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MG DAU

Ly thuyét phuong trinh vi phan ngau nhién da cé lich st lau doi va
dat dugc nhiéu thanh tyu ric rd vé ca 1y thuyét va tng dung. Trong cac
bai toan 1y thuyét, viec nghién ctu tinh én dinh ciia cac phuong trinh vi
phan ngau nhién 1a bai toan rat quan trong. Cac tai lieu vé su on dinh
mil clia md men cap p hoic on dinh mi hau chic chin ciing rat phong
phd. Tuy nhién, trong mot vai truong hop, khi 6n dinh mii ctia hé ngau
nhién khong xay ra, tic 1a hé c¢6 thé 6n dinh tiém can nhung toéc do dan
ve 0 c¢6 thé cham hon thi sy hiéu biét vé toc do on dinh cta hé ciing
quan trong déi v6i nhiéu bai toan hé dieu khien thue. Mit khac, déi véi
mot vai phuong trinh vi phan ngau nhién, duong nhu sé hitu ich néu ta
md rong viec phan tich on dinh mi thong thuong béi viec phan tich én
dinh v6i mot 16p ham phan ra on dinh tong quat hon. Sau day ching ta

hay nghién citu cac vi du sau:
Vi du 0.1. Xét phuong trinh vi phan ngau nhién Itd6 mot chieu
[ _
dXt - _1——|—tXtdt ‘I‘ (]. ‘|‘ t) lth, t 2 0,

véi diéu kien ban dau X, = xy € R!, trong d6 [ > 14 mot héng s6 va
W, 14 mot chuyén dong Brown mot chiéu.
Dé dang thay phuong trinh c6 nghiém hién
X; = (wo+ W) (147", t>0.
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Tw do suy ra
1 1 [
;log|Xt| = glog]:co—FVVt] — glog(1+t).

Ta co6
1
tlim glog (1+1¢)=0.

Mat khac, theo luat logarit lap,

lim sup Wi =1 hau chac chan.

oo /2tloglogt

Vi vay

1
lim sup p log |xo + W4

t—00
. lzg + Wy V/2tloglogt
= limsu :
t%oop V2t loglogt t
. V2t loglogt
= lim sup =

t—00 t

0 hau chic chan.

Do d6, s6 mii Lyapunov ctia nghiem X

1 N . ,
lim sup n log | X3 =0 hau chac chan.

t—00

Tuy nhién, ching ta lai thay rang

1 1 log (1 +1
g .| _ Bl £ Wl jlog (141
logt logt logt
va
log (1
lim 2L FD

t—oo  logt

Hon nita tir luat logarit 1ip ta dé dang chitng minh dudc ring

log |zg+ Wy 1

logt 2

Vay,

1 N / Z
limsup — log | X3| = =1 + = hau chac chan.
t—oo 1081 2
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Tic 1a, quy dao ctia nghiem hién X; tién t6i 0 v6i tdc do gidm clia ham

lity thita t* (v & —I + 1) v6i x4c suat mot.

Thuc té ta thay c6 nhitng phuong trinh ma nghiém ctia né tién t6i

khong con cham hon ham Ity thtta. That vay, xét vi du sau day:

Vi du 0.2. Xét phuong trinh vi phan ngau nhién It6 mot chieu

1 q
dX, = — + X, dt
! (2(1+t) (1+t)log(1+t)> !
F(1+1) P og (1+1) AW, t >0,

véi dieu kien ban dau Xy = 29 € R! | trong d6 ¢ > 0 1a mot hing s6
khong am va W, 1a mot chuyén dong Brown mot chiéu.

Dé& dang thay phuong trinh c6 nghiém hién
X, = (mo+ W) (1+1) “(log(1+14)7% ¢ >0.

Tw do suy ra

1 log|zg+ Wy 1log(14+t)  loglog(1+1t)
- log|Xi| = -3 - .
logt logt 2 logt logt
Ta c6
, llog(1+t)  loglog(1+1t) 1
lim ¢ —= —q = ——.
t—00 2 logt logt 2
Vi vay
1 . ) .
lim sup ont log | X¢| =0 hau chac chan.
t—00

Tic 13, nghiém tai thoi diém nay khong on dinh da thitc. Tuy nhién, néu
q > 0, thi nghiém 13 on dinh v6i téc do O (logt). That vay, tit cong thiic
clia nghiém hién X, ta co6

1 log |z + W;| — 3log (1 +t)  loglog (1 +t)
log | Xi| = —dq :
loglogt loglogt
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Dé thay
. loglog (1 +1t)
1 =1
i loglogt

Hon ntta tu luat 1ogarit 1ap, ta suy ra v6i moi € > 0 va t da 16n ta co

log |wo + W;| — 3log (1 +1)

loglogt

(logt —log (1 +t¢)) logloglogt log(1l+¢)
loglog t loglogt loglogt

1
< =
-2

Ta tinh dugce

y {logloglogt 10g(1+5)}:0;

t—oo | loglogt loglogt
lim (logt —log (1 +t)) _ 0
t—00 loglogt

Vay nén

lim sup log |Xi| < —¢  hau chic chan.

t—oo  loglogt

Lé ty nhién, cau hoi nay sinh tir cac vi du trén la: Ching ta cé thé
xét st on dinh véi ham phan ra téng quat thay cho ham mii ctia mot vai
phuong trinh vi phan ngau nhién duge khong? No6i cach khac, cho mot
ham téc do duong, tang thich hgp A (t), v6i gia thiét nao thi nghiém cia
phuong trinh vi phan ngiu nhién tiém can vé 0 véi ham van toc A (t) da
cho?

Bai toan 6n dinh tiém can theo nghia mo men cap p hoac on dinh
tiem can hau chic chan clia phuong trinh ngau nhién da duge nghién ctu
nhiéu trong céc tai ligu. Arnold [1], Bell va Mohammed [2], Has'minskii
[3] Ladde va Lakshmikantham [4], Lakshmikantham [5], Kolmanovskii
va Myshkis [6], va Kolmonovskii va Nosov [7] da dua ra cac diéu kien du

(va trong mot vai truong hop 1a diéu kién can) cho mot s6 phuong trinh



vi phan ngau nhién, chdng han nhu phuong trinh vi phan tré, phuong
trinh ham dé dam bao cho 6n dinh tiém can mi trén khong gian hitu
han chiéu. Mot vai két qué da duge md rong lén khong gian vo han chiéu
cho cac nghiém manh hodc nghiém yéu béi Chow [8], Haussmann [9], va
Ichikawa [10].

Luan vin nay dé cap dén su on dinh hau chic chin vé6i cac ham phan
ra tong quat nao do. D6 1a loai on dinh ma ngudi ta thuong thay trong
cac bai toan vat ly. Chiing ta sé phat trién mot chuong trinh Lyapunov
v6i cac tieu chuan on dinh hau chic chin c6é quan hé t6i cac phuong
trinh vi phan ngau nhién It6 tong quat. Dé dé& hiéu, ching ta nghién citu
phuong trinh vi phan ngdu nhién theo chuyén dong Brown mac du ¢
thé md rong hau hét cac két qua v6i Mactingale tong quat. Cu thé:

Chuong 1 néu ra mot s6 kién thic co ban ma luan van st dung;
Thanh 1ap mot vai két qua so lude lien quan dén phuong trinh vi phan
ngau nhién va cac phép toan cé vai trdo quan trong trong nhiing phan
sau; Dua ra mot dinh nghia chinh xéc vé tinh 6n dinh hau chic chin véi
mot ham phan ra tong quat.

Chuong 2 xét sy on dinh cia cic phuong trinh ngdu nhién It6 tong
quat va dua ra cac diéu kien da khac nhau dam bao dang diéu on dinh
hau chic chdn v6i ham phan ra tong quat.

Chuong 3 tap trung thiét lap céc két qua on dinh cho mot 16p cac hée
ngau nhién bi nhiéu.

Chuong 4 néi vé cac phuong trinh ngau nhién véi thoi gian tré.

Trong mdi mot chuong, mot sé vi du dude nghién ctu dé minh hoa
cho 1y thuyét.

Dé hoan thanh dugce luan van nay, Tac giad xin bay té long biét on



sau siac dén TS Leé Hong Lan - Trudng Khoa Khoa hoc co ban - Trudng
Dai hoc Giao thong Van tai, nguoi da truyc tiép huéng dan tac gia; Dong
thoi Tac gia cling xin bay toé long biét on chan thanh dén GS.TS Nguyén
Htu Du va nhém Semina cia Bo mon Toan sinh thai - Khoa Toan -
Truong Dai hoc Khoa hoc Tu nhién da gitup dé tac gid rat nhiét tinh
trong viec gop ¥, tim tai lieu tham khao va bo trg kién thic dé hoan
thanh tot luan van nay.

Mzc du da c6 nhiéu c¢d gang, song trong qué trinh thiyc hién khong
tranh khéi nhitng khiém khuyét, sai sét, vi vay Tac gid rat mong dudc
cac Thay Co gido va ban be ddng nghiép gop ¥ kién chan thanh de két
qua luan van dugc hoan thién hon.

Tac gia xin chan thanh cam on!



CHUONG 1

MOT SO KIEN THUC CHUAN BI

1.1 Céc kién thic co ban

Duéi day 1a mot so6 kién thic co ban dude st dung trong luan van.

1.1.1 Coéng thic Ito

a. Cong thitc Itd6 mot chieu.

Lay z (t), t > 0 1a mot qua trinh Itd mot chiéu c¢6 vi phan ngau
nhién
da (t) = f (t)dt + g (t) dW;
véi f € LY(RT;R) va g € £2(RT;R). Lay V € C?1 (R x R™;R).
Khi d6 V (z (t),t) cing la mot qua trinh It6 v6i vi phan ngau nhién
xac dinh bdi
dV (z (t),t) = [Vi(z (),t) + Vo (z (1) ,1) f ()

gV (w (6),1) 7 (1) it 4 Vi 2 (1), 1) g (6) AW,

b. Cong thitc Ité nhiéu chieu.



Lay  (t), t > 013 mot qua trinh It6 n - chiéu c6 vi phan ngau nhién
dr (t) = f(t)dt + g (t) dW;

Vo f(x,t) = (f'e 1)) S RY X RY — R v g (2,8) = (¢V),
R” x Rt — R™™ la hai ham Borel; con W, 1a chuyén déng Brown
m - chitu. Cho V € C?! (R" x R™;R"). Khi d6 V (x (t),t) ciling la

mot quéa trinh Itd v6i vi phan ngau nhién xac dinh bdi

2

1 —~ zk ]k: d
+3 Z > gt (= (2, 1) axiaij(:c,t) dt

+ Vo (x(t),t) g (t) dWV; hau chéc chan.

-
&,
I
—
o~
I
-

1.1.2 Bo dé Borel - Cantelli
Cho {A;} 1a mot day cac tap trong F . Dinh nghia gi6i han trén cia
day {Ax} xac dinh béi cong thiic

(0. O NG ¢]
limsup Ay = {w:w € Ay v6ivosd chisdk } = ﬂUAk

k—o0 1=1 k=i

B6 dé Borel - Cantelli phat bicu ring

1. Néu {Az} C Fva > P(Ax) < oo, thi
k=1

P <1im sup Ak> =0.

k—o0
C6 nghia 13 ton tai mot tap Qp € F v6i P () = 1 va mot bién
ngau nhién gia tri nguyén ky sao cho véi moi w € )y ta c6 w ¢ Ay

véi bat ki k > kg (w).



2. Néu day {Ax} € F la doc lap va > P (Ag) = oo, thi
k=1

P <lim sup Ak> =1.

k—o00
C6 nghia 1a ton tai mot tap Qy € F v6i P () = 1 sao cho v6i moi

w € ) ton tai mot day con {Ag,} sao cho w luon thude Ay, .

1.1.3 B4t dang thitc Gronwall

Chon 7" > 0 va ¢ > 0. Chon u(.) 1a mot ham Borel khong am, bi
chan, do dugc trén [0; 7], va v (.) 1a mot ham khé tich khong am trén

[0; 7). Khi d6, néu

t
u(t)<c+/v(s)u(s)ds véimoi 0<t<T
0

¢
u(t) < cexp /v(s)ds véimoi 0<t<T.
0

1.1.4 Tinh ton tai vA duy nhat nghiém

Cho (2, F, P) la mot khong gian xéac suat day dit véi bo loc {Fi},-
thoa man cac dieu kién thong thudng (tic 1a, né lien tuc phai va Fy
chita moi tap P ¢6 do do khong). Xét phuong trinh vi phan ngau nhién

[t6 n—chicu
dr (t) = f(x(t),t)dt +g(x(t),t)dW (t) tren to<t<T

véi diéu kién ban dau z () = ¢ € R". Trong d6 W (t) = (Wy(¢?), ...,

W)Y, t > 0 1a mot chuyen dong Brown m—chiéu; zg 1a mot bién
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ngau nhién F;, do dugc va nhan gia tri trong R"” véi ) <t < T < oc;
fiR" x [tg,T] — R" va g : R" x [tg,T] — R™™ la hai ham Borel. Sau
day 1a dinh 1y vé tinh ton tai vd duy nhat nghiém ctia phuong trinh vi

phan ngau nhién vira cho:
Dinh 1y 1.1. Gid st ton tai hai hing s6 duong K va K sao cho

(i.) (Diéu kién lipschitz) Vi moi x,y € R" va t € [ty, T
(@) =y OF Vg (2,t) =g (v, O < Klo —yls

(ii.) (Diéu kién tang khong qud tuyén tinh) Véi moi x,y € R" X [to, T
@ 0P Vg (@0l < K (1+2f).

Khi dé ton tai duy nhat nghiém x (t) ctia phuong trinh da cho va nghiém
nay thuoc M? ([to, T|; R").

1.2 Mot sd bo dé quan trong

Cho (2, F,{Fi},=, P) la khong gian xac suat day di véi mot bo
loc lien tuc phéi {F;},., chita moi tap P c¢6 do do khong ciia F. Cho
W, = (th, - th)T, t > 0 la mot Chuyén dong Brown m — chieu. Xét

mot phuong trinh vi phan ngau nhién n — chiéu

dXt - f (Xfyt) dt + g (Xtat) thvt > 07
Xo =19

(1.1)

trong d6 f (z,t) = (f*, ...,f”)T : R" x R — R" va g (z,t) = (gY)

R" x RT — R™™ 13 hai ham Borel; 2 14 mot bién ngau nhien Fy— do

nxm

dugc nhan gia tri trong R™. Dac biét, trong sudt luan van nay ching ta
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sé gia st rang Phuong trinh c6 mot nghiém toan cuc duy nhat duge
ki hicu Ia X, (z) € R™.

Ki higu C*! (R" x R™;R™), hosic don gian C*! (R" x R") 1a ho tat
cd cac ham V (z,t) : R" x R — R* ¢6 dao ham riéng cap 2 theo z
va dao ham riéng cap mot theo ¢ 1a cac ham lien tuc. Néu V (z,t) €
C*1 (R" x R"), ta dinh nghia céc toan ti L va @ nhu sau:

0
89@','

LV (z,t) = %v (2,t) + Z iz, t) =—V (z,1)

ln - ik ik 0
32020 @ 09" (00) gV ()

ij=1 k=1
va
QV (z,t) = zn:in:g’k(x t) g% (x,t) 0 V (z t)iV(a: t).
7 ij=1 k=1 7 - O " Ox; 7

Cho £%(RT;R™™) 1a ho tat ci cdc qua trinh tuong thich F; du bao
dugc; g = {g (t)},>, lay gid tri trong tap hop cac ma tran cap n x m sao

cho v6i moi 1" > 0,
T
/ lg(t)]?dt < oo hau chic chin,
0

trong d6 |-| biéu thi cho chuan ma tran.

Sau day 1a mot bo dé c6 vai tro quan trong trong luan van.

Bo dé 1.1 (Bét déng thitc mactinganle dang mit). Cho g = (g1, ..., gm) €
L? (R+;Rlxm) va T, a, B la cdac so duong bat ki. Khi dé

P{Oz@ [/Otg(s) A, — %/Ot \g(s)\st] > 5} <e (1)

Chiing minh. Xem tai liéu tham khao [11]. O
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Ngoai ra, trong qué trinh ching minh cac két qui chinh cta luan

van, ching ta con stt dung dén cac bo dé sau day.

B6 dé 1.2. Cho T > 0 va g (t) la ham lién tuc khong am zdc dinh trén
[0,T]. Gid st h(t):[0,T] — R" la mot ham Borel bj chan va hy > 0 la

mot hang so duong. Gid si

h(t)3h0+/0 g (s)h(s) (h(s) + 1) ds

dung voi moi 0 <t <T. Khi do,

h fg g(s)ds
h(t) < 0°
1 — (elo9s)ds — 1)p,

ding vdi moi t € [0,T] sao cho (efotg(s)ds —1)hy < 1.
Chiing minh. Xem tai liéu tham khao [12]. O

Bo6 dé dudi day vé bat dang thitc Gronwall mé rong sé duge ding dé
giai quyét tinh 6n dinh theo qui dao cho ham Lyapunov dang liy thita
phan thiic.

Bo6 dé 1.3 (Bat déng thic Gronwall mé rong). Gid s h(t), u(t) €
(

C ([0, T],R%) la cic ham lién tuc khong am. Cho w (t) la mot ham lién

tuc, khong am va khong giam zdc dinh trén [0,T]. 0 < a < 1. Gia st
t
h(t) < w(t)—l—/ u(s)h(s)%ds, 0 <t <T.
0

Khi dé,

1

ht) < {w(t)l_a—l— (1-a) /Otu(s)ds}la, 0<t<T

Chiing minh. Xem tai liéu tham khao [12]. O

13



Chol>0vad(.):[0,+00) — [0,{] la ham lién tuc bi chin nao do.
Bo6 dé sau sé duge st dung dé nghién ctu tinh on dinh clia cac phuong

trinh vi phan ngau nhién véi thoi gian tré.

B6 dé 1.4. Gid st T > 1> 0 va h(t) la mot ham lién tuc, khong am xdc
dinh trén [—1,T]. Chon w (t) la ham lién tuc, khong am, khong gidm zdc
dinh trén [0,T] va w(t), v (t) la hai ham lién tuc, khong am zdc dinh
trén [0, T). Khi dé, néu

h(t)gw(t)—l-/ou(s)h(s)ds—l—/ov(s)h(s—é(s))ds, 0<t<T
(1.3)
thi vor 0 <t <T, ta co

0% (w0+ o[ 1))

-exp{/ot ()ds+/0tv()ds}. (1.4)

Ching minh. Dat

z(t):w(t)—|—/Otu(s)h(s)ds—|—/0tv(s)h(s—5(3))d$
thi z (¢) 1a ham khong giam. Tit (1.3) ching ta c6
h(t)<z(t), 0<t<T. (1.5)
Hon thé ntta, vi 6 (.) € [0;1] nén:
*Voi0<s<ltaco—l<s—0d(s)<I. Do vay,
-Néu —1<s—6(s)<0thih(s—4d(s)) < [ sup h(r ]

1<r<0

-Néu 0 < s — 6 (s) <1 thi theo (L.5) ta c6 h(s—d(s)) < 2
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Tu do ta co

h(s—0(s)) < [ sup h(r)] +2(s), 0<s<lL

—1<r<0

*Voil<s<Ttaco0<s—4d(s)<T.Do do, theo (1.5 ta cod

his—6(s) <z(s), 1<s<T.

Vivay, v6i 0 <t < T taco

z(t)§w(t)Jr/Otu(s)z(s)der/Olv(s) [ sup h(r)] ds

—1<r<0

+/Otv(s)z(s)ds
<w(t)+ Llsgrp;oh(r)] /Olv(s) ds

—I—/O (u(s)+wv(s))z(s)ds.

Bay gi, sit dung bo dé Gronwall ta c6

2 (t) < <w (t) + /0 W (s) ds. [_ls;p; K (r)])

-exp{/otu(s)ds—l—/otv(s)ds}.

Thay két qua nay vao (|1.5) ta suy ra diéu phai chiing minh. O

B6 dé 1.5. Gid st T > 1 > 0 va h(t) la mot ham lien tuc, khong am,
zdc dinh trén [—1,T]. Lay w (t) la mot ham lien tuc, khong am, khong
giam, xac dinh trén [0,T] va u (t), v (t) la hai ham lien tuc, khong am.

0<pB<1wad(t) dugc dinh nghia nhu & trén. Khi dé, néu

h(t) <w(t) —I—/O u(s)h(s)ds —I—/O v (s)h(s —6(s)) ds, (1.6)
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thi ta co

ht) < exp{(ﬁ) /Otu(s) ds}

b
vdi N (t) = w (t) + [2 sup h (r)] Jo v (s)ds.

—1<r<0

Ching minh. Dat

z(t):w(t)+/0 u(s)h(s)d3+/0 v (s)h(s—6(s)) ds

thi 2z (¢) 1a ham khong giam. Tu ((1.6) ching ta c6

ht)<z(t),0<t<T (1.8)

Hon thé nita, tuong tu nhu I luan trong ching minh B dé 1.4 ta c6

h(s—é(s))ﬁ[sup h(r)}—i—z(s), 0<s<lI

—1<r<0

va
his—=46(s)) <z(s), [<s<T
Do do, v6i cha ¥ (|a| + |b])" < 2 (Ja|” + |b]") v6i a, b 1a s6 thyuc bat

ki va v > 0, ching ta c6

z(t)§w(t)—I—/Otu(s)z(s)ds—l—Zﬂ/Olv(s) [ sup h(r)]ﬂds

—1<r<0

+ 27 /Otv (s) z(s) ds
<w(t)+ [2 sup h(r)r/olv(s)ds-I—ZB/Otv(S)z(s)ﬂds

—1<r<0

+/0 u(s)z(s)ds. (1.9)
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Bay gio, st dung bo dé Gronwall ta cé

z(t)<{w(t)+ [2 sup h(r)]ﬁ/olv(s)dSnLQB/tv(s)z(s)ﬁds}

—1<r<0 0

.exp(/otu(sms).

7
bat N (t) = w (t) + [2 sup h (T)] Jov(s)ds, ta co

—[<r<0

2 (t) <N (t) exp ( /O o (s) ds)

+ (25 /O tv () z(s)ﬂds) exp ( /O tu(s) ds> .

St dung bo dé 1.3 ta ¢

2 (1) S{[N(t)exp (/Otu(s)ds>]16+exp (/Otu(s)cts)

1

-25(1—6)/tv(5)ds}1_

< exp <ﬁ /O t uo(s) ds> [Ny

1

128 (1 B) /Otv(s) ds}lﬁ,

khi d6 diéu can ching minh (1.7) duoc suy ra tir (|1.8)). O

Chiing ta két thic chuong nay bang viéc dua ra dinh nghia tinh én
dinh hau chic chdn véi ham van téc phan ra A () clia phuong trinh vi

phan ngiu nhién dang (1.1)).

Dinh nghia 1.1. Gid s ham duong A (t) T +oo, khit — 400, zdc dinh

vt moi t du lon, tic lat > T > 0. Gid su:

1. log X (t) la lien tuc deu trent > T.
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2. Ton tai mot hang so6 khong am 7 > 0 sao cho

lim su loglog ¢ <
T.

S Tog A (1) =

3. Voimois, t >T: AN(s)A(t) > A(s+1).

Phuong trinh hodac nghiém cua no duoc goi la on dinh hau chdc
chan vdi ham van toc X (t) > 0 vdi cap v > 0 néu va chi néu
log | X \ . ,
lim sup log | Xs (o) < —y haw chac chan (1.10)
o0 log A (t)

vdi moi xy la mot bién ngau nhien Fo— do duoge, nhan gid tri trong R™.

Ro6 rang, néu ham phan ra A (¢) 1a e, ¢ > 0 thi dan t6i 6n dinh mii

thong thuong.

18



CHUGONG 2

ON DPINH HAU CHAC CHAN

Trong chuong nay ching ta sé st dung ham Lyapunov dé nghién ctu
tinh on dinh hau chic chin ctia phuong trinh vi phan ngau nhién Ito c6

hé s6 bién thién theo thoi gian
dXt == f (Xt, t) dt + g (Xt, t) th, X() = X9 € Rn (21)

trong d6 f (z,t) va g (z,t) 1a cdc ham dugc gia thiét thod man cac dicu
kién thong thuong dé dam bao tinh ton tai va duy nhat nghiem.
Ta ciing luu § rang, trong chuong nay ta sit dung 7 dugce cho trong

Dinh nghia 1.1, ttc la

, loglogt
lim sup

< T.
Colog A (1) =

2.1 Dinh Iy

Dinh 1y 2.1. Gid st V (z,t) € C*1(R" x RT;RY) va oy (t), ¢ (1) la
hai ham lién tuc khong am. Gid su rang ton tai cdc hang so duong p >
0, m > 0 va cdc s6 thuc p, v, 0 va & (t) > 0 la mot ham khong gidm sao

cho
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1 zPA@)™ <V (2,1), (2,t) € R x RY

2. LV (2, 1) + £ (1) QV (x,t) <1 (t) + 92 (1) V (2,1), (w,1) € R" x RY;

3. lim Supt_)oo—log(ﬁ’;j\l(%)ds) <v, limsup,. foloiz)(\?z)d <0
lim inftﬁoollggf\g?) > — /.
Khi do nghiém cua Phuong trinh (2.1|) thoa man
log | X — 10 . , ,
lim sup M < f+7+ @V p) hau chac chan

(2.2)

vdi xy la mot bién ngau nhien Fo— do duoge, nhan gid tri trong R".
Chiing minh. Tt cong thitc Itd6 va dinh nghia ctiia L va @, ta co

V (Xi,t) =V (20,0) + /t LV (X, s)ds
R ik 0 k
+/0 ;;g (Xor8) 5V (X ) AW (2.3)
Do tinh lién tuc déu ciia log A (t) ta suy ra: v6i bat ki € > 0 ton tai
hai s6 nguyén duong N = N (€) va ki = ki () sao cho néu £ <t <
& k> ki (€) thi ta co

k
log A (2—N) —logA(t)‘ <e

Mat khac, 4p dung bat dang thic mactinganle dang mi, ta c6

oL 0
: (X, 8) =V (X, 8) dWF
{w Oiggw[/zzw 9Ly (x5 aw

1 k=1

—/t YoV (X,,s)ds
. 2

> U} <e ™

vOi u, v v w 1a cidc hing s6 duong bat ki.
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Dic biet, lay

k AN k—1 k

va ap dung bo dé Borel-Cantelli ta suy ra ton tai mot so nguyen ko (e, w) >

0 v6i hau khap w € Q sao cho

i (X, V (X,,s)dWF

E\ 1 k—1 k t
gg(Q_N) o (5) e (&) [0 e

voi moi 0 <t < 2 k > ko (e,w) V ki (e).

1=1 k=1

Thay két qua nay vao (2.3)) va sit dung diéu kién 2 ta thay

V (X, t) < g( )110g<k_1)+V(x0,0)—|—/0tLV(XS,s)ds

)QV (X, 8)ds

e
< ( > log<k2N )+Vx0,0)+/OtLV(XS,3)dS
(

+/0§sc2 (X, s)ds

ce() s (45) o

/ W1 () + s (5)V (Xs, 5)] ds (2.4)

voi moi 0 <t < Lo k> ko (e,w) V ki (€) .

Do d6, 4p dung bat ding thic Gronwall ta suy ra

V(x0,0)+g<2ﬁN>llog< >/¢1 ]

t
- exp (/ s (8) ds) hau chic chan,  (2.5)
0

V(X t) <
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voi 0 <t < 2%, k> ko(e,w) V ki (e).

(8 () [
+/0t¢2(3)ds

Slog{ V(xo,o)+§<%)_l+/twl (S)ds]
10g< )} /% ds i chific chin,

voi 0 <t < 2 k> ko(e,w) V ki (e).

Tw do suy ra

log V' (X4, t) <log

Vi vay, tit dieu kien 3 ctia dinh ly va tinh lién tuc déu ciia log A (t) ta
suy ra: véi € > 0 cho trude, ton tai mot s6 nguyen duong ks (e, w) sao

cho

log V' (Xy,t) < log

L (pte)
V (20,0) 4+ A (Q—N) + AT

k—1
+ loglog SN + (0 +€)log A (t) (2.6)

< log [V (20,0) + ee(“+€)>\(t)(“+6) T )\(t)(wre)}

E—
+ log log SN + (60 + €)log A (¢)

v6i moi % <t < iN k> ko(e,w)Vky(e)Vky(e,w).
Do doé ta co

lim su log V (X1, )
el log A (1)

<(wv4+e)V(ute)+7+0+e

Cho € — 0 ta ¢b

| X
lim sup gV (X, 1)

<uv 6.
PSP e VYR
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Cudi cung, st dung diéu kién 1 ta c6

, log | X¢ (zo)] _ .. 1log [A(t)""V (Xy,1)]
limsup ————— < limsup —
=0 log A (t) t—oo P log A ()
— vV 0 . . )
<z vVt T+ hau chac chan. (2.7)
p
Day chinh 1 diéu phai chitng minh. O

Dinh 1y 2.2. Liy V (z,t) € C* (R" x RT;RY) wa by (t), ¥ (1), U3 (1)
la ba ham lién tuc khong am. Gid s¢ rang ton tai cdc hang so duong
p >0, m>0wva cic s6 thuc p, 0, v, p va £(t) > 0 la mot ham khong

giam sao cho
1 |zfPA(@)™ <V (z,t), (x,t) € R x RT;

2. LV (z,t) + £(t) QV (x,t) < by (t) + b (1) V (. t) + 3 (t) V(x,t)",
x € R te R,

. log( Jy 1 (s)ds : ! (s)ds

3. lim suptﬁoo(k;’g—)\(t)) <4, lim Supt%oof(iog)(\(z) <v(l-a)
. ¢ s)ds .. o
lim sup,_, folcf?i(i) <p(l—-«), lim mft_)OO;Ogi((?) > — L.

Khi do nghiém cua phuong trinh (2.1)) thoa man

lim sup log | X ()] L _m= v+T+pVoVp

hau chdc chan
t—o0 log A (t) N p

vdi o la mot bién nhan gid tri ngau nhién trong R", Fo— do dudc.

Chaing minh. Chiing minh tuong ty nhu Dinh 1y 2.1, tit (2.4) ta suy ra

hau chic chan
1
V(X3 t) < 5(%) log (%) + V' (0, 0)
t
+ /0 (W1 (s) + 12 (8) V ( Xy, 8) +1b3(5) V(X 8)") ds (2.8)

23



voi t € [0, 2], k > ko (e,w) V ki (€).

Do dé6, ap dung bat déng thic Gronwall, ta suy ra hau chic chin

A - t
V(:IJO,O)+§(2—N> log 2N1—|—/0¢1(s)d3

+ /0 s (5) V(X s)o‘ds] exp ( /O 0 (s) d5>

voi moi 0 <t < 2, k> ko (e,w) V ki (€) .

V (Xta t) S

Ap dung bd dé 1.3, ta suy ra hau chic chin

(v (10,0) + & (%) " log (%)

[ore)on{forre)]

ra—aje ([ v /Ot¢3<s>ds}lla
Va0 +e(2) o () + [ o ds)

Fa=a) [ va(o)ds] exp (/w)d)}

(v w00 +(m) [0 ds)

[ ornela(ts)

1

([0}

voi moi 0 < ¢ < 2, k > ko (e,w) V ki (€) .

V(X t) < {

l—«

|
|

Do d6, tir diéu kien 3 va tinh lién tuc déu ciia log A (¢) ta suy ra: véi
e > 0 cho trude, ton tai mot sd6 nguyen duong ngdu nhien ks (¢,w) sao

cho v6i moi &t <t < Kok > ko (e,w) V ki (€) V ko (€,w) ta c6 hau chac
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chian

1 X, t) <

+)\(t)(1_a)(p+€)} + (v + €)log A (t) + log log

Vi vay

lim su log V (X 1)
e log A (t)

Cho € — 0 ta dugc

lim su lOg v (Xt7 t)
e log A (t)

Cubi cung, ching ta co

log { [V (20, 0) + e P NPT 4 A1)

11—«

+ €.

<(u+e)vV@+e)V(p+e)+rv+T1+e

<uVOVp+v+T.

log | X; ()| 1log [A#) ™"V (Xy,1)]

li <l —
R o < P

<

log A ()

- m—=[(uVOVp) +T1+V]

p

Day chinh 13 diéu phai chitng minh.

[]

Dinh 1y sau, dac biét la hé qua cua n6, déong vai quan trong trong

s~ s~ z, P . N N 2 . = .~
viéc nghién cttu cai goi la lam 6n dinh ngau nhién.

Dinh ly 2.3. Gid siu nghiém ciua phuong trinh

2.1

thoa man Xy (xg) # 0

vdi moi t > 0 hau chdc chan vdi dieu kién xg # 0 hau chdc chin. Gid

stV (z,1) € C¥H[(R” — {0}) x RT;R¥] va oy () € R, o () €RY, t €

R* la hai ham thuc lién tuc. Gid s rang vdéi moi x # 0 va t > 0, ton tai

cdc hang sop >0, m >0, v>0, u>0, 1 >a >0 va so thuc € R!

sao cho

L z|PA@)™ <V (x,t), (z,t) € (R" — {0}) x RY;
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2. LV (x,t) <y () V (z,t), z € R", t € RT;

3. QV (x,t) =y () V? (w,1),  €R", t €RY;

fot(/)g(S)dS > 2y

/. limsu Lf—“ili——«:e lim inf
. Pt—oo =0 logA(t) = 1-a’

log A(t)  —

logt po
log A(t) < 2

lim sup,_, o,

Khi do nghiém cua phuong trinh thoa man

i log | Xy (zo)| _ m+y—0—p
1m sup < -

Chiing minh. C6 dinh xg # 0 hau chic chan.

hau chac chan.

Ap dung cong thiic Ito suy ra

log V (X4, t) <logV (z0,0) + M (t)
¢
+/ (LV Xs,8)  1QV (XS’S>)ds, (2.9)

V(Xs, s) 9 V2(Xs, s)
0

t
trong do M (t fVXS ZZQ”‘“( )8V(Xs,s)dW§.
1=1 k=
Do tinh lien tuc déu cta log)\( ), ta suy ra: véi bat ki € > 0 ton tai

mot s6 nguyen duong N = N (¢) va mot s6 nguyen k; = ki (¢) > 0 sao

Chonéu%gtgfm k > kq (€) thi ta c6

k
log A (2_1\7) —log/\(t)‘ <e

Mat khac, 4p dung bat dang thic mactinganle dang mi ta c6

t
1
P w: sup M(t)—/ngV(Xs,s)ds >vp <e ™

0<t<w
0

v6i bat ki cac hing s6 duong u, v va w.
Dac biet, lay

k—1 k
2N ,'U}:2—N, k:2,3,...,

uw=a, v=2a 'log
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va ap dung bo dé Borel-Cantelli ta suy ra: ton tai mot s6 nguyén

ko (g,w) > 0 v6i hau hét moi w € Q sao cho

t
k=1 «a [QV(Xs)
o o vk, s
0

M (t) < 2a 'log

voi moi 0 <t < e, k> ko (e,w) V ki (€) .

Thay két qua nay vao (2.9) va stt dung cac diéu kién 2 va 3 trong dinh

ly, ta suy ra: véi € > 0 cho trudc, ton tai mot s6 nguyén duong ngau

nhién ks (¢, w) sao cho hau chic chin

—1
2N

k
log V (X;,t) <logV (x9,0) + 2o 'log

t t

s [ods—50-a) [uds

0 0
vii moi % <t < QiN, k> ko(e,w)Vky(€)Vky(e,w).

T dieu nay va cac dieu kien 1, diéu kién 4 trong dinh 1y, ta c6

log | Xi| <logV(Xt,t)_@
logA(t) = plogA(t) p
1 _
<— |1 t) +2a'1 0+ ¢)log A (t
< o (108 an )+ 207 og “ 4 (04 9 loga 1)
1 _
—5(1-a)(1-a) 1(27+6)10g)\(t))> —%.

Cho € — 0 ta ¢b

log | X. —0—
limsup—og‘ t(:):g)]<_m+fy a

hau chic chan.
oo logA(t) — P

Day chinh 13 diéu phai chitng minh. O

Bang phuong phap chiing minh tuong tu, ta dé dang suy ra hé qua

sau:
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Hé qua 2.1. Gid st nghiém cia phuong trinh|2.1| théa man X; (xg) # 0

vdi moi t > 0 hau chdc chan vdi dieu kién xo # 0 hau chdc chan. Gid
stV (x,t) € CPL[(R" — {0}) x RT;RT] wa oy (t) € RL o (t) € RT, t €
R™ la hai ham thuc lién tuc. Gid s rang vdéi moi v # 0 va t > 0, ton

tai cac hang so p >0, m >0, v >0 va s6 thuc 0 € R! sao cho
1 |zl <V (x,t), (x,t) € (R* —{0}) x RY;

2. LV (z,t) <y () V (x,t), z € R" t € RT;

3. QV (z,t) > by () V*(z,t), z € R", t € RT;

4. lim SUPt—mM <6, lim ianooM > 2.

Khi do nghiém ciua phuong trinh (2.1)) thoa man

log | X —0 . , .
lim sup M < N hau chac chan.
t—00 p

2.2 Vidu

Sau day, ta dua ra mot vai vi du minh hoa cho 1y thuyét da néu &

tréen. Dau tién, ching ta xét vi du 0.1 da cho trong phan mé dau.

Vi du 2.1. Xét phuong trinh It6 tuyén tinh mot chiéu

l _

v6i diéu kien ban dau Xy, = z9 € R!, trong d6 | > % la mot hang
s6, g(.) : R! — R! 13 ham liéen tuc Lipschitz khong tuyén tinh véi
lg(2)| < M, Vo € R, M > 1 (truong hop g (.) = 1 chiing ta c6 Vi du

0.1) va W, 1a mot chuyén dong Brown mot chiéu.
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Ching ta xay dyng mot ham Lyapunov nhu sau:
V(x,t) = (1+t)%2? t e R, z € RL

Ta tinh dugce

l
LV (x,t) =201 + ) a2 + (1 + )22 (—1 ~ tx)

+ %{(1 +1)7'g (x)}QQ(l +1)”
=g’ (z) < M*;

Qv (e.t) = {(1+1)7g (x)}2{2(1 1))
= 4(1 4 t)"2%¢? (x)

2

=4g° (2) V (2,t) < AM?V (2,1).

Dé dang suy ra rang v6i bat ki § > 1, ta co

! QV (z,t) < M* +

Lviz. )+ 401 + 1)’ M2 (1+1)°

V(z,t).

Ap dung dinh ly 2.1, ta c6:

1

1
(1+1)

Yi(t) = M2, s (t) =

5

Do do6, ta tinh dugc

t
1 d
i og [y (s)ds 1. log 12t 1
= limsu = limsu =
Y t_mp log A (%) t_mp log

)

ng (s)ds

. 1 (1407 -1
0 = li 0O .
1?5;11) log A () l?lil.fp 1—90 log t
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log & (t) 5 .f—10g4M2(1+t)5

li f
I{Eé? log A (t) t—o00 logt
— [log 4M?* + §log (1 + ¢
= lim inf [og 8 ( )} =—0=u=209;
t—00 logt
, loglogt _ loglogt
7 = lim sup = lim su =

t—00 1Og ( ) t—00 10gt
Thay cac két qua vita tinh vao (2.2) ta duge

y log | X¢ (x0)|
im sup ——*~

4] . ) )
< — (l — §> hau chac chan.
Cho § — 1, ta suy ra, véi bat ki [ > l , nghiém ctia phuong trinh da cho
14 6n dinh da thic hau chic chan. Hon nita, ching ta cé
1 1 N g ag
lim sup Toni log | Xy < — |1 — 5 hau chac chan.
ogt

t—o0

Nhan xét 2.1. Thay d6i mot chit trong Vi du 2.1, ta thu duge hé qua
r0 rang hon sau day.

Xét phuong trinh It6 mot chiéu
dX, = —IXydt + (1 +t) ' dW,, t >0

v6i diéu kien ban dau X, = 0, trong d6 [ > 0 14 mot hing sob.

Dé thay phuong trinh nay c6 nghiem hién
t
X, = / els(l + 3)_ldWS =e "M, t > 0.
0

Tw do suy ra

1 1
glog [ X = -1+ Zlog | My

Stt dung luat logarit lap

M N / /
lim sup ! =1 hau chac chan,
tsoo V2 < My > loglog < M; >
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ta suy ra dugc: v6i moi € > 0 va t da 16n ta co

M, < (14 ¢) /2 (M,)loglog (M,).

Do do6
1 1 1 1 1
Zlog | M| < 7 log (1+4¢) + élogZ + élog (M) + 5 log log log (M) ¢ .

Ta tinh dugc

1 1
lim p {10g(1 +¢€) + §log2} = 0;

t—00
1
tlim n log log log (M;) = 0;
t
log <f e?s (1 + 3)_2pds>

1
lim sup 0 = lim n log (M) = 2p.

t—00 t t—o0

Do d6 ta c6 s6 mii Lyapunov clia X;
. 1 X < <
lim sup i log|X:| =0  hau chac chan.

t—o0

Tuy nhién, lya chon ham Lyapunov thich hgp va st dung Dinh Ii 2.1, ta

suy ra, v6i bat ki [ > 3, nghiem la on dinh da thic. Hon thé nita,
: 1 1 s
limsup —log | X| < — (1 — = hau chac chan.
t—o0 logt 2
Vay 14, mac du 6n dinh dién hinh ctia phuong trinh vi phan thuong

dXt - —lXtdt,

cac hé s6 phan ra dang da thic ctia tiéng on 1a khong di dé dam bao on

dinh ma ctia hé nhiéu ngau nhién cta né.
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Nhan xét 2.2. Bing phuong phap tuong tu, v6i Vi du 0.2 ching ta dé

dang xay dung mot ham Lyapunov nhu sau. Véi § > 0 tuy ¥, gia sit
V(x,t) = (log (1 +1)* 2% t e R*, z € R".

Stt dung Dinh 1i 2.1 v cho 6 — 0, ching ta thu dugc 1a néu g > 0,

nghiém 14 6n dinh l6garit hau chic chin. Hon thé nita,

lim sup log | Xy| < —¢ hau chic chan.

t—oo loglogt

Vi du 2.2. Cho W, la mot chuyén dong Brown hai chiéu. Xét phuong

trinh vi phan ngdu nhién hai chiéu sau day

R R B N R P

y (t) —4 —6 y (t)
+(t+ 1) f (2, y,t) AW,

v6i dieu kien dau z (0) = 29 va y (0) = yo , trong do6 f : R? x RT — R2*?

la lién tuc Lipschitz va

f (@, 2)" <

v6i K 1a mot hang s6 duong.

Xét ham Lyapunov sau:
V (2,y,t) = 100(1 +t)* (172% + 262y + 10y%) .
Chung ta c6
L. V(x,y,t) > (1 —|—t)4 (a72 —|—y2) ,

2. LV (z,y,2) + (1 + ) >7QV (z,y,2) < 100(1 + 1) (4 [172? + 26zy
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(SIS

+10y%] — 702% — 1008zy — 42y%) + e (1 + )" (|2 + |y])

8§—1-3.75
(

+ (1 +1) x| + ly[)?

=

< es(1+ 0" (ol + [y)* < es(1+ 0PV (g, 0)",
trong do ¢; (1 <14 < 4) la tat cad cic hang s6 duong.
Do dé6, ap dung dinh Iy 2.2 ta suy ra

1 N Z Z
lim sup ond log (z* (t) +y* (t)) < —0.125 hau chac chan.
t—oo 108

Vi du 2.3. Cho cac s6 thuc o > 0, 3 € R}, xét phuong trinh vi phan
ngau nhién mot chiéu sau day

dXt == —OéXtdt + 6Xﬁth, t Z 0

XO = X 7é O,
véi Wy 1a qua trinh Wiener chuan mot chiéu.
Dau tien, tit phuong trinh da cho, ta c6 f(0,t) = 0 va g (0,¢) = 0. Vi
nghiém ctia phuong trinh 14 duy nhat, tit 2o = 0 suy ra X; = 0, ¢ > 0,
hau chic chan. Do do, Iy luan don gian nhu trong Tai liéu tham khéo
[13], ta co

Plw: Xy (x0) #0 véimoi t>0}=1

v6i diéu kien 13 zg # 0 hau chic chin.

Xét ham Lyapunov sau
V(r)=2* v R
Dé dang kiém tra dugc rang véi moi z € R, ¢ > 0,

LV (z,t) = =202 + f*2* = [-2a + (] V (2)
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QV (z,t) = 43*V? (x).
Do d6, ap dung Hé qua 2.3 ta suy ra véi bat ki s6 thue 5 € R! | nghiem

clia phuong trinh 14 on dinh mi hau chic chin. Hon thé nita,

og ol [
)]

lim sup 5+ oz] hau chac chan.

t—o0

Nhan xét 2.3. Cha y 1a két qua trong Vi du 2.3 triyc quan rd rang.

Thuec vay, dé& thay phuong trinh c6 nghiém hién sau

2
X, = zoexp {ﬁWt— (oz—l—%)t}, t>0.

Do do, véi bat ki # € R! nghiém 14 6n dinh hau chic chin. Tuy nhién,
bang tinh toan truc tiép, nghiém la on dinh mf momen cap hai chi néu
a > %2 Trong Tai ligu tham khao [9], dua vao 1y luan nita nhém cia
phuong trinh tién hoa, dé nhan dudc cac két qua vé su 6n dinh hau chic
chan cho mot s6 phuong trinh vi phan dao ham riéng cap 2 ngau nhién,
Haussmann chi ra rang dudi gia thiét kha han ché thi nghiém nhe (mild
solution) 1& on dinh mfi hau chic chin. Didu nay dudc suy ra nhu he

qua ciia on dinh mo6 men cap hai.
Vi du 2.4. Gid st A : Rt — R™" 1a bi chin va dat
[All = sup {[[A@)]| : £ = 0} .

Lay W, la mot chuyén dong Brown gié tri thuc va p 1a mot hing sé sao

cho u? > 2||A||. Khi d6, phuong trinh vi phan ngau nhién
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la 6n dinh mi hau chic chin v mii Lyapunov ctia né hau chic chin
khong 16n hon — (p?/2 — ||A]}) .
Thue vay, ching ta xay dung mot ham Lyapunov V (z,¢) = |z|°. Khi d6

LV (z,t) = 20T A(t) x + p2)2)* < (12 + 2| A]) =],
QV (x,t) = 44°|x|".

Vi vay, ap dung hé qué 2.3 ching ta dé dang suy ra

log ‘Xt‘

lim sup
t—00

u? . . )
< — (7 — HAH) hau chac chan.
C6 nghia la, mot hé tuyén tinh bét ki X; = A (t) X, ¢6 thé duge én dinh
héa béi chuyén dong Brown ma khong can thay doi gia tri trung binh

clia nghiém v6i dieu kien 1a A (¢) 1a bi chan.

35



CHUONG 3

SU ON DINH HAU CHAC CHAN CUA
HE NHIEU

3.1 Dinh Iy

Trong chuong nay ching ta sé xét phuong trinh vi phan ngau nhién

sau:
dY; = f (Y, ) dt + g Yy, t) dWy + F (Y, t)dt + G (Y, t) dW;,  (3.1)
vGi t >ty > 0 va hé khong nhiéu tuong tng cua né la
dX; = f (X, t)dt + g (X, t) dW; (3.2)
trong d6 f (z,t), g (x,t) va Wy 1a cac ham duge cho nhu trong chuong 2

con F=(F', ,F") :R"xR* = R"va G = (GV) :R"xR" —

nxm

R™™ 13 hai ham Borel. Cho mot hé én dinh, trong 1y thuyét dicu khién

ngau nhién, nhiém vu co ban cia giai tich viing la xac dinh loai nhiéu

nao lam hé khong méat tinh on dinh. Néi cach khéc, néu he (3.2) 1a on
dinh (theo nghia thich hgp), thi v6i nhing gid thiét nao he (3.1)) sé& on
dinh?

Trong chuong nay ching ta sé nghién ciu tinh 6n dinh ving hau

chac chan ctia hé tién héa ngau nhien (3.1) va (3.2) v6i mot ham phan
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ra tong quat. Cac phuong trinh st dung trong chuong nay déu duge gia
thiét 14 thod man céc diéu kien thong thusng dé dam bao tinh ton tai va
duy nhat ctia nghiém toan cuc. Chung ta ki hiéu cac nghiem 1a Y; (¢, yo)
va X; (tg, rg) voi didu kien ban dau lan lugt 1a Yy, = yo va Xy, = 0. Ta

cling luu ¥ rang trong chuong nay ta st dung 7 > 0 trong Dinh nghia

loglogt

1.1, titc 1a ton tai hang s6 khong am 7 > 0 sao cho lim sup,_, o) <

Dinh ly 3.1. Gid st ton tai cdc hing so duong 6, p, M, va ham cdc
khong am o (t), B (t), v(t) va &(t) sao cho vdi moi ty du lon, t > to,
tat cd z, y € R™ va vécto Xy, € R™ la Fy,- do dugc:

11X (X)) < pl X |PA(E — o)™, hdu chic chdn, t > to;
2 f(zt) = fy )] <alt)|z—yl;
3 gz t) — gy, )] < B(E) |v =yl
4o |F (1) < v (t), |G (2,0)]* < B(1);
s+1

5. sup,sy, [ o(u)du < M;

S

6.tj11/(u)du\/t_ftlﬁ(u)du§§(t);

trong dé £ (t) | 0 khi t — oo va théa man diéu kién la ton tai mot hdang

s6 duong p > T sao cho

1
lim sup g (1)

< —n.
P loga (1) = P

Khi dé. nghiém ciia Phuong trinh (3.1) cé tinh chat la

log |Y; —
e R0 07 (=)

hau chac chan.

vdi yo la vécto bat ki cho trudc trong R™ va la Fy, - do dugc.

37



Chatng minh. Lay € > 0 tuy ¥ va T > 0 1a da 16n sao cho moi gia thiét
dang véi t, to > T va 4pT ¢ < 1.
Co6 dinh ty > T va mot vécto tuy § Xy, = xo 1a Fy, - do duge.

Budce 1.
Vi tinh lien tuc déu cia log A (¢), ta suy ra véi € > 0 cho trude, ton tai
mot s6 nguyen duong N = N (¢) va mot s6 nguyen k; = ki (€) > 0 sao

cho véi 2N <t< szvl, k > ki (€), ching ta c6
k
log A o —logA(t)| <e

) t>@ k=1,2,.

bat Y (to, yo) = Y; va

¥ N

XF =X, (/;to Vi

Dau tién ta sé chitng minh réng véi € > 0 & trén, ton tai mot hing

s6 C = C(e,w) va mot s6 nguyén k = k(w) > 0 sao cho v6i moi

bo <p < B0 k> Etaco

—(p—7—¢)
Y, - xp|° <C>\<kt0) .

Ap dung cong thic Ito ta c6

v -
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t

+/tr [9(Ye,s) — g (X5, s) + G (Ye,s)] [ (Vars) — g (XL, 5)

oN

+G (Y, ) ds (3.3)

ding véi moi t > Ko k> ky (e).

AR

Ap dung bat déng thic mactinganle dang mi ta c6

ktg

t
Plw: sup /(YS—XE)T [9(Ys,s) = g (X[, ) + G (Y, 8)]dW,

5 [0 X (g9~ g (XEs) + G (1)

kto
oN

g (Vars) — g (XF ) + G (Vay8)) (Vs — XF) ds} S U} P

v6i bat ki cac hing s6 duong u, v va w.

Dic biet, lay

Eto\ kt kit k4 1)t
u:§<2—]\?> ,v:2§<2—]\?>10g2—]\?,w:(j;#,kzl,l..

va ap dung bo dé Borel — Cantelli ta suy ra: ton tai mot s6 nguyén

°)

ko (€,w) > 0 v6i hau hét moi w € € sao cho
t

[ =) (Vs = (Xhi5) + G (09w,

ktg
oN

t
kt kt kto\ !
< 2¢ (2—]3) 10g2—]$+g€(2—]\?> /IK—XﬂQ!g(%,S)—g(Xf,S)

oN
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—1
£G (Y, s)Pds < 2 (’“0)1 gy n§<kto>

x /ﬁ(s) Vo= XE 1] e = xE[as

o)
oN

(€,w) V ky (€) .
Mat khéc, tir gid thiét (2) va (4) trong dinh 1y ta c6

e . k+1)t
voi moi 5 <t < E,

/Y xk)" [f (Ye,s) — f(XE,s) + F (Y, s)]ds
/\Y X e (s) |Ys = X2+ v (s)]ds

</{o¢(s)‘Y Xk} + v ( )‘Y;—Xfrl—l—v(s)}ds.

Lai stt dung gia thiét (3) va (4) trong dinh 1y ta suy ra

t

/ tr[g(Vaus) — g (XE,s) + G (Ys, 5)]

x [g(Ys,s) — g (XE, s) + G(YS,S)]TCZS

§2n2/ﬁ(5) UYS—Xf‘Qle} ds
§2n2/ﬁ(s) UYS—XfrlnLQ} ds

véi moi Ko < ¢ < W > (€, w) V kg (€)
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Thay (3.3)), (3.4]), (3.5]) vao (3.6) ta c6 hau chac chin

kit kt kto\
v, — x}|° <4§< 0>10g2]8+2 g( 0)

(k+1)tg
oN

x / B(s) |[¥s = X5+ 1) [, - XE[ds
Kty
oN

+4 ] [oz(s) }YS—XﬂQ—%U(s) ‘)@—Xﬂ4+v(s)}ds

(k+1tg
2 k|4
+2n / G (s) [|YS—XS| +2] ds
(k+]{])to
kt kt
<4¢ (2—]\?> log2—]\? +4 / (v(s)+ B (s))ds
ktg
(k+1)tg
2V 1
+ / (2 5( ) B(s)+4a(s)+4v(s) +2n ﬂ(s))
kg
Y= XEP 1 v - xEas
(k:-i-]{])to
kt kto
<4¢ ( ) log2—N+4 / (v(s)+ B (s))ds
k%
(1t
+ 2n 1+&( = (B(s)+v(s))+al(s)
kto
Y= XEP 1 [ve - X (3.7)
v6i moi Mo < ¢ < B >k (e,w) V  (€).
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Cha ¢ gid thiét 5 va 6, ching ta co

(k+1)tg

7V(U(8)+5(8))d8< /N 71(U(U)+B(U))du ds

va

co{f)e(8)
7 ()ds<M<2—+1)

ktg
oN

Do d6 ton tai mot sd6 nguyen ngdu nhién ks (€,w) > 0 sao cho néu

k 2 ko (6,0)) V ]€1 (6) V ]{32 (E, w) thi

4¢ (kt()) log% +4 /NO(U (s) + B (s))ds
_exp | n® (kf)t()[(l +§<%> 1) (B(s)+v(s)+a (s)] ds — 1
kto

() () (3]
o))

< hau chic chan.

DO | —

Do d6, 4p dung Bé dé 1.2 cho (3.7) ta c6

i <o s () ek o (1) o ()
- exp [2n2 (;—NH) (M+1>}»
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voi moi 5% <t <

Wl e > g (e,w) Wk (€) V K (e,w).

T d6 suy ra: véi € > 0 cho trudc, ton tai mot s6 nguyén ngau nhién

k(o) > ko (€,w) V ki (€) V ks (€,w) sao cho

V01m01%§t<

Buée 2.

1
|Yt—Xt’“2§ZA<_

(k;},)to, k(w) > l:;(w

Bay gio ta di ching minh

(l%ﬂ')to

vOl Mol ~—x

2 N N T
Vi < (14 VIR ) A 50
2’”,

Sté(

l%+z‘+1)to
2N

kit~
)

) nhu yéu cau.

1> 1.

Ta sé chitng minh bang phuong phap quy nap.

—)]

Dau tién, stt dung diéu kien 1 va két qua chiing minh trong buéc 1, véi

b 4t ki (k;—H)to

Vi <2

<t<

<(1+

c6 nghia la

3.8

Gia stt n6 dung vé6i i > 1 nao dé. Ta co6, néu

Y,

‘ 2

(/~c+z+1)to7 ta c6

12
Y - X}

2N

—(p—7—¢)
_)\ (kto\ g

A

NN )
1

_A<@\

2

Yg)to

oN

ding v6i moi ¢ = 1.

kto

2N

2
+ 21X,

2

+ 2p Y@
oN

2 \ kto
oN
—(d—¢)
ktq
' A<2N>

" ) ~[(p-T-OAG-0)

(k+z+1>

<k+z

;
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oN

1 ((i+D)t\ P79 1 ) Y
< a2l a2
=9 ( ON ) BN EN
2 it \ "IN E=)
Mo
NG [(p¢e>A<5e>}+1A N )
=9 27\ 2N
2 N ~lp-r—e)A(5—e)]
Zt()
X (1 + ) A(Z—N)
< (1 +

2 . —[(p—7—€)A(6—¢)]
(Z -+ 1) t()
)\ <—2N ) |

C6 nghia la (3.8) cting diang véi ¢ + 1. Do d6 (3.8) da duge chitng minh.

+ 2P|Y(1;+i)t0

Y]tho

oN

Y];‘to
2N

Y

oN

Bay gio tu (3.8]) suy ra

log |Y, 2
lim sup og | Y (o)

t—00 ]og A (t) < - [(5 - 6) A (p - T — 6)] hau chac chan.

Vi € 1 tuy ¥, ching ta c6 diéu phai ching minh

log [Y: (yo)| . 0N —7)

lim sup ————"—~ hau chic chan,
o ” logA(t) — 2 " "
v6i moi t > ¢y va vécto yp la F, - do dugce. ]
3.2 Vidu

Vi du 3.1. Xét dao dong ngau nhién tuyén tinh

i(t)+ax(t) +bx(t) =p(t)e "W, t>1t,(>0),
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trong do6 p (¢) 1a mot da thiic theo t, va a, b, va p 1a ba s6 thyc duong.
W, ki hieu cho mét chuyen dong Brown mot chiéu.

bat y = =, phuong trinh It6 tuong tng la

0
d — B dt + th,
y (t) y (1) p(t)e

phuong trinh nay dugc xem nhu phuong trinh nhiéu ciia phuong trinh

sau
t t
MEIOR N O i,
y (t) y (t)
trong do
0 1
B pu—
—b —a

Chit § 1a B va — B 6 céc gia tri rieng an lugt 1a § { —a & (a® — 40) "}

va % {ai (a2 —4b)%} )
Dat A =4 {—a+ (a — 40)

N[

b va g =4 {a (a2~ )"} Tit Dinh
Iy 3.1, ching ta co:
1. Néu a® > 4b va p < &, thi
1
lim sup p log (2% (t) +4° (t)) < —2A+2(\o — p)

t—00

= —2p+ (a2 —4b)? hau chac chan.

2. Néu a® < 4b va p < 4, thi

limsup 1 log (2% (t) + &% (¢)) < —2p hau chic chan.

t—00
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CHUGONG 4

SU ON DINH HAU CHAC CHAN CUA
HE TRE NGAU NHIEN

4.1 Dinh Iy

Lay [ > 0 va ki hieu C ([—1,0],R™) 1a khong gian cdc ham lién tuc
xac dinh trén [—[,0] nhan gia tri trong R". Ching ta gidi thiéu maot

chuan trén khong gian nay:
[ull, = max {|u(s)] - = <5 <0}, v e C([-1,0],R").

Ki hieu L? (Q, Fy, P; C ([~1,0],R™)) 1a tat ca cic bién ngdu nhién 7 (t)
nhan gié tri tren C ([—1,0],R"), 1a Fy do duge véi E ||n]|; < oo .
Trong chuong nay ching ta sé st dung ham Lyapunov dé nghién citu
tinh on dinh hau chic chin cho mét 16p cac phuong trinh vi phan ngau
nhién vGi thoi gian tré:

dXt = f (Xt7 Xt—ﬁ(t)7 t) dt + g (Xt7 Xt—é(t); t) tha (41)
v6i diéu kien ban dau X; = n(t) € L*(Q, Fo, P;C ([-1,0],R")), —I <
t<0.0day f:R"xR*"xRT - R", g:R"xR"x Rt - R", ¢ €
L% (Q, Fo, P; C ([—1,0] ,R™)) va d (t) dugc dinh nghia nhu trong Chuong
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1. Ching ta ciing sé gia st rang Phuong trinh (4.1) ¢c6 mot nghiém toan

cuc duy nhéat, ki hieu 1a X; (n) € R", va gia sl ton tai mot hang s6 khong

am 7 > 0 sao cho lim sup loglogt .
o 08 A(t)

Gid sit V (z,t) 1a mot ham duong thuoe C?!, chiing ta dinh nghia céc

toan tit L va ) nhu sau:

LV (z,y, )——V (z,t) +Zfl z, Yy, t) 75—V (2,1)

2

< . 0
Z ik jk

ij=1 k=1

va
n m

. , 0 0
QV (z,y,t) = > > g* (x,y,)g"" (z,y,1) 5V (@) 5V (2,1).
i J

i.j=1 k=1

Dinh 1y 4.1. Lay ¢1 (t), 2 (t) va 3 (t) la ba ham lién tuc khong am.

Gid st véi moi x, y € R" vat > 0 , ton tai cdc hang so6 duong c; >
0, c2 >0, p>0, m>0, cdc 86 thuc p, v, 0, v va £ (t) > 0 la mot ham

khong tang sao cho

L ocr|zPA@)™ <V (x,t) < colx|’A(@t)™, (x,t) € R" x RT;

z, y €R" te€[0,+00);

: log  Jy ¥1(s)ds : ) Pa(s)d
3. lim supt_)oo% <w, limsup,_ . fologait)s <0,
lim sup; f‘ioﬁ?’iiz)d <y, liminf o 250 > —p

Khi do nghiém ciua Phuong trinh (4.1]) thoa man
log | X
lim sup og | Xy (n)]

+—00 log A (t)
— [T+ (V) + (cafer) 0 + (e2/cr) AD™]

— hau chdc chdn.

p
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Ching minh. Tt cong thitc Ito6 va dinh nghia cia L va @) , ta ¢o

t
V (X, t) =V (20,0) + / LV (XS,XS_(;(S), s)ds

+/ 33 0" (X Xt s) oV (s aWE (42

=1 k=1

Do tinh lién tuc déu ctia log A (t) suy ra: véi bat ki € > 0 ton tai mot s6
nguyen du’dng N = N (¢) va mot s6 nguyén ngau nhien k1 = ky (€) > 0

sao cho néu 51 <t < k> ki (e) thi ta co

k
log A (2—N) —log)\(t)‘ <e

Mat khac, 4p dung bat ding thic mactinganle dang mi ta c6

{w: sup [/ ZZglk Xy Xos(s )aiV(X s) dW*

0<t<w =1 k—1

/0 QV (XS,XS 5(s)y S )ds

> v} <e ™

v6i u, v va w 1A cac hang so6 duong bat ki.

Dic biet, lay

k AN k—1 k
'U,:2§(2—N>,’U:§<2—N> 10g<2—N),U}:2—N,k:2,3,...,

va ap dung bo dé Borel-Cantelli ta suy ra: ton tai mot s6 nguyeén

ko (€,w) > 0 v6i hau hét w € Q sao cho

[ 3D (KXo ss9) V() W,

=1 k=1

EN L (k-1
<e(pr) () e () [ @V (nxe s i

voi moi 0 <t < 2 k> ko (e,w) V ki (e).

Thay diéu nay vao Phuong trinh (4.2)) va sit dung diéu kién 2, ching ta
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thay hau chic chan
-1 B t
V (X, t) < (2%) log (k2 ) + V (x0,0) +/ LV (XS,XS_(;(S),S) ds
0
t k
+ /0 5 (2_]\7) QV (Xsa X8—5(8)7 3) ds
-1 B t
<& (2%) log <k2N ) + V (x0,0) +/0 LV (XS,XS_(;(S),S) ds
t
+ / 5(3) QV (Xsa Xs—é(s)a 3) ds
0o t
k k—
<e(3v) s (5) V@0 + [ i) eV
+¢3 (3) 4 (Xs—5(3)7 8)) ds (43)

voi moi 0 <t < 2, k > ko (e,w) V ki (e).
St dung két qua nay, diéu kién 1 trong dinh 1y va bd dé 1.4, ta co

hau chic chin

X PAD™ <V (X, 1)

v re(2) s (55) + [t
2\ /Ot vy (s) ds [_ls;lrzo 7 (r)\p“

t t
- eXp ( ; Z—?@bg (8) ds + /(; %)\(l)mwg (S) dS)

<

voi moi t € [0, 2|, k > ko (e, w) V k1 (€).
Do d6, st dung diéu kien 3 ta suy ra: v6i € > 0 cho truée, ton
tai mot s6 nguyén duong ks (€, w) sao cho véi bat ki jvl <t < 2%,

k> ko(e,w)V k() V ks (e,w) ta co

m € € k-1
log (c1| Xe[PA(£)™) < log |V (o, 0) + A(t) " log N
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@)\(l)m / s (9 dS[ LY )’p] A )(He]

1<r<0

— 'lp?( d8+ )\ / ¢3

< log [v (20, 0) +>\(t)(“+€ )+9 (t)<”+€>

/ - [_?Bﬁo’”(”‘p”

((9+6)10g)\()

+ log log 2N

€2

+ C—l)\(l)m (v +e) log A(t).

Do d6, ta suy ra hau chic chan

: log (c1| X [PA(t)™)
|
YT loga (1)

<(w4+e)V(pte)(l+e)+7+c¢
+ (/1) (0 + €) + (c2/c) M) (v +€).

Cho € — 0 ta dugc

P m
i sup LB (11X
t—00 10g A (t)

<vVpu+7+(cafcr)+ (ca/c1) AM(t)™  hau chic chan.

Cudi cling, ching ta c6

i DL 1108 PO @A)
t—oc  10g A (%) t—oo P log A (¢)
m—[r+ (V) + (/)0 + (c2fer) AID)™]
N p
hau chic chin.
Day chinh 13 diéu phai chitng minh. O

Dinh 1y 4.2. Lay ¢1 (t), 2 (t) va 3 (t) la ba ham lién tuc khong am.

Gid s vdi moi x € R va t > 0, ton tai cac hang so6 duong ¢; > 0, ¢y >
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0, p>0, m>0, cic s6 thuc pu, 0, v, p, 0 <a <1 wvaé&(t) >0 lamot

ham khong tang sao cho
Locep|zPA@)™ <V (x,t) < colx|’A(t)™, (x,t) € R" x RT;

2. LV (2,y, )+ (1) QV (z,y,t) < 1 (£)+1bo (1) V (z,8)+13 (£) V(y,1)7,
z, y € R" te€|0,+0);

. log fot P1(s)ds . b aba(s)ds

3. lim suptﬁoo(log—)\(t)) <46, limsup,_ . fologi(i) <v(l—a),
. lo tw s)ds .. o
lim supt_,oog(lfgg—;’((t))) <p(l—a), lim 1nft_>ooll()§§((?) > — .

Khi do nghiém cua Phuong trinh thoa man

lim sup log | X: ()]
m — 1+ (c2/cr) v+ pu VOV pl
p

< —

hau chdc chdn.

Chatng minh. Chiing minh tuong tuy nhu Dinh 1y 4.1, tu (4.3)), dieu kien

1 trong dinh 1y va bo dé 1.5 ta suy ra hau chic chin: véi € > 0 tiy ¥,

ton tai N > 0 va kg (€, w) > 0 sao cho

cr X "A()™

sonf ) e { (1) )

+ V (20,0) + [2 sup \n(r)\p]a

—1<r<0
Cg t t 11—«
. (—) A [ dst o) ds)
C1 0 0
« t ﬁ
+ (0_2) Qa)\([)o‘m/ V3 (s) ds} hau chic chan
C1 0

voi moi 0 <t < 2, k > ko (e,w).
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Do d6, tir dieu kién 3 trong dinh 1y ta suy ra véi € > 0 cho truée, ton
tai mot s6 nguyén ngau nhién k; = kq (¢) sao cho néu % <t< 2%, k>

k1 (€) V ko (¢,w) thi ta c¢6

log (1| Xi[PA(E)™) <22 (v + €) Tog A (t)
C1

E—1

+ log [(A(t)(’“‘+6)(1+6) log N + V (x0,0)

F A+ A0 [2 sup m(r)v’]
1

—1<r<0

t 1—a N o
X / 3 (s) ds) +C—22@A(z)amA(l)<1a><p+e>] |
0

C1

Tw do6 suy ra
log (c1| X4 |"A(£)"™)

I
P T g A (1)
<Tiet (v +e€)
1

+@+e)V(pte)V(nte) (lte hau chic chan.

Cho € — 0 ta dugc
log (1] X:[°A(H)"™)

lim su
t_mp log A (t)
ST-F@I/—I—/L\/@\/,O hau chic chan.

C1
Cubi cung, ching ta co
lim sup —log X1 (n)]
t—o00 10g A (t)
Llog [\(®) ™ (el XPA®™)]
m =T+ (e/a)r+puVoVp
p
Day chinh 13 diéu phai chitng minh. ]

hau chac chan.
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4.2 Vidu

Sau day ta dua ra hai vi du duge dé két thic chuong nay

Vidu 4.1. Gidstv >0, [ > 0. Gid st 7 (¢) : [-21,0] x Q@ — R 1a mot
qua trinh Fy do duge va v6i t > 0, xét phuong trinh It6 ngau nhién véi

thoi gian tré 1a hang (c6 nghia 1a ¢ (t) = 21 > 0) dudi day

dX; = (—vX; + X; o)) dt + 263 Vg (¢, Xy, Xy_o1) dWs,

(4.4)
Xy =n(t),t e [-2l,0]

trong do W, la chuyén dong Brown mot chiéu va ton tai mot hing sé
duong M > 0 sao cho |g (t, X;, Xi—o)|> < M.
Dé ap dung Dinh 1y 4.1, trude tién ching ta cht ¥ rang

4
| X Xi—a] < ’Y|Xt|2 + ;|Xt—21\2,

trong d6 v 1a hing s6 duong sé duge ¢ dinh sau do.
Mat khéc, dé két qua sau ding

4621/1

g

h(f}/):y—fy_ >07

chi can diéu kién sau la du

v — V2 — 16e* v+ V2 — 16e

< <
2 K 2

Do d6, stt dung Dinh 1y 4.1 v& xét ham Lyapunov V (z,t) = elz?, ta suy
ra: néu v > 4e”’, h () luon luén duong dé chon mot xap xi v sao cho
Phuong trinh (4.4) 14 6n dinh mii hau chic chdn. Hon nita, chiing ta cé

hau chic chin

1 X 4 2ul
t—o00 t Y
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Vi du 4.2. Ta xét phuong trinh vi phan tré mot chiéu sau

1 14877
dX; = ——dt-i-—Xt— + (1+¢)

———dW,
1+t 1+t 1+ X !

v6i didu kien ban dau X; = £(t), ¢ € [=1,0]. O day W, 1a mot chuyén
dong Brown mot chiéu va p, [ 14 hai s6 duong.

Xét ham Lyapunov nhu sau:
V(z,t) = (1+t)*2%t e Rt z e RL.

Tt d6 suy ra: véi bat ki § > 1,

LV(x,y,t)+4(1+t)5Q (z,y,1)
1 1 1
= ((1+t)5+1+t>v<x’t)+1—ﬁv(y’t)+1'

Stt dung Dinh 1y 4.1 va cho § — 1, ta c6 véi bat ki p > % nghiém 1& én
dinh da thitc hau chic chan.

Hon thé nita, ching ta c6

1 R . .
lim sup e log | X¢| < — (p — %) hau chac chan.

t—00

o4



KET LUAN

Két qua chinh ctia luan van nay la nghién citu tinh 6n dinh hau chic
chan ctia cic phuong trinh vi phan ngau nhién Ito6 hitu han chiéu. Theo
quan diém giai tich dé giai quyét nhiéu tinh hubng thuc té, ching ta
quan tam dac biét t6i ham phan ra 6n dinh tdng quat nao d6 (c6 trusng
hop dic biet 1a ham mi thong thuong). Luan vin da dua ra cac dicu
kién du cho cac loai phuong trinh vi phan ngau nhién khac nhau dé thoa
man tinh tiém can cia ching. Trong luan van, mot s6 vi du da dugc
nghién citu dé minh hoa cho 1y thuyét.

Huéng phat trién trong tuong lai ctia Tac gid vé dé tai luan van nay
14 nghién cttu tinh 6n dinh tiém can hau chic chin cho mémen cap p.

Mic du da c6 nhiéu c¢d gang, song trong qua trinh thuc hién khong
tranh khoi nhitng khiém khuyét, sai sot, vi vay Tac gid rat mong dudgc
cac Thay C6 gido va ban be dong nghiép gép ¥ kién chan thanh dé két
qua luan van dugc hoan thién hon.

Tac gia xin chan thanh cam on!
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