaeQ;beC"

Dit =0+ yolia=0-2y;f=¢-y,y =
thi 9—2y =@+ you—-2y > ¢ va

Zn: (0() ané(p(a)bb+z—8(" u)()bb

r=gesterd r=edterd o 07,02k

> [c(a) +2loy (@) + c(a)(e”™® —1)]Zn:|bj|2 VaeQ;beC"

> [c(a)e"’(a’ + 2|8y/(a)|2}j221:|bj|2 VaeQ;beC"

Ap dung ménh d& 2.2.13 ta c6
2 _
Ic(z)|g| e

Q

VgeD,. N Dy

Ap dung bét dang thirc Cauchy - Schwart ta co

(f9),f - -|j(ege ) e wjm

Ifge ﬂdi

SIE gy

< j(c|g|2 e“‘”“’)dij(@.e“’jdi (Vi ¢—2p >,y >0)
Q Q

sj(c|g|2eﬂ)d4(%.ew di i B=¢-y)

o]

*

s%(2||A*g||i +[Boff |=M|A'g

M
o L By’  vgeD,ND, (238)

Ta & chimg minh |(f:9), “<M|ag[ vgeD, (2.38)

Thét vy, tir L2,(Q;8) =N, +(Ng)" do d6 véimoi g e L2,(Q; ) thi
g=0,+0, V6i g, e Ng; g, e(Ng)"

Ma R, < Ny =g, €(R,) =(Af;g,),=0=(f;0) vf D,

Suyra g,€D,. va A’(g,)=0
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Do g9,9,eD,- nén g, =g-9g,eD,.=9,eN; D,

‘2
a

Hon nita tr f e Ng; gze(NB)L:‘(f;gz)ﬂ‘zo

Theo (2.37) thi [(;g,),[ <M |Ag,

=M|A'g

2
o

i VgeD,

2 =\(f:91)ﬂ\2 <M|A'g,

Xét toan tir tuyén tinh lién tuc

Suy ra ‘(f;g)ﬂ

c:R,.—>R
A'g |—>c(A*g)=(f;g)ﬁ vgeD,.
Tir (2.38) suy ra || <+/M . Theo dinh 1y Riesz, ton tai U, eR,. c L*(Q,a)
sao cho (f:g), :(uto;A*g)a vgeD,,
Suyra u eD,.=D,vaAu =A"(u )= f
Ngoai ra u, thoa mén

Huto H =[c|]<VM = Huto ‘ze‘“di <M
Q

= j ‘uto ‘ze‘“di < Huto‘ze“’di <M
Q Q

Matkhic a =9 -2y =p+ you—-2y =¢

2
Trén Q, ,,; taco I|uto| e’dA<M

Q

Léy déy t, -+ dé cho day {u, }w héi tu yéu dén u

j=1
: i

Tirdu, = f va flu/e“dA<M tasuyraduoc [luf e*di<2['—tevda
J Q Q Q C

(dpcm)
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KET LUAN

Luan van di dat duoc mot sd két qua sau:

1.

Dung biéu dién tich phan dé dua 161 giai bai toan cho bai toan o
trong C véi hai trudng hop: vé phai co gia compact va vé phai kha
vi vO han. Cho 15i giai bai toan & trong C" vé6i bdn truong hop: vé
phai c6 gia compact, bai toan & trong da dia, bai toan & trong mién

161 va bai toan o trong mién gia 10i.

. Pua ra dugc hai danh gia vé nghiém ciia bai toan o trong LP(Q;¢)

trong d6 Q c C.

. Pua ra mot két qua danh gia vé nghiém cua bai todn o trong mién

gia 16i trong C"(n >1).

Nhitng van dé vé cong thirc nghiém ciing nhu dénh gia nghiém cua
bai toan & cho mién 16i hay mién gia 16i Q = C" (n>1) véi vé phai
|a cac dang vi phan c6 hé sb trong LP(Q;¢) can dugc tiép tuc

nghién ctru.
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