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LJi mé dau

Nam 1909, Thue [24] dua ra két qua sau day: “Cho f(x,y) la da thic
thuan nhat bac n lon hon 2, bat khd quy vdi hé so nguyén trén truong
cac 56 hiu ty Q va g la so nguyén khdc khong. Khi dé, phuong trinh
Diophantine

flz,y) =g (1)

chi ¢6 hiu han nghiém nguyén". Phuong trinh () thuong duge goi la
phuong trinh Thue va két qua ctia Thue da duge Landau xem nhu 13
“phat hién quan trong nhat trong Ly thuyét so6".

Cau hoi vé sd nghiem nguyén ctia phuong trinh ([0 1a ddi tuogng
nghién citu ctia nhiéu nha toan hoc cé tén tuoi trén thé gidi, vi du nhu:
Thue va Siegel da chitng minh rang véi diéu kién thich hgp phuong trinh
axr™ — by" = ¢ ¢6 nhiéu nhat mot nghiem. Nam 1982, Silverman [22] da
chiing minh v6i n = 3 phuong trinh Thue F'(z,y) = ¢ ¢6 it hon

RF(C)+1
nghiém nguyeén véi |c| du 16n, trong dé x > 1 va Rp(c) 1a hang cia nhém
Mordell-Weil ctia cac diém hitu ty trén dusng cong

F(z,y) = cz".

Nam 1991, Stewart [23] da wdc lugng s6 nghiém cho truong hop F(z,y)
1a dang da thitc bac n: “néu F(x,y) la da thic thuan nhdt bic n, bat khd
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Loi mé dau

quy va ¢ la s6 nguyén thi so nghiém ciua bat phuong trinh Thue
[F(z,y)| < c

bi chan bdi nc*™(1 + logc'/m).”
Roth da md rong cho truong hop ¢ la da thic bac nhé hon r — 2.

Khong chi dimg lai ¢ da thiic thuan nhat hai bién, Schmidt da tong
quat hoa dinh 1y Thue trong trudng hop nhiéu bién. Schmidt [T9] da xét
cho truong hop phuong trinh fi... f,. = g, v6i f; 1 cac dang tuyén tinh
(thuan nhat bac nhat) n bién va g la hang s6. Hon ntta, Schmidt [T7],
[T8 da chitng minh cho truong hop f; 1a cac dang tuyén tinh n bién va

bac ctua da thitc ¢ nho hon r — n.

Cau hoi dat ra 1a s6 nghiém nguyéen ctia phuong trinh (Il) sé nhu thé
nao néu cac da thic f;, ¢ khong nhat nhiét thuan nhat, véi bac va sb
bién tuy y7

Corvaja va Zannier trong bai bdo [6] da tra 16i mot phan ctia cau hoi

~

nay.

Muc dich chinh ctia luan van nay la chiing minh tinh khéng tru
mat theo to po Zariski cua tap cac nghiém nguyén ctua phuong trinh
fi...fr = g, trong d6 f;, g 1a cac da thitc n bién véi he s6 1a cac s6
dai s6, khi bac clia f; v g thda man mot sé diéu kién cu thé. Ngoai ra,
ching toi ciing dua ra mot cach c¢6 hé thong cac kién thitc co sd vé khong
gian to po, tap dai s6, gia tri tuyet déi, dinh gia, tap thuc su, do cao,
day chinh quy, Dinh 1y Khong gian con va Dinh 1y Siegel.

Luan van trinh bay cac két qua quan trong ciia bai bao [6] theo bo

cuc riéng cta chung toi.

Luan van gom 2 chuong:

Chuong 1. Kién thic chuan bi. Dugc trinh bay véi muc dich cung
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Loi mé dau

cap cac kién thic can thiét dé cho ngusi doc dé theo doi chitng minh
cac két qua ctia chuong sau. Trong phan dau ctia chuong nay, ching toi
nhac lai nhitng khai niem va két qua co ban vé Hinh hoc dai s6 va Dai
s6 giao hoan. Ching toi chi diém qua nhing khai niem va két qua chinh
c6 st dung trong chuong sau. Két qua quan trong nhat trong phan nay
14 Ménh dé 1.2.16., Nhan xét 1.2.21. Phan con lai ctia chuong nay, ching
toi trinh bay cic khai niém va cac két qua chinh ctia Ly thuyét sé nhu:
gia tri tuyet doi, dinh gia roi rac, tap thuc sy, to po v — adic, Dinh 1y

Ostrowski.

Chuong 2. M& rong phuong trinh Thue. Day la chuong chinh ctia
luan van. Trong chuong nay, ching toi sé chitng minh vé tinh khong trut
mat theo t6 pd Zariski ctia tdp nghiém nguyén ctia phuong trinh Thue
md rong khi bac ciia cac da thic tham gia théoa man mot s6 diéu kien
cu thé.

Chuong nay dudc chia thanh hai phan. Phan thi nhat, ching toi trinh
bay khai niém Do cao, Dinh 1y Khong gian con, Dinh 1y Siegel va chiing
minh mot s6 bo dé dude st dung nhiéu trong cac chiing minh sau.
Phan thi hai, trinh bay ching minh tinh khong trit mat theo to po
Zariski cia Z(QOg) trong Z va X(Og) trong X. Cac két qua chinh ciia
chuong nay va cting la ctia luan van 1a hai dinh 1y: Dinh 1y E22ZTH va
Dinh 1y

Luan vin nay dugc hoan thanh duéi sy huéng dan tan tinh ctia TS.
Ta Thi Hoai An. Toi xin bay t6 long kinh trong, ngudng mo va long biét
on vo han ctia minh dén Cob.

Toi xin gti 10i cam on dén cac thay gido, co gido ciia Khoa Toan -
Cao - Tin hoc truong Dai hoc Khoa hoc Ty nhién - DHQG Ha Noi va
Vién Toan hoc da tan tinh giang day va gitp dé toi trong khoa hoc Cao
hoc. Téi xin cam on Khoa Khoa hoc Ty nhién va Xa hoi - Dai hoc Thai
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Loi mé dau

Nguyén nay la Truong Dai hoc Khoa hoc va bo mon Toan ctia Truong
Dai hoc Xay dung da tao diéu kién thuan 1gi cho toi thyc hién ké hoach
hoc tap cia minh. T6i xin giii 10i cAm on Thay gido TS. Lé Minh Ha da
tan tinh giang day va gitp d6 toi rat nhiéu trong ca khoa hoc. Toi ciing
xin gii 10i cAm on dén ban be va dong nghiép da gitp do toi hoan thanh
khoa hoc.

Cudi cling, t6i xin dugc bay té sy biét on t6i gia dinh: me, em gai va
vo da tao dicu kieén tét nhat cho toi dude hoc tap va hoan thanh luan
van nay.

Ha Noi, ngay ... thang ... nam 2009
Tac gia

Nguyén Xuan Linh
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Bang ky hiéu

[E : k] béac cua E trén k.
A tap tat ci cic gia tri tuyet d6i Acsimét tren k.
S tap chia hitu han cac gia tri tuyét doi trén k bao gom ca A..

Osk vanh cac diém S- nguyeén trén k.
X(Og) =xNO0OL.

' _ Vv
N ~ (G1,Ga, ..., Gy N Vy
VN tap cac da thic thuan nhat bac N trong k[ Xy, X1, ..., X,].
Oy vanh dinh gia trén truong k.

O] hgp roi.
f < g xem Dinh nghia ZZT0
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Chuong 1

Kién thitc chuan bi

Trong chuong nay, ching toi sé nhic lai mot s6 tinh chat co ban
cia khong gian xa anh, dinh gia va nhiing kién thic lien quan khac nham
gitip cho nguoi doc dé theo doi. Cac khai niem va két qua ciia chuong

nay duge trich dan tw 2], 8], 9], [10], [13], [14], [26], ...

1.1 Khoéng gian to po

Dinh nghia 1.1.1. Khong gian t6 po 1a mot cap (X, 7) trong dé6 X 1a
mot tap hop va 7 1a mot ho nhitng tap hop con ctia X (7 C 2%) thoa
méan cac dieu kién sau:

i) Der, X e

(ii) NeuUy eTvalUyerthi Uy NU; € 7;

(iii) Néu {U;}ier 13 mot ho nhitng tap hop con ciia X va U; € 7 véi
moiterthh UU, €.

ter

Tap hop X goi 1a khong gian, phan ti ctia X goi 1a diém ctia khong
gian, mo6i phan ti ctia 7 goi 1a tdp hop md trong khong gian X. Ho 7 goi
la t6 po trén tap hop X.



Chuong 1. Kién thiic chuan bj

Dinh nghia 1.1.2. Gia st (X, 7) la mot khong gian t6 po va A C X.
(i) Tap hop A dugc goi 1a mot tap hop déng trong X néu phan bu
cia n6 X \ A la mot tap hgp mé trong X.

(i) Giao ctia ho tat ca cac tap hop dong chita A duge goi 1a bao déng
ciia tap hop A, ki hieu A.

Tap tru mat

Dinh nghia 1.1.3. Gia sit X la khong gian to6 po va A C B la cac tap
con ciia X. Tap A dudc goi 1a tra mat trong B néu A D B.

Dinh 1y 1.1.4. (Xem [2], Chuong II, Dinh 1y 3.4) Gia st A la mot tap
hop con ciua mot khong gian to po X. Khi do, A tru mat trong X khi va
chi khi moi tap hop md khdc rong trong X deu c¢é diém chung vdi A.

1.2 Khong gian xa anh

Dinh nghia 1.2.1. Cho k 14 mot truong. Khong gian za dnh n - chiéu
trén k, ki hieu P, hay don gian P" 1a tap hop cac 16p tuong duong cta
bo (ag, ..., a,) cac phan tit ciia k, khong dong thoi bang khong theo quan
hé tuong duong (ay, ..., a,) ~ A(ag, ..., a,) v6i moi A thude &k \ {0}.

Mbi phan tit ctia P" dude goi 1a mot diém.
Dinh nghia 1.2.2. Gia st 7' 14 mot ho cac da thitc thuan nhat trong
k[Xo, ..., X,]. Tap
Z(T)={PeP"|f(P)=0v6imoi feT}
ducc goi la tap khong diém ctia ho cac da thic thuan nhat ctia vanh
KXo, s X,
Tap khong diém ctia mot da thitc thuan nhat F dugce goi 1a siéu mat

xac dinh béi F. Dac biét, néu F 1a da thitc thuan nhat bac 1 thi siéu
mit Z(F) duge goi la siéu phang xac dinh béi F.



Chuong 1. Kién thiic chuan bj

Tap dai sb

Dinh nghia 1.2.3. Tap con Y ctia P* dudc goi 1a mot tap dai so néu
ton tai ho cdc da thitc thuan nhat T cta k[ Xy, ..., X,,] sao cho Y = Z(T).

Meénh dé 1.2.4. (i) Hop ciia hai tap dai so la mot tap dai so.
(ii) Giao cia mot ho tuy y nhimg tap dai so la tap dai so.

(i11) Tap hop rong va toan bo khong gian la nhiing tap dai so.

Chitng minh. (1). Gia st Y1 = Z(1T1) va Yo = Z(13).

bat Th'T, = {fg € k[Xo, ..., Xi,]|f € T1, g € T5}.

Ta sé chiing minh Y; U Y, = Z(T1T).

Gia st P € Y1 UY; thi hodc P € Y; hoac P € Y,. Vi vay, P la mot
khong diém ctia moi da thic trong 7775.

Ngugc lai, gia st P € Z(T1Ty) va P ¢ Y1. Khi d6 ton tai f € T} sao
cho f(P) # 0. V6i moi g € Ty, ta c6 (fg)(P) = 0. Do do, g(P) = 0 hay
Pey,.

(ii). Gia st Y, = Z(T,) 1a ho tuy ¥ cac tap dai s6. Ta sé chiing minh
nY, = Z(UT,). That vay,

néu P € NY, thi P € Y, v6i moi o hay f(P) = 0 v6i moi f € UT,.
Do d6, P € Z(UT}).

Néu P € Z(UT,) thi f(P) =0 v6i moi f € UT, hay P € Y, v6i moi
a. Do d6, NY,, 1a tap dai so.

(iii). Tap rong @ = Z(1) va toan bo khong gian P" = Z(0). Vi vay, tap
rong va toan bo khong gian ciing 1a tap dai so. O

Dinh nghia 1.2.5. Trén P" xac dinh t6 po vdi cac tap md 1a phan bu
clia cac tap dai s6 dude goi 1a to po Zariski.

Dinh nghia 1.2.6. Mot tap con khac rong Y ctia khong gian t6 po X
dugc goi 1a khd quy néu né bicu dién duge thanh hgp clia hai tap con
dong thuc su trong Y. Tréi lai, Y dudc goi 1a bat khd quy.



Chuong 1. Kién thiic chuan bj

Dinh nghia 1.2.7. Da tap dai s6 xa dnh (hay don gian da tap xa anh)
14 mot tap con dong, bat kha quy trong P".

Dinh nghia 1.2.8. Gia st Y 1a mot tap con cua P". Idéan
I(Y) :={f € k[Xo, ..., X;)]|f 1& da thtic thuan nhat va f(P) =0 v6i moi P € Y}

dugc goi 1a idéan thuan nhdt cia Y trong k[Xy, ..., X,].

Dinh nghia 1.2.9. Gid sit X 1a mot khong gian to po. Chiéu cia X
la supermum clia tat ca cac s6 nguyén n sao cho ton tai mot diy 7, C
7y C ... C Z, clia cac tap con phan biet, déng, bat kha quy cta X.

Chiéu ctia mot da tap W dudc xac dinh 1a chiéu ctia khong gian to
po cam sinh trén W.

Vi du 1.2.10. Chiéu ctia P" bang n (Xem [9], He qua 4.1.8).

Meénh dé 1.2.11. (Xem [4], Ménh dé 1.21) Mot siéu mat bat khd quy
trong P" c6 n — 1 chiéu.

Dinh nghia 1.2.12. Mot da tap r-chiéu Y trong P" dugc goi 1a giao
day du néu idéan thuan nhat I(Y) ctia Y dugce sinh bdéi n — r da thic
thuan nhat.

Dinh nghia 1.2.13. Gia st Y 1a tap dai s6 trong P". Vanh
S(Y) = k[ Xy, ..., X,,]/I(Y) dugc goi 1a vanh toa do thuan nhat cia Y.

Ménh dé 1.2.14. (Xem [I0], Ménh dé 1.2)

(i) Néu a la idéan sinh bdi ho cic da thic thuan nhat T thy Z(T) =
Z(a).

(ii) Néu Ty C Ty la cdc tap con cia vanh da thic k[ Xy, ..., X, thi
Z(Ty) C Z(Th).

(iii) NéuYy C Yy la cac tap con cia P* thi 1(Ys) C I(Y7).
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Chuong 1. Kién thiic chuan bj

(iv) Néu Y1,Ys la cdc tap con cia P thy I(Y1UY3) = I(Yy) N I(Ys).
(v) NéuwY la tap con cia P thy Z(1(Y) =Y (bao déng cia Y ).

Ménh dé 1.2.15. Mot tap dai so Y C P" la bat khd quy khi va chi khi
I(Y) la idéan nguyén to.

Chiing mainh.

Dieu kién can: Giad st Y la tap dai s6 bat kha quy va fg € I(Y).
Khi d6, Y C Z(fg). Theo Menh de [LZT4, ta c6 Z(fg) = Z(f) U Z(g).
Do do, Y C Z(f)UZ(g) Y = (Y N Z(f)) U (Y N Z(g))Vi Y bét
kha quy va (Y N Z(f)), (Y N Z(g)) 1a cac tap con déng ctia Y nén hoic
Y = (YN Z(f)) hoic Y = (Y N Z(f)).Vi vay, hodc Y C Z(f) hodc
Y C Z(g). Suy ra, hoac f € I(Y) hoic g € I(Y), hay I(Y) nguyén t0.

Diéu kién di: Gid st I(Y) nguyen t6 va Y = Y; U Y, véi Y7, Y,
la cac tap dai s6. Theo Menh deé [CZTA ta c6 I(Y) = I(Y1) N 1(Y2).
Vi I(Y) nguyén t6 nén I(Y) bat kha quy. Do d6, hoac I(Y) = I(Y7)
hoic I(Y) = I(Ys). V1 Y|V}, Y, dong nén theo Menh dé [CZTA ta c6
Z(I(Y)) =Y, Z(I(}1)) = Y1 va Z(I(Y2)) = Y5. Vi vay, hoac YV =Y
hodac Y = Y5, hay Y bat kha quy. O

Meénh dé 1.2.16. (Xem [9], Ménh dé 4.2.4) Cho X la da tap za dnh
cia P* va f € k[Xy, ..., X,)] la da thic thuan nhat khdc hang khong triéet
tieu hoan toan tren X. Khi do, dim(X NZ(f)) = dim X — 1.

Heé qua 1.2.17. Gid sit Z C P" la giao day du r-chiéu khong chia siéu
phang tai vo cuc Xo = 0. Khi dé giao cia Z vdi siéu phing Xy = 0 la
mot da tap v — 1 chiéu.

Chaing minh. Ap dung Menh dé [CZIQ véi X = Z va f = X,. %

Dinh 1y 1.2.18. (Xem [I3], Chuong 5, Dinh Iy 22) Cho R la vanh
Noether va R[X1, ..., X,)] la vanh da thic n bién. Khi dé

dim R[ X1, ..., X,;] = dim R + n.
Hé qua 1.2.19. Gid st k la truong. Khi dé dim k[X7, ..., X,,] = n.
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Dinh nghia 1.2.20. Cho R la vanh giao hoan c6 don vi va M la mot
R-modun httu han sinh.

(i) Ta néi rang = € R la phan ta M-chinh quy néu xm = 0 v6i m € M
kéo theo m = 0, néi cach khac, néu x khong 1a udc ciia khong ctia M.

(i) Day z1,...,x, € R dugc goi la mot M-day chinh quy (hodc M -day)
néu n6 théa man cac dieu kién:
a) x; 1a phan tit M/(x1,...,x;_1)M-chinh quy v6i moii = 1,...,n;
b) M/(xq,...,x,)M # 0.

Tu Dinh nghia ta c6 ngay nhan xét sau.
Nhan zét 1.2.21. 1. Néu z € R la phan t& M- chinh quy thi 2% €
R,k € N ciing 1a phan tit M-chinh quy.

2. Néu day aq, as, ..., a,, 1a R-day chinh quy thi @, as, ..., a,,, trong
d6 a; = a; + (1) € R/(a1)R,i = 2,m la R/(a;)R-day chinh quy.

Dinh 1y 1.2.22. (Xem [I3], Chuong 6, Dinh 1y 31) Cho (R, m) la vanh
dia phuong Cohen - Macaulay. Khi do day aq,as,...,a, € m la R-day
chinh quy kht va chi khi

dim R/(aq,...,a,)R = dim R — 7.

Dinh nghia 1.2.23. Gia sit R 1a mot vanh giao hoan va M 1a mot R-mo
dun. Mot day M = My 2 My 2 ... 2 M,, O ..., trong d6 M,, la cac mo6
dun con ctia M, duge goi la mot loc cia M va ky hiéu la (M,,).

Dinh nghia 1.2.24. Gia st M = & M; 1la mot S- md dun phan bac
l€Z

trén vanh da thic S = k[Xy, ..., X,,]. Ham Hilbert Hy; cuia mé dun M
dugc xac dinh béi
HM(Z) = dlmk Ml

v6i moi | € Z.
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1.3 Gia tri tuyét doéi

Dinh nghia 1.3.1. Cho k la mot truong. Anh xa | .|, : k& — Rt dugce
goi 1& gid tri tuyét doi trén truong k néu thoa man cac dicu kién sau:
(i) |z|, > 0, v6i moi x € k;
(ii) |z|, = 0 khi va chi khi z = 0;
(iil) |zyl, = |x|o|ylo; v61 moi z,y € k;
(iv) |z +ylo < |z|o + |y|y, V61 moi z,y € k.
Néu thay diéu kien (M) bang diéu kién manh hon
(v) |z +yl, < max(|x|y, |y|y), v6i moi z,y € k thi |.|, duce goi 1a gid
tri tuyét doi phi Acsimet.
Gia tri tuyet d6i ma |z, = 1 v6i moi x € k* dudc goi 1a gid try tuyét doi
tam thuong.
Vi du 1.3.2.
(a) Cac gia tri tuyet doi thong thuong trén truong s6 thuc R va
truong so6 hitu ty Q 1a cac gia tri tuyet déi tren R va Q.
(b) Cho p la mot s6 nguyen t6. Anh xa
U Q — Rt
r=p — Z%
trong d6 (m,p) =1, (n,p) = 1,m,n,r € Z,v,(0) = 0, la gia tri tuyet doi
phi Acsimet tréen Q va duge goi 1a gid tri tuyét déi p — adic.
(c) Cho k la mot truong sd bat ky va cac phép nhing
o1 k— R
o9 k — C.
Khi d6, anh xa
||, k— RT
xac dinh béi v6i moi a € k, |al, = |o1(a)| hodc |al, = |oa(a)|? 1a cac gia
tri tuyet doi trén & va tuong tng dudce goi 1a cac gid tri tuyét doi thuc
hodac phaic.
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Nhan zét 1.3.3. Mot gia tri tuyet doi | .|, trén k x4dc dinh mot metric
trén k£ v6i ham khoang céch d(z,y) = |© — y|,. Do d6, xéc dinh trén k
mot to po. To po xac dinh bdi gia tri tuyet doi p-adic duge goi 1a o po
p-adic. To pd xac dinh bdi gia tri tuyéet doi v duge goi 1a t6 po v-adic.

Meénh dé 1.3.4. Cho k la truong ciing vdi gid tri tuyét déi phi Acsimet
.|y va o, e, ..., an, € Kk, |aily < |aqly, vdi moii > 1. Khi do,

(i) 1| =1, =1 =1,| — x| = |z|, vdi moi x € k;
(ZZ) ‘;O‘ilv: |041|v;

(0.0 (0.9
(iii) néu chudi > a; hoi tu thi | Y aily = |ail,.
i=1 i=1

Ching minh. (i) Ta c6, [1]* = |1.1| = |1]. Suy ra, |1] = 1.
Hon nita, do | — 1> =|(=1).(=1)|=|1| =1nén | — 1] = 1.
Véi moi x € k, | — x| = | — 1||z| = |z|.
(ii) Chung ta chiing minh bang phuong phap quy nap theo n.
- V6i n = 2, gia st |aq], > |asl,, ta co
|y = |(o1 + o) — sy, < max(far + sy, [azl,)
Ta lai co,
oy 4 apl, < max(|o |y, |aol,) = |ai],.

Nhu vay,

|y < a1 + asly < oo
Do dé6, |a1 + asl, = |aq]e.
- Gia sit dung dén n — 1, ta can chiing minh dang véi n.

n
Ta co, | > aily < max|a;|, < |ag,.

n n
Khi d6, |3 aule = | 3" s + auly = |euo.
1=1 1=2

o0 n
(iii) Vi chudi Y «a; hoi tu nén ton tai lim S, trong d6, S, = > ay.

i=1 n—0o k=1

Dat lim S, = . Do d6, v6i moi € > 0, ton tai s6 tu nhién ng sao cho

n—oo

8
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v6i moi n > ng ta ludn co,

1S, —al, < e
hay
n
| Zak —al, <e.
k=1
Do do,

n
> gy < lal, +e
k=1

Theo (i) ta ¢6, | 32 aily = a1 lv. Vi vy, Jaal, < lal, +e.
Cho € — 0, ta dll;jlc ]y, = |aly-

&
Ménh dé 1.3.5. (Xem [T5], Ménh dé 7.8) Cho cdc gid tri tuyét doi

| |1, |- |2 trén k vdi | .|y khong tam thuong. Khi do, cic dieu kién sau la
tuong duong:

(1) |.|1,| |2 zdc dinh cung mot to po trén k;
(ii) néu |al; < 1 thi|als < 1, vdi moi a € k.
(iii) ton tai s6 X > 0 sao cho |aly = |aly, vdi moi a € k.

Dinh nghia 1.3.6. Hai gia tri tuyét ddéi dudce goi 1a tuong duong néu
ching théa man mot trong céc dicu kién ctia Meénh deé 3.0,

Dinh 1y 1.3.7. (Dinh 1y Ostrowski, xem [I5, Dinh Ii 7.10]) Gid su
la mot gid tri tuyét doi khong tam thuong trén Q. Khi do,

(i) Néu |.| la mot gia tri tuyét doi Acsimet thi | .| tuong duong vdi
gid tri tuyét doi thong thuong trén Q.

(i) Néu |.| la mot gia tri tuyét doi phi Acsimet thi | .| tuong duong
vdi mot gid tri tuyét doi p-adic.



Chuong 1. Kién thiic chuan bj

Dinh nghia 1.3.8. Gia sit k& 1a mot truong sd6. Mot 16p tuong duong cac
gia tri tuyet doi tren k& duge goi 1a mot dinh gid (néu khong sg nham
1an, don gian ta chi noi 1a gia tri tuyet déi ) cia k.

Tt Dinh nghia va Meéenh dé [[33 ta c6 ngay nhan xét sau.
Nhan zét 1.3.9. Gia st v, w 14 hai gia tri tuyét doi thuoc ciing mot dinh
gia clia truong s6 &k thi ching xac dinh ctiing mot to po trén k.

Dinh ly 1.3.10. (Xem [15], Dinh 1i 7.12) Cho k la mét truong so. Khi
do ton tai ding mot dinh gid cia k

(i) cho méi idéan nguyén to p;

(11) cho maoi phép nhing thuc;

(111) cho moi cap phép nhing phic.

Su chuan héa cac gia tri tuyét dbi

Trong mdi 16p tuong duong cac gia tri tuyet doi ctia k, chiing ta chon
mot gia tri tuyéet doi chuan héa nhu sau:

(i) Dbi v6i mot idean nguyen t6 p ctia O,

laly = (1/Np)or®(e) = (Op < (a))™h

(ii) D61 v6i mot phép nhing thuc o @ k — R, |a| = |o(a)|;

(iii) D6i véi mot phép nhing thuan 4o o : k — C, |a| = |o(a)|?.

Dinh nghia 1.3.11. Dinh gid roi rac (discrete valuation) trén trudng k
la mot ham v : k — Z U {oco} thdéa man:

(i) v(a) = oo khi va chi khi a = 0;

(i) v(ab) = v(a) + v(b);

(iii) v(a + b) > min(v(a),v(b)), v6i moi a,b € k.

Vidu 1.3.12.  (a) Cho pla mot sd nguyen t6. Ham v, : Q — ZU{oo}
m
n

xac dinh béi v,(p"—) = r, trong d6 (m,p) = 1,(n,p) = L,m,n,r €

10
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Z,v,(0) = oo, 1a mot dinh gia roi rac. That vay, cac dieu kien (4), (i) dé
2 Pe . N . PP .9 ? m m
dang kiem tra. Doi v6i dieu kién (did), gia st a = p“—l, b= pr2—2.
ny %)
Khong mat tinh tong quat, gia st ro > 1. Khi do6

ming + p"2 "many

a+b=7p"(

).

nino

Vi (n1,p) = 1, (ng,p) = 1 nén (nyn9,p) = 1. Do do, v,(a +b) > ry =
min{uy(a), (8)}.
(b) Ham deg : R[z] — Z U {o0} xéc dinh béi deg(f(z)) = deg f(x)

khong phai la dinh gi roi rac vi khong théa man dicu kien (7).

Dinh nghia 1.3.13. Gia st k 14 mot truong, v 1a gia tri tuyet d6i khong
tam thuong. Mot day cac phan ti (a,) cia k duge goi 1a day Cauchy
néu véi moi € > 0 ton tai so6 tu nhién N sao cho

|, — G|y < € v6i moi m,n > N.
Truong k dude goi 1a day di néu moi day Cauchy c6 gii han trong k.
Vi du 1.3.14. Day s6 (ay,) :

8,68, 668, 6668, ...

£ : _ 4
la day Cauchy véi gia tri tuyét doi b-adic trén Q va lim a, = 3
n—oo

That vay, ta co

|am — apls =57", (m > n).

1

Khi d6, véi moi € > 0, chon N = [log; —] + 1. Do d6, day (a,) la day
€

Cauchy.

Hon ntia, ta c6

6.8 —8 =40 = 52.2%,6.68 — 8 = 400 = 5°.2%:6.668 — 8 = 4000 = 5*.2°, ...

4
Do dé, |6a,, — 8|5 = —— — 0 khi n — oo. Vi vay, lim a, = =.
n—+1 n—00 3

11
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Meénh dé 1.3.15. (Xem [T1], Chuong XII, Ménh dé 2) Ton tai cip (k,, 1)
gom truong k, day du doi véi mot gid tri tuyét doi nao dé va phép nhing
i: k—k, sao cho gid tri tuyét doi trén k dudc cam sinh bdi gid tri tuyét
doi trén k,(tic la |z|, = liz| vdi x € k). Ngoai ra, ik tra mat trong k,.
Néu (k;,z'/) o mot cip khdc thi ton tai mot dang ciu ¢ : k, — k; bao

N 7 ./ . A X . ,/2 X . ,
toan cac gid tri tuyét dot sao cho biéu do sau giao hoan:

Tt Méenh dé [L3T1H ta c6 dinh nghia sau.

Dinh nghia 1.3.16. Cip (k,,7) trong Ménh dé [L3T1H dugc goi 1a bao
du cua k.

Dinh nghia 1.3.17. Gia st v 14 mot gia tri tuyét doi tréen & va E 13
mot md rong clia k. Ching ta néi rang w 1a gia tri tuyet déi trén £ dugc
md rong tir mot gia tri tuyet doi v trén k, ki hiéu w|v, néu han ché cla
w trén k chinh la v.

Dinh nghia 1.3.18. Néu v 13 mot gia tri tuyéet doi trén & sao cho v6i moi
md rong hitu han E ciia trudng k ta c6 dang thitc [E : k] = S_[E, : k]

wlv

thi ta n6i v ngoan (well behaved).

Dinh 1y 1.3.19. (Xem [I1], Chuong XII, Ménh dé 11) Gid st v la mot
gid tri tuyét doi ngoan trén k,E la md rong hiu han cia k va o € k.
Vi moi gia tri tuyét doi w trén £ md rong ciua v, dit

N, = [E, : k.

Khi do,
ol = INE (@),

trong dé NE(a) la chuan cia phan ti o € k.

12



Chuong 1. Kién thiic chuan bj

Dinh nghia 1.3.20. (i) Cho k 1a mot truong. Mot gia tri tuyét doi
tren k duge goi 1a thuc sy (proper) néu né khong tam thudng, ngoan
va néu k 1a truong dac s6 0 thi han ché clia n6 xuéng Q hoic 1a gia tri
tuyet doi tam thuong hodc 1a gia tri tuyéet doi thong thuong hodc 1a gia
tri tuyéet doi p-adic.

(ii) Tap My gom cac gia tri tuyet doéi tren k duge goi 1a thuc su
(proper) néu n6 théa man cac diéu kién sau:
(a) moi gia tri tuyet ddi trong né déu thyc sy;
(b) néu hai gia tri tuyet d6i phan biet bat ky thi khong tuong duong;
(

c¢) v6i bat ky o € k* thi chi ton tai mot s6 hitu han céc gia tri tuyet doi
v € My sao cho |z|, # 1.

Vi v6i mbi x € k* chi ton tai hitu han v € M, sao cho |z|, # 1 nén
v6i moi s6 thue A, > 0, tich 13\14 |z ;}U httu han. D6 1a co s cho khéai niém
veMy
sau.

Dinh nghia 1.3.21. Cho M;, 1a tap cac gia tri tuyét doéi thuc su trén
k. V6i mdi v € M, dat A, 13 mot s6 thue duong. Ching ta néi rang M
théa man cong thiic nhan vdi boi A\, néu v6i moéi x € k*, ching ta c6

Il |z =
ALl

Dé thuan tien ching ta dat
Av
|z]]y =[],
Khi d6, cong thiic nhan véi boi A\, duge viét lai 1a

IT ||z||, = 1.
ve My,

Chtng ta néi rang M, théa man cong thic nhan néu tat cd A\, = 1,
v6i moi v € M.

13
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Vi du 1.3.22. Xét k = Q va A, = 1 v6i moi v € Mg = {00,2,3,5,...}.
Véi moi x € QF, ta viét
— 41 @
v pEPp

trong do, P 1a tap cac s6 nguyen to, v 1a dinh gia roi rac tréen Q.
Khi do

2] = 2| = pr”(:”)( gid tri tuyet doi thong thuong)
pe

|z]], = ||, = p~ "), véip € P.
Do dé, 1;\[4 |z||, = 1 hay Mg théa man cong thiic nhan.
veMo
Dinh ly 1.3.23. Gid su E la md rong hiu han cua k va My thoa man

cong thic nhan. Khi do, Mg thoa man cong thic nhan vdi boi N, =
[E, : kyl, trong do w € E,v € My, vdi w|v.

Chiing manh. Gia st x € E*, ta co

0= 11 1 e

weMp veEMy wlv,weMp

Theo Dinh ly [C319, ta ¢6 1_|I|x|£7 = |NE(z)],.

Do do,
I |z|Y = II |[NF(2)],= 1.
veEM;,

weMEg

O

Ménh dé 1.3.24. (Xem [I5], Ménh dé 7.2 ) Mot gid tri tuyét doi | .|,
lo gid tri tuyét doi phi Acsimet khi va chi khi tap {|m|,|m € Z} bi chan.

Chiing minh.
Diéu kién can. Gia st | . |, 1a mot gia tri tuyet d6i phi Acsimet. Khi do,
v6i m > 0 ta luon co,

mly = 1+ 14 .. + 1]y < max{|1|o, [L]o; ., [L]o} = [1]o = 1.

14
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Hon nita, ta c6, | — 1|, = |1],. Do dé6, | — m|, = |m|, < 1.

Vi vay, véi moi s6 nguyén m ta luon c6 |m|, < 1 hay néi cach khéc tap
{|m|,|m € Z} bi chan.

Diéu kién di. Gia st |m|, < N v6i moi m € Z. Khi d6, véi moi z,y € k

5 (] <55 (e

r=0 v r=0

z+yly =[x +y)", =

Hon nita, [2]f]y[2 " < max{]al}, ly|1} = max{|z],. |y],}" v () 1a mot

s6 nguyén. Do do,

[z 4+ yly < N(n+ 1) max{[z[,, [y|,}".
Lay can bac n hai vé, ta dugc

[+ ylo < N7 (n 4 1)7 max{ ], [yl )

Chon — oo, ta dugc |z +y|, < max{|z|,,|y|,}. Do do, gia tri tuyet doi
||, 12 mot gia tri tuyet dbi phi Acsimet. &

Tu Ménh dé [C324 ta ¢6 nhan xét sau.

Nhan zét 1.3.25. Mot gié tri tuyét déi | . |, 1a gia tri tuyet d6i phi Acsimet
khi va chi khi |m|, <1 v6i moi m € Z.

15



Chuong 2

MG rong phuong trinh Thue

Day la chuong chinh cua luan van. Trong chuong nay, ching toi sé
chiing minh vé tinh khong trii mat ciia Z(Og) trong Z. Chuong nay
dugc chia thanh hai phan. Phan thit nhat dua ra dinh nghia vé diém
nguyén, do cao Weil va mot so6 két qua co ban lien quan dén phan sau.
Phan thtt hai 14 cac két qua chinh ciia bai bao, chiing to6i chiing minh
tinh khong trit mat ctia Z(Og) trong Z. Két qua chinh cia chuong nay
la Dinh Iy BEZTH, Dinh 1y 22210 va Dinh 1y 2219

2.1 DO cao Weil

Dinh nghia 2.1.1. Gia st k 1a mot truong s6, S 1a tap hitu han cac gia
tri tuyet déi chita gia tri tuyet déi Acsimet A.

(i) Phan tit z € k dugce goi 1a S- nguyén trén k néu |z|, < 1, véi moi
v € S. Tap hop cac phan tit S-nguyén trén k cing véi hai phép toan
trén k£ lap thanh mot vanh duge goi la vanh S-nguyén, ki hieu Oy, ¢ hoac
Os (néu k da duge hieu).

(ii) Mot diém P(xy,...,x,) € A? duge goi la mot diém nguyén néu
tat ca cac thanh phan z;,7 = 0,n clia n6 1a S-nguyén tréen k.

16
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(iii) Gia st Z la mot siéu mat, R dude goi la tdp cdc diém S— nguyén
tréen P"\ Z néu ton tai mot phép nhing affine 7 : P\ Z — A" sao cho
moi diem P € R c6 céc toa do déu nguyen.

Vidu21.2. Xét k=0Q,5 = Ay. Gid st v € S 1a mot gia tri tuyet doi
tren Q. Khi d6, theo Dinh 1y Ostrowski, v 1a mot gia tri tuyéet doi p-adic
tren Q. Do do6, v6i moi a € Q,v(a) < 1 v6i moi v ¢ S khi va chi khi
a € Z. Suy ra, Og = Z. Nhu vay, tap cac phan tit A.-nguyén trén Q
chinh 13 tap cac s6 nguyeén Z.

Dé phat biéu mot sé két qua noi tiéng lien quan dén diém nguyen,
ching ta sé nhac lai dinh nghia do cao ciia Weil.

Pinh nghia 2.1.3. Gia st P(x, ..., x,) € P} SO

H(P) = I max(||zollo, ..., [[Znll)

dugc goi 1a do cao Weil cia diem P.
Chu 7 2.1.4.

(¢) Dinh nghia la xac dinh t6t (tic 1a H(P) khong phu thuoc vao
viéc chon toa do thuan nhét ctia P). That vay, gid st P*(Azo, ..., Axy,),
A€k Pl= P Khido,

H(P1)= IT max(|[Axo||vs .oy [|ATal]o)

ve My,
= IL 1Ay max({zolfy. ... lzall.)
— 1 or oo 1zl VI (A, = 1
AL max(l|zollo, s [lealle) (V1 IL [IA[lo =1)
_ H(P).

(#7) H(P) phu thudc vao truong sd. That vay, gia st F 1a md rong hitu
han ctua k. Khi do,

Hp(P) = Hi(P)PH (i oLy Ml = e[ [,).

Vi vay, H(P) con ducc goi 1a do cao tuong doi.

17



Chuong 2. M& rong phuong trinh Thue

Dinh nghia 2.1.5. Gia st P(x, ..., x,) € P{. S6

h(P) = % 1(@] log H(P)

duge goi la do cao logarit.

Cha y 2.1.6. Dinh nghia khong phu thuoc vao truong sé. That
vay, gia st E la mé rong hitu han cia k thi

hp(P) = [El@] log H(P)
- g
=T :1@] log Hy(P) = hi(P).

Vi vay, h(P) con duge goi 1a do cao tuyét doi.

Dinh 1y 2.1.7. (Dinh 1§ Khong gian con, xem [19] hoac [26]). Gid s
k la truong so, S la tap hau han cic dinh gid ctia k bao gom cd cdc
gid tri tuyet doi Acsimet, d > 2 la mot s nguyén. Vdiv € S, gid st ho
Ly, ..., Lyq cac da thic thuan nhat tuyén tinh d bién, doc lap tuyén tinh,
zdc dinh trén k. Khi dé, vdi moi € > 0, cac nghiém S-nguyén Q) € (’)g
ctia bat dang thic

Zlog(ﬁQ\Lv,t(Q)\v) < —eh(Q)

veES
nam trong hop hiu han cdc siéu phang cia k% xzdc dinh tréen k.
Dinh 1y 2.1.8. (Dinh 1y Siegel, xem [27, Dinh 1y 19.1]) Cho C' la mot

duong cong affine tron trén truong sé k. Gid st C cé it nhat 3 diem tai
v0 cuc. Khi dé, tat cd tap cdic diém nguyén trén C' la hidu han.

18
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2.2 M3 rong cua phuong trinh Thue

2.2.1 Céac két qua bo tro

Bo dé sau la mot két qua noi tiéng cta 1y thuyét vanh Cohen-
Macaulay.

B6 dé 2.2.1. Cho 1, ..., ¢y, la cdc da thite thuan nhat trong k[ X, ..., X,)]
zdc dinh da tap n - m chiéu trong P*. Khi dé {¢1, ..., om} la mot day

chinh quy.
Chaing minh. Ap dung cac Dinh 1y va Dinh 1y [CZ22 O

B6 dé 2.2.2. Cho R la vanh giao hodn, {©1,...,om} la day chinh quy
trong R sinh ra ideal I C R. Gid su q,q1,...,q, € R va

g = Zso ey, (2.1)

trong dé, (j1(r), ..., jm(T)) > (i1, ..., im), 7 = 1, ..., h (theo thit tu ti dién).
Khi dé q € 1.
Ching minh. Ching ta chiing minh quy nap theo m.
, hoo
Véim =1, taco pi'lqg= > gpjll(T)qr,jl(r) > i1. Vi 1 la chinh quy nén
r=1

©!' ciing la chinh quy. Mat khac, vi jy(r) > i1, v6i moi r ma "' chinh
quy nén ta co

h
¢=> " g el
r=1

Gia st bo dé ding dén m — 1. Ta can ching minh dang véi m.

Tién hanh danh s6 lai cac chi s6 1,...,h. Gi& st ji(r) > iy v6i r =
1,....s (c6 the s = 0) va ji(r) = i1véi r = s+ 1,...,h (truong hop
J1(r) < iy khong xdy ra vi (j1(r),...,Jm(r)) > (i1, ..., im), 7 = 1,..., h).
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Khi do, bieu thic (1)) dude viét lai nhu sau:

S
oF . pimg =3 ol 1 N Gl (2.2)
= r=s+1

Vi 1 khong 1a wée ciia khong ctia vanh R nén tur (222) ta co,

S
o pma= el g+ YT iy,

r=s+1
hay
. h .
0. pmg=po+ Y g, (2.3)
r=s+1

trong do, o € R.
Xét vanh R! := R/(ip1). Khi do, tit (23) ta co,

P = Z ey ... om0,
r=s+1

trong do ¢; = ¢; + (1) € R'.

Vi (1(r), .oy gm(7r)) > (i1, ey in), 7 = Shva gi(r) = i vl r =
s+ 1,...,hneén (52(r), ..., Jm(r)) > (i, ... ) r=s+1,...h.
Hon nita, theo Nhan xét [CZ2T (), day @9 . .. @, 1a day Chlnh quy trong
R!. Theo gia thiét quy nap ta dude ¢ € (@2, ..., @p). Tiic 13,

m

_ _ — _ 1 -

q= E a;pi,a; € R,1=2,...,m.
i=2

Do d6, ¢ — > a;p; € (¢1). Vivay, q € 1. O

1=2

Céac Bo dé va Bo dé dugc ching toi trich tit [3, Bo dé 5].
Dé tien theo dbi ching toi trinh bay noi dung Bo dé 5 ciia bai bao thanh
hai bo dé sau day.
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B6 dé 2.2.3. (Xem [3], B6 dé 5) Gid st 1, ..., o, la cdc da thic thuan
nhat trong k[Xo, ..., X,,] va zdc dinh mot da tap 0- chiéu cia P". Khi dé,

l
néu 0 <Il<nwvaN > degy; th
=1

Hp, (N)=>_ > =1

m=0 {21 ..... im}ell,m "

! (_1>m(n+N— f)degg%)

trong dé, I, la tdp con gom m phan ti cia tip {1,2,...,1}, Py =
]C[X(),Xl, ,Xn] 'Ud Pn,i = Pn,ifl/(gpi)ai = 1,—71

Chatng minh. Vi @1, ..., o, xac dinh mot da tap chiéu 0 nén theo Bo dé
2T day o, ..., v, 1a day chinh quy. Khi d6, bang cach truy hoi ta dugc

Pn,i = k}[X(), Xl, ceey Xn]/(@h ceey QOZ)

Hon ntta, theo dinh nghia ham Hilbert ta co,

Hp, (N) = dim v ___
| (1, 00) NV

(2.4)

Dit 0; = deg;, C(m,n) = (). Ta chitng minh bo dé quy nap theo I.

V6i | = 0, ta ¢6 Hp,,(N) = dimVy = C(n + N,n). Suy ra bo dé
ding véi truong hop [ = 0.
Gia stt bo dé ding dén [ — 1 va ta can chiing minh bé dé ding véi (.
That vay, xét day khép ngan:
0— Pn,l—l(_él) ﬂ) nl—1 — Pn,l—l/(gpl) — 0
l

voi 6 = deg ;. Ta lai ¢6, P,i—1/(p1) = Poy. Do do, v6i N > > degp;
=1
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ta co,

Hp, (N)=Hp,, (N)—Hp,, (~5)(N)
(N) = Hp,,_ (N — &)

n,l—1

_ 1 Z (1)m<n+Nji1 5¢j>

m=0{i1,....im}EL_1.m "

_lz—i Z (_1>m(n+NcSlj§:1c$Z-])

m=0 {i1,....ipm }€L,_1.m "
n

:zl: Z (_1)m(”+N_j§5ij).

n

%

Vidu 2.2.4. Cho ) = X2+ X2, 09 = X¢+ X{+ X5 trong R[ X, X1, Xo].
Ta ¢6, p1 N s = (0,0,0),degp; = 2,degys = 4. Khi d6, o1, @9 1a cac
da thitc thuan nhat v xac dinh da tap chiéu 0.

V6i 0 <1 <2,N>> degy; =6, taco

j=1

2+ N N? + 3N +2
HP2,O(N):( 2 ): 2

2+ N N
= () = () =+

Hp, (N) = 2+ N N N -2 N N —4 _g

P 2 2 2 2 )7
Trong bai bao [, Lemma 2.3] cic tac gid khang dinh v6i N di 16n
thi ta c6 (ZH) ma khong dua ra mot can dudi ndo cho N. Bo dé sau day

chi ra mot cach tuong minh bi chan cta N, bo dé nay dudc trich dan ti
bai bao [3].

B6 dé 2.2.5. Gid st @y, ..., o, la cdc da thite thuan nhat trong k[ Xo, ..., X,

22



Chuong 2. M& rong phuong trinh Thue

n
va xdc dinh mot da tap 0—chiéu cia P". Khi dé, vdi N > > deg ©j
=1

J

. Vi
dim —— =degy;...degp,.
(1, 0n) NV iy

Chitng minh. Tu (Z4) ta c6, Hp,  (N) = dim Vv —.
| (01, s 0n) NV N

Hon nita, tit Bo de ta co

n

Hy (V) = z”: Z - <n + N — ]-21 deg goij).

m=0 {iy,....im }€Ln.m n

Do d6, dé chitng minh bo dé ta chi can chiing minh

n,n

Hp, (N) =1I_,0; voi N > ) " degp; véi 6; = deg p;,i = 1 n.

J=1

Chung ta sé ching minh bang phuong phap quy nap theo n.
Véin=1va N > 6, tit Bo dé 223 ta co,

Hp (N)=C(1+N,1)=C(1+ N —d1,1) = 6.

(2.5)

(2.6)

Gia st (Z8) dung dén n — 1, ta chiing minh (0) dang véi n. That vay,
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ta co
n—1 n
Hp, (N) = > (=)"[Cn+N=) d,n)
m=0{iy,....im }ELn.m j=1
—C’(n—l—N—Z& dn,m)]
j=1
n—1 On n
=2 > (U OmN-3s
m=0 {4q,..., Zm}EIn—lm 1=1 j=1
0n n—1 n
_ Y ()"Chh+N=>6
1=1 m=0 {’Ll ..... im}eln_l m j=1
On
- HPn—l n—l(N - Z)
=1
n 6n—1
VIN>> §;nenvéil<i<§,taco, N—i> > 9.
j=1 =1
Do d6, v6i 1 < i < §,, theo gia thiét quy nap ta co,
n—1
HPnfl,nfl(N) = H 5Z

Tu (1) suy ra

i,n—1)
i,n—1)
(2.7)

O

Gia st h 1a mot da thitc trong k[ X1, Xs, ..., X,,], chiing ta ky hicu h
1a da thtic thuan nhat ctia h trong k[ Xy, X1, ..., X,,)] nghia la h 1 da thiic
thuan nhat duy nhat trong k[Xy, X1, ..., X,,] cing bac véi h va sao cho

R(L, X1,y X)) = B(X1, ..., X,).

Bo dé 2.2.6. Gid st Xy, G1,....Gy la cdc da thic thuan nhat trong

k[ X, ..., X,] va zdc dinh mot da tap n — b — 1 chiéu. Khi dé,

Vi
(Gl, ...,Gb) QVN
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trong do
Vi =Vy/VyN(Gy,....Gy),Gi = Gi(1, X1, ..., X,,), vdi moii = 1,...,b.
Hon nita, ta c6 dang thic:
(G1, ..., Gy) N Vy = {A1Gy + ... + 4Gy}
trong do A; € k[ X1, ..., X,)],deg A; < N —deg Gy, vdi moii=1,...,b.

Chitng minh. Xét énh xa ¢ : Vy — Vi = Vy/Vy N (G, ..., Gy) xéc
dinh béi o(F (X, ..., X)) = [F(1, X3, ..., X,,)], trong d6 F (X, ..., X,,) la
da thitc thuan nhat bac N. Khi d6 ¢ 1a mot k-dong cau.

Giastqge Vi, d=q(X1,...,X,) + VN N (Gy, ..., Gy).

Dat H(Xo, ..., X,) = ng—degqq(é, &) c V.
Xo  Xo

Khi d6 p(H (X, ..., X)) = ¢. Do d6, ¢ toan cau.

Tiép theo, ta ching minh ker ¢ = (G4, ..., Gy) NV . That vay, ta chi
can chiing minh ker o C (G4, ...,G}) N V.
Gia st ¢ € kerp tic ¢(q) = 0 hay q(1, X1,..., X,,) € Vv N (G, ..., Gy).
Khi d6, Xdq € (G1,...,G3) NV v6i d = N — degq. Theo gia thiét,
Xo, G4, ..., Gy xac dinh da tap n — b — 1 chiéu. Khi d6, theo Bo dé P21
ta c6 day Xg, G, ..., Gy 14 ddy chinh quy. Do d6, g € (G4, ..., Gy)NV y, trai
lai X 1a u6e ctia k[ Xy, ..., X,]/(G1, ..., Gy). Do d6, ker ¢ C (G4, ..., Gy) N
V. Vivay, kerp = (G, ...,Gy) N V. Theo dinh Iy dong cau mé dun,
ta co .

_ Vv o Vi
(Gl, ey Gb) NVy

Cudi cling, ta chiing minh

(Gl, e Gb) NVy = {A1G1 + ...+ Abi}

trong d6 A; € k[ X1, ..., X,],deg A; < N —degG;, v6i moi i = 1, ..., b.

bat W = {A1G1+.. .+ AyGy : A; € k[ Xy, ..., X;)],deg A; < N —deg G, }.
Ta chi can chiing minh, (Gy,...,Gy) N Vy C W. That vay, gid st

q1 € (Gy,...,Gp)NVy. Ta co, ¢ = X(])V_degqlcjl € V. Ta c6, p(q) = 0 hay
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q € kerp = (Gl, ey Gb)ﬂVN. Do do, ¢ = Blé1+. . .—I—Bbéb,Véi deg B; <
N —degG;,i =1,...,b. Cho Xg =1, tacod, ¢ = A\G1 + ...+ 4G, €
W.v6i A; = Bi(1, Xy, ..., X,,),i =1,....,b. Do do, (Gy,...,Gy) NV C W.
Khi dé, (Gl, ceny Gb)ﬂVN = {A1G1—|—. . .+Abi . Al < ]{I[Xl, ...,Xn], degAi S
N —degG;,i=1,...,b}. &

Gia stt deg f; = 6, v6i moi ¢ = 1, r. Trong cac ménh de, dinh 1y trong
muc 2 néu khong néi gi them ky hiéu § duge ding trong truong hop
tat ca cac da thic f;,7 = 1,r c¢6 cing bac 6. C6 dinh N, sap xép bo cac
s6 nguyen khong am (i) = (iy,...,i,_p) theo thit tu tit dién théa man
o(i) ==Y 1; <&

J
bat
Wi = > .. .VSi‘be]T,_éa(e), trong do6
(e)=(i)

VN
(Gl, e Gb) M VN.

Vy =

B6 dé 2.2.7. Gid st 1, ..., Yn—p, G1, ..., Gy xdc dinh da tap chiéu 0,
deg”y; = § vdi moi i = 1,n—>b va (1) < (') la hai b0 lien tiép. Khi
do,

~ VNféa(i) (2.8)

Wiy (1, oo by G1, oo, G) N VN—(Sa(i).

Chiing minh. Gia st ¢(Xo, ..., X;)) € Vy_so()- Khi d6, ¢(1, X1, ..., X,,) €
V_so(i)- Goi ¢* la rit gon cta ¢(1,..., X,,) modulo(Gy, ..., Gy). Khi do,
q" € Vx_s0)- Do do, Y at € We.

iy = W o i ineb s
Xét anh xa ¢ 1 Vin_ss3) — 777, Xac dinh bdi p(q) = [ .. 7, ¢ ]
(i)
Khi do6, ¢ 13 mot k— dong cau.
G- 2 o A W, W(Z) = Wi, T 4 = €1 En—b_x
la su g + Wy € ,q € Wiy laco, g = Z T Tn—b AIN=s0(e)

Wi (©)>(i)
v6l q?V—éo(e) = QN—(Sa(e)(Xla ey Xn) -+ (G1, ey Gb) N VN—éa(e) € V];k,iéa(e).
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Dat

a(e) =N — 00 (i) — deg qn—so(e).

q = Z QN—éa(e)(Xla XX Xn)X(()l(E) S VN—(SU(i)-
(e)=(1)

Khi d6, ¢(q) = ¢+ W). Do do, ¢ la toan cau.

Tiép theo, ta chitng minh ker ¢ = (31, ..., Yp—p, G1, ..., Gp) N m.
Cid sit ¢ € ker ¢ titc p(q) = 0. Do do, 4i' . . 'y;" 54" € Wiy, trong do ¢*
la rat gon cua g(1, ..., X)) modulo(Gl, ., Gp). Vi (i) < (') 1a hai bo lien

tlép nén W(z’) = Z ’Yfl . o bVK[ do(e) - Z W/fl - "yzzibbv]@—éa(e)'
(e)>(i") (e)>(i)

Khi d6, 7'... 9, 5q" = . )Z( )Wfl VAN o) VOL AN-50(e) € Vi _so(e)-
> (%

Gol qn_so(e) ¢ 1an lugt 1a cac phan tit dai dien cta cac 16p gn_so(e) €

v;z_(gg(e)a q" € VN _so(i)-
Khi do, theo Bo dé 2220, ta c6 the gia st deg(A;G;) < N, véi moi i =
1,...,b, ta dugc

VAR = ) WA AN—sete) + A1GL o+ AGy (2.9)
(€)>(4)
la dang thic trong k[ X1, ..., X,,].
Ta co,

deg(’yi . fyn” 3q") < (i1+...+ip_p)0+N—=d0(i) = 0(i)0+N—do(i) = N.

deg(71" .. " AN=s0(e)) < (e1F...4€np)0+N—d0o(e) = o(e)0+N—do(e)

Nhu vay, tat ci cac s6 hang ctia (ZJ) c6 bac < N.
bat a(e) = N — (degq(e) + do(e)) > N — (N — do(e) + do(e)) = 0.
Thuan nhat héa bac N va riat gon theo modulo (Gy, ..., Gy), ta duge

7 ’}/n bq = Z .. .ﬁ;ﬁfbbxg(e)q]\;fgg(@ (mod(@h cees Gb)) (2.10)
(€)>(7)

Ta co, deg(Xg(e)q_(e)) =N —deg(7"...v." ) =N —do(e).
Theo gia thiét, cac phan ti 71, ..., ¥n_p, G1, ..., G, xac dinh da tap chiéu
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0 ctia P". Theo Bo dé EZZ1], cac phan tit dé lap thanh mot day chinh
quy trong vanh da thiic k[ Xy, ..., X,,]. Nhu vay, 71, ..., J»—p xac dinh mot
day chinh quy trong k[Xy, ..., X,,]/(G1, ..., Gy).

Theo Bo de 222 tu (IZI:G) tacoq e (’71, ooy Yn—by Gl, ey Gb) HVN_(;U@-)

hay ker o € (31, .., Yoty G1 o, Gb) NV N_s0(0)-
_ _ - n—>b b _
Gid stt ¢ € (1, Yoty G1, -, Gb) N Vv g0yt ¢ = > a7y + > AiG)
iz =1

v6i o, A) € k[Xo, ..., X,]. VI ¢,9;, G 1a thuan nhéat nén ta c6 thé gia
st cac Ay, a; 1a cac da thie thuan nhat véi bac dega; = degg — 6 =
N = §(o(i) + 1).

Cho Xy = 1 va rit gon modulo (G, ..., Gy), ta dude ¢" = > afy;, voi
aj € V]iﬁf'—é(a(i)—i-_l)'

Ta 6, 1" ... 7, 1q" € Wiy hay ¢(¢) = 0. Do d6, ¢ € ker .

Vi vay, (1, -, Vb, G1, ..., Gp) N VN_&T(Z') C ker .

Theo dinh 1y dong cau mo dun, ta co

Wi VN =60

Wiy (1 oo Yty G1, s Gy) O Vi)

Bo dé sau cho ching ta xac dinh dudc s6 chiéu cla

B6 dé 2.2.8. Gid st 1, ..., Yn_p, G1, ..., Gy xdc dinh da tap chiéu 0,

deg¥; = 6 vdi moii =1,n—b, deg G; = e; vdi moi i = 1,b va (i) < ()

la hai bo lien tiep. Khi do, ton tai so nguyén Ny chi phu thuoc vao

fi, oo fr9,G1, ..., Gy sao cho vdi 0o (i) < N — Ny

W)
(i)

= 61...6b5n_b.

Ay = dim
e Wy
Hon nita, vdi cac bo (i) con lai, dim W bi chan (bdi dim 'V y, ).
(i)

Chiing minh. Ap dung B6 dé B2 va B6 dé ta co6 diéu phai ching
minh. &
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2.2.2 Céac két qua chinh

Cho k 1 truong sb6 va fi,..., fr, g 1a cac da thitc khac khong trong
k[ X1, ..., X,] v6in > 2 va deg g = e. Trong luan van nay, ching ta sé xét
mot siéu mat X trong A" xac dinh bdi phuong trinh

fl(Xh ---,Xn)---fr(Xh ,Xn) = g(Xl, ,Xn) (211)

Gia st Z C P" 1a giao day di n — b chiéu (n > b), khong chia siéu
phang tai vo cuc X, = 0. Do d6, theo He qua 211, giao clia Z véi sieu
phang X, = 0 1a da tap n — b — 1 chiéu. Hon nita, vi Z la giao day du
n — b chiéu nén theo dinh nghia ton tai b da thiic Gy, Ga, ..., Gy véi bac
tuong dng e, e, ..., €, sao cho idéan ctia Z duge sinh béi Gy, Gy, ..., G,
Gia st Z 1a da tap xac dinh béi Z N A" (ddong nhat A" v6i phan bt ciia
sieu phang Xy = 0). Khi d6, idéan ctia Z duge sinh bdi Gy, G, ..., Gy.

Bo dé 2.2.9. Gid st vdi moi tap vo han {P,...,P,,...} cic diéem S-
nguyén trén Z, ton tai tap dai s6 dong thuc su cia Z zdc dinh trén k
chita mot tip con vo han cia cic diem. Khi dé, Z(Og) khong tru mat
Zariski trong Z.

Chiing minh. Gia st Z(Qg) tru mat Zariski trong Z tiic

Z(0)=ZNn0% 2 Z.

Sap xép tat ca cac tap con dong thuyc sy clia Z xac dinh trén & thanh mot
day Z, 2, .... Dat W; = kL{lek la tap con dong trong Z. Vi Z(Og) tru
mat Zariski trong Z nén m D Z>DW;,v6imoij=1,2,... Do do,
v6i méi j ton tai diem S-nguyen P; € Z\ W;. Khi d6, theo gia thiét ctia
bo de, ton tai tap dai s6 déng Z,, chita vo han cac diem Pj,j = 1,2, ....
Theo cach lay Pj,j = 1,2, ..., diém P, € Z2\ Wy = NP2\ Z5).
Do d6, P11 € Z\ Z,, hay Py.1 € Z,,, mau thuan véi Z,, chita tat ca
cac diem. &

Dé thuan tién trong cac phét biéu, ta dua ra dinh nghia sau.
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Dinh nghia 2.2.10. Cho f va ¢ 14 hai ham khong am. Néu f < cg véi
c 1a s6 duong nao do thi chung ta viét f < ¢ hoac g > f. Va khi d6 ¢
dude goi 1a hang so kéo theo.

B6 dé 2.2.11. Gid st Z C X xzdc dinh nhu trén va bat ky n — b trong
s0 cac da thic ﬁ xdc dinh trong Z mot tap hiu han diém; Hon nia, gid
st cac da thic fi,i=1,...,r cung bac § va moi tap s + 1 cac da thic f;
khong cé khong diém chung trong Z \ Z va {Py, Py, ..., Py, ...} la day vo
han cic diém S-nguyén trén Z va v € S sao cho vdi moi i théa man

Khi do,

Zlog 5 (Pi)lo < log([Pil[u)(e = d(r —s)) + O(1) (2.12)

vdi moi i du lon, trong dé, hang so O(1) chi phu thudc vao fi, ..., fr, g
vav €S,

Chitng minh. Vi Z(k,) compac nén véi day con vo han xét & trén, véi
mdi v € S, ton tai diem PY € Z(k,) sao cho P, — P theo t6 po v — adic.
Dat S = S"W S” trong do, S’ 1a tap cac v € S sao cho PV € Z tic PY
nam tai vo cuc véi v € 9.

Néu v € S” thi day {P,} hoi tu v-adic dén diém P° € Z. Do do,
| log(||Pi||)]» v | f;(P)], bi chan khi i — co. Khi d6, ta c6 (ZI2).

Néu v € S’ thi day {P,} hoi tu v-adic dén diém P° € Z \ Z. Gia st
P' = (0,04,...,a%), trong d6, ¥ € k, théa man |a¥|, < 1. Ta c6 the
gia st af = 1.

Chiing ta dong nhat diém P(zy,...,z,) € A"(k,) véi diém xa anh
(1,21,...,2,). Khi d6, mot day cac diem P nhu thé hoi tu v-adic dén
diem P° khi |z1], — oo va ? — .

\5131\@

121},

|.T1‘ o ‘Illv 1

—1wvi

Dac biét,

— — 1 )
|P[l,  max{l,|zi|y, ..., |7p]0} maX{‘—|v,1,...,‘ﬁ‘v}
I T
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w ol dong thoi |af], < 1. Gid st f € k[Xy, ..., X,] 1a da thic
Ty
khac khong bac §. Véi diem P & trén, ta co,
_ 1 x
Ly, .oxy) =20 f(—,1,...,-2).
f( ) f( y L1, n) xlf(ajl’ ) 71,1)

Gia stt f(PY) # 0, tic 1a f(0,a8,...,a?) # 0. Khi do,

f(P)lw 17(0,a", ..., a%)], # 0.

lim
i—oo || 55

Do do, vé6i ¢ du 16n, ta co,
[F(P)]o > [IBi]]7s

trong do, hiang s6 kéo theo chi phu thuoc vao f.

Vi v6i moi s + 1 céc da thic f; khong c6 khong diém chung trong
Z\ Z nén c6 nhiéu nhat s cac da thic f; c6 khong diém chung trong
Z\ Z. Do d6, c6 it nhat r — s cac da thiic f; khong c6 khong diém chung
trong Z \ Z. Vi vay, c6 it nhat r — s cac da thiic f; khong triét tieu tai
P?. Tién hanh danh s6 lai sao cho céc da thic fyi1, ..., f, khong triet
tieu tai PY. Khi do6, véi ¢ du 16n ta co,

o(P) 9(P).

AP R = | Pl < 20

< ||P[5

(2.13)

hay
1Pl < IR 2.14)
Lay logarit hai vé cta (214) ta dugce (ZI2). o

Meénh dé 2.2.12. Gid st Z C X zdc dinh nhu trén va bat ky n—b trong
s0 cac da thic ﬁ xdc dinh trong Z mot tap hiu han diém; Hon nia, gia
st cac da thic fi,i=1,...,r cung bac § va moi tap s + 1 cac da thic f;
khong cé khong diém chung trong Z\ Z va bat dang thitc sau théa man:
s(n—b+1) N deg g
n—>b 6
Khi do, Z(Og) khong tru mat Zariski trong Z.
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Chiing minh. Gia st {Py, P, ..., P,,, ...} 13 ddy vo han cac diém S-nguyén
tren (k)Z. Dé v rang g = 0 xac dinh trong Z mot da tap con thuc su c¢6
chieu < n—b—1. That vay, gia st g(x) = 0 tréen X. Vi fi(z)... fr(x) = g(x)
nén ton tai i € {1,...,r} sao cho fi(z) = 0. Nhung mdi f; = 0 xac dinh
mot da tap con thuc su ciia Z. Khi dé, ta ¢6 thé them n —b— 1 phuong
trinh fj = 0 dé xac dinh trong Z mot da tap chieu duong, mau thuan
gia thiét. Vi vay, ta c6 thé gia st g(P;) # 0, v6i moi P;.

Xét mot day con vo han ctia day { P;}, v6i mdi gia tri tuyet doi v € S,

1y

luon ton tai mot cach danh sb lai 1, = IV, ... clia cac s6 {1,2,...,r}

sao cho v6i moi 7 va tat ca j € {1,...,7} théa man

0 <[fip (Pl < |fio(B)lo < .. < [fio (P)lo-

Hon ntta, Z(k,) compac. Vi vay, véi day con vo han xét ¢ trén, véi mdi

v € S, ton tai diem P' € Z(k,) sao cho P, — P theo to6 po v — adic.

Tiép theo ching ta sé xay dung mot loc clia V3.

Dat S = S"W S” trong d6, S’ 1a tap cac v € S sao cho PV & Z tic PY

nam tai vo cuc véi v € §’. C6 dinh v € S va sd nguyén N.

Dat v; = f,». Sap xép bo n — b cdc 86 nguyen (i) = (i, ..., in—p) theo
N

thit tu tit dién sao cho o (i) = > 4; < 5 Dt
J

W(Z) - Z ’yfl ce ’y??fbbvltf—éa(e)‘
(e)>(i)

Khi do W(Ov"'vo) = Vy va néu (i/) > (Z) thi W(i) D W(z")- Vi vay, {W(i)} la

mot loc cua Vy. Dat d = dy = dim Vy.

Ta sé chon mot co s6 {1 = 7, ..., g = ¢y} theo quy nap. Ching
ta bat dau véi W, cudi ciing khéc khong va ta chon co s6 clia né. Gia
stt (1) < (¢') 1a hai bo n — 1 s6 nguyen khong am lién tiép sao cho
do(i),00() < N va gia su ching ta da chon dugc cac phan tit dau tien
trong co s6 cua chung ta sao cho ching la mot co s6 cua W;). Theo Bo6
de 2270, ta c6 the lay cac phan tii dai dién trong WW(;) doi véi khong gian
Wa

(i)

thuong

dang 'yfl . .fy;’fé’q trong do, q € V]Qég(i). Chung ta thém
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cac phan ti dai dién vao cac phan tit da xay dung truée dude mot co s6
cia TW(;va tién hanh quy nap cho dén khi W;) = V3 thi dimg.

W,
Gia st ¢ 1a mot phan t1t clia co sé tng véi W( D Vi vay, =iy,

(i)
trong d6 q € V]j}_(sa(i). Khi do, ta co

(Pl <P - - n—s(B) L~ la(P)]s
< (B - Tmea( B B0,

trong d6, hiang s6 kéo theo chi phu thudc ¥ ma khong phu thuodc diém
P.
Lay tich trén tat cid cdc ham trong co s va sau do6 lay logarit ta dudc,

log H [(P)lo < D Ay (inlog (Pl + .. + iy 10g [y-s(P)]0)
(i)
+1og(|1Pi]1,) (D Aw (N = d0(i)) + 1,
(i)

trong d6, ¢; chi phu thuoc vao ¢ ma khong phu thude vao diem P;.
Ap dung Bb dé Z2ZR ta c6

n—>b

d= ZA =e. (év_b) + O(N™1), (2.15)

Gia st N chia hét cho . Vi s6 bo m s6 nguyén khong am c6 tong < T € Z
bang s6 bo m + 1 s6 nguyen khong am cé6 tong 7' va cling bang (T+m)
nen véi j € {1,2,...,n — b} ¢d dinh,

. n—b+1 ﬂ_'_n_b N
o ()
o(1)<F Z

N7~ b+1

_ n—>b
“5m g O

trong do, tong > dugc 1ay theo bo n — b+ 1 s6 khong am c6 tong bang

(1)
N
5
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Nhu vay, tong > i; khong phu thudc vao j. Két hop véi Bo dé
o(i)<F
ta dudc

. anbJrl )
> iiAg =1 g + O(N"). (2.16)
(i

Tu (213) va (ZI4), ta duge

d n—>b anbﬁLl

logjl;llwf(Pi)‘v < (log v (P)]ver - .. eb(;(
1

i O

<.
I

anbJrl
+10g(HPZ-HU)61...eb '(1+O(N_1)>+Cl.

(n—b+1)
(2.17)

Viday {|v;(P)|,},j = 1,...,r 1a day tdng va theo gia thiét s > n —b nén

n—>b S

1 1

n——bE k%kw(ﬂﬂv§9;§ log | fi) (P o- (2.18)
j=1 j=1

Tu (2I7) va Bo dé Z2ZIT], véi N du lén ta co,

b log(|| ],
Z;(loglflgﬂ(Piﬂv)(lJrO(N ) <— (z;log\flgj>(3)\v)+0(T)

_(n=b)(e—d(r—s))

log([| il]v) + O(1)

log (|| Bi|lv
- oostl),
Ta c6, h(BP) = > log(||Bi|]»). Khi d6, 1ay tong (ZID) theo v € S ta
veS
dugc,
d (n—>b)(e—0d(r—s)) Nrob
(P, < et ...
Zlogjnllwt (Fo)lo < S hEe ebé(n —b+1)!

veS
anbJrl

d(n—>b+1)

+h(P)ey ... e (1+O(NTY) + oot S,
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Chuong 2. M& rong phuong trinh Thue

hay
n—>b)le—9(r—s
Zlogﬂl¢t ), < (( )( ( ))+5
ves 5
. Nn—b—H
N~ Peq... )
—|—O( ))h( 2)61 656(n b+ 1)' + CQﬁS
Theo gia thiét, r > sin=b+1) + desg nén ta co
n—=b )
(n—b)(e—&(r—s))+5<0.
S
Vi vay, v6i N du 16n,
(n=De=5r=5) s o <o

S

Khi do, ton tai s6 duong c; khong phu thudc cac diém P sao cho
D log([I H (Bl < —csh(P). (2.19)

Gid st @1, ..., g 12 Mot co s§ cia V3 véi cac da thite dai dién 14y he s6
trong Og.

Dat Q = (p1(P), ..., 0q(P)) € k% Hon nita, v6i moi v € S, xay dung
cac phan tit ¥y, ..., ¥} 1a mot co sd ctia V3 (phu thuoc v). Khi d6, ching
ta c6 the bieu dién cdc dang tuyén tinh doc 1ap tuyén tinh L, 1, ..., L4
trong ¢1, ..., pa sao cho ¥f (F;) = L,+(Q).

Ta c6, h(Q) < Nh(P;) + ¢4, trong d6 ¢4 chi phu thudoc vao N ma khong
phu thudc P;. Khi do, vi h(F;) — oo va tut (2I9), nén véi ¢ di 16n ta c¢6

;log 1 [L,4(Q))) < —5h(Q)

Ap dung Dinh 1y ZI2 (Dinh 1y khong gian con), ta ¢6 quan hé tuyén
tinh khong tam thuong )\1@1( ) + ... Aawa(P;) = 0 chita tat ci cac diém
P;. Ap dung B6 dé 2229, ta c6 diéu phai ching minh. O
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Chuong 2. M& rong phuong trinh Thue

Dinh nghia 2.2.13. Gia st Dy, ..., D, la cac siéu mat trong P", goi @);
la cac da thic thuan nhat xac dinh D; tuong tng.

Cac siecu mat Dy, ..., Dy, q > n+1 dudc goi la d v tri téng quat trong P"
néu v6i moéi bo n + 1 chi 6 phan biet iy, ...,4,.1 € {1,...,q}, ta c6

{xelP":Qi(x)=0,7=1,..,n} =0.
Nhan zét 2.2.14. Dy, ..., D, 1a céc siéu phang trong P" & vi tri tong quat
khi v& chi khi v6i bat ky n + 1 siéu phang doc lap tuyén tinh.
Tiép theo ching ta xét truong hgp cac da thic f; c6 bac bat ky.

Pinh ly 2.2.15. Gid st Z C X zdc dinh nhu trén va bat ky n — b trong
s0 cac da thic ﬁ xac dinh trong Z mot tap hiu han diém; Hon nia, gid
st khong s + 1 cdc da thic f; c6 khong diém chung trong Z \ Z va bt
dang thitc sau théa man:

d —b+1
Z deg f; > s(nn - 2_ ) max(deg f;) + degg.
i=1

Khi do, Z(Og) khong tru mat Zariski trong Z.

Chiing minh. Ching ta sé ap dung Ménh deé dé ching minh dinh
17 nay.
Dat 6; = deg f;,0 = max; d;,e = degg. Truée hét ta ching minh, véi
J1y e gn €41, ., 7} 1 < h < n—b, da tap v(jy, ..., ja) xac dinh trong Z
béi fj, = ... = f;, = 0 c6 chidu biang n — b — h. That vay, theo Ménh dé
[CZT8 ta c6, dimv (g, ..., jp) > n —b— h. Gid stt, dimv(jy, ..., jn) >n —
b— h. Khi d6, ton tai cac s6 nguyen jni1, ..., jno € {1, ..., 7} \{J1, ..., Jn}-
Khi d6, theo Menh dé [[ZZTd, cac da thic j_’ﬂ,,u =1,...,n — b xac dinh
trong Z mot da tap co chieu > 1, Mau thudn gia thiét ctia dinh 1.
Chon r siéu phang {p; = 0}, ..., {p, = 0}, & vi trf tong quat tuong ting
véi da tap vy, J C {1,....,r}. Khi d6, py,..., p, 1a cdc dang tuyén tinh
k[X1,...,X,] va bat ky da tap con ciia Z duge cho bdi phuong trinh
dang:

ﬁjl = e = ﬁjh = ?jh—i—l = fjsa
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Chuong 2. M& rong phuong trinh Thue

trong do, 0 < h < s < n—>b, theo chitng minh trén da tap nay co n—b—s
chiéu . Hon nita, khong s+ 1 cac da thiic fip; c6 khong diém chung trong
Z\ Z.

Dat f = fipff‘si,z’ =1,r,9" = gp‘lsfé1 P07 v X* 1a da tap xac dinh bdi
fi o ff—¢g"=0ViZC X X C A nén Z C X" Talaico, deg fF = .
Theo gia thiét, ta co

: —b+1
S 6> bt s o (2.20)
=1

n—>ob

Thém s6 hang > (6 — J;) vao ca hai vé clia bat dang thic (Z20) ta dugc
i=1

;5 > S(”n__b; D5t (e 366,

1=1

hay
—b+1 deg g*
. s(n—b+1) | degg”
n—>ob o
Ap dung Menh dé EZXT2, ta c6 diéu phéi chiing minh. O

Tiép theo ching ta sé xét tinh trit mat trén toan bo X (Og) trong X.

Pinh 1y 2.2.16. Gid st tap cic khong diém chung trong P* cia Xog va
bat ki n — 1 cdc da thite thuan nhat f; déu la hau han va khong cé n da
thic thuan nhat f; co khong diém chung ¢ vo cuc. Hon nia, gid si

Z deg f; > nmax(deg f;) + degg.

1=1

Khi do, X(Og) khong tru mat Zariski trong X.

Chiing minh. Goi G 1a nhan tit bat kha quy cta fi...f, — ¢ va Z la da
tap xac dinh bdi G = 0. Vi G bat kha quy nén G ciing bat kha quy. Khi
d6, theo Meénh dé [CZI1, Z la da tap n — 1 chiéu. Hon nita, Z C X. Ta
c6, giao clia Z véi bat ky n — 1 trong s6 cac da thitc f; xac dinh trong Z
mot tap hitu han diém. Ap dung Dinh 1y EZ2ZTH, ta ¢6 diéu phai ching
minh. &
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Chuong 2. M& rong phuong trinh Thue

Vé6i n = 3 ta c6 hé qua sau.

Hé qua 2.2.17. Gid st tap cdc khong diém chung trong P? cia Xog va
bat ky hai da thic thuan nhat f; déu la hiw han va khong co ba da thic

thuan nhat f; c6 khong diém chung & vo tan. Khi do, néu > deg f; >
i=1
4max(deg f;) + degg thi phuong trinh (ZI11) chi c6 hiu han nghiém

x € O% vdi g(x) # 0.

Chiing minh. Vi gid thiét ciia hé qua théa man cac giad thiét ciia Dinh
ly 2216 nén X (Og) khong trit mat Zariski trong X. Do d6, cac diem
x € O% la nghiém ctia phuong trinh (1)) s& nam trén dudng cong trén
X. Theo Dinh 1y (Dinh 1y Siegel) néu mot thanh phan bat kha quy
ctia dudng cong nay cé vo han diém nhu thé, né khong thé c6 nhiéu hon
hai diém tai vo cue. Ching ta sé chitng minh bang phan ching. Gia st
ton tai mot duong cong C tréen X khong nam trén siéu mit g = 0 c6
nhiéu nhat hai diém tai vo cire. Khi do, ton tai cac ham hitu ty o1, 09, 03
tren C v6i cac didm ciyc nim trong tap { Py, P} C 5trong d6 co it nhat
mot ham khac hing sao cho:

V1. by = g(@1, 92, v3), (2.21)

trong do, ¥; = fi(1, P2, 3).
Khi d6, ; # 0, v6i moi j = 1,2, 3.
Goi vy, vy 1a cac ham bac tai Py, P, va dat m; = — min(v; (1), vi(p2), vi(v3)).
Khi do, ton tai i € {1,2} sao cho m; > 0. That vay, gia st m; < 0, véi
moi ¢ = 1,2. Do d6, v6i mdi ¢ = 1,2,v,(¢;) > 0,v6imoi j = 1,2,3.
Vi vay, véi moi j = 1,2,3,¢; khong c6 diém cuc trén C. Do do, tat ca
©j, 7 =1,2,3 1a ham hang, mau thuan véi sy ton tai clia cac p;.

Khong mat tinh tong quat, gid st m; > max(1, my).
Gia sit ¢t 1a tham s6 dia phuong tai P, ta c6

o =a;t ™M+ O™ j=1,2,3,

trong do6, aq, as, ag € k khong dong thoi bang khong.
Ta c6, v1(¢;) = —(deg f;)mi, ngoai trit nhiéu nhat hai chi s6 j.
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Chuong 2. M¢ rong phuong trinh Thue

Danh 6 lai cdc chi 86 sao cho cac chi s6 loai trir lien quan dén P; nam
trong tap {1,2}. Do d6, 1ay ham bac v; hai vé ctia (ZZ1)), ta co,

U1 (¢1¢2) 2 ma (deg f3 —+ ...+ deg fr — deg g) (222)

Mait khac, ham 1119 la ham khac khong, xac dinh trén C c6 nhidu nhat
hai cuc diem Py, P,. Khi d6, vi udc ctia né c¢6 bac 0 trén C nén

v1(th1tha) + va(th1ta) < 0. (2.23)
Tir (Z22) va [Z3), ta co
vo(1h11hg) < —my(deg f3+ ...+ deg f, — degg). (2.24)
Ta luon co,
va(Y11P2) = min(0, —ma(deg fi 4 deg f)).
Vi vay,

max(0, mo(deg f1 + deg f2)) > mi(deg f3 + ...+ deg f, — deg g() )
2.25

Hon nita, theo gia thiét > deg f; > 4 max(deg f;) + deg g suy ra
i=1

deg f3+ ...+ deg f, — deg g > 4max(deg f;) — (deg f1 + deg fo).

(2.26)
Tu ([Z29), (Z26) va m; > max(1,ms), ta co
2(deg f1 + deg f2) > 4 max(deg f;) (2.27)
Ta lai co,
2(deg f1 + deg fo) < 4max(deg f;) (2.28)
Tu (Z2Z10) va (Z28), ta c6 diéu phai chiing minh. %
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Chuong 2. M& rong phuong trinh Thue

Nhan zét 2.2.18. Néu trong He qua 2211 ta thay bat dang thiic

Z deg f; > 4max(deg f;) + degg

1=1

bang bat dang thiic

Z deg f; > 3max(deg f;) + deg g

1=1

thi két qua khong con dtung nita. That vay, xét sieu mit xac dinh bdéi da
thuc X1X2X3(X1 + X2 - X3) — 1 trén @[Xl, XQ,Xg] va S ? Aoo-

Véi moi u € QF ta ludn co,
|u|y|u |, = 1 v6i moi v & S.

Nhu vay, véi moi u € OF, u la S- nguyen va u~! 1a S- nguyeén.
Dat X1 = X3 = u, Xo = w~ L. Khi d6, bo (u,u™t, u) luon 1a nghiém
S-nguyén cua phuong trinh

X1X2X3(X1 + X5 — Xg) —1=0

v6i moi u € Q*. Khi d6, tap nghiém nay 1a vo han trai véi két luan cia

Hé qua 2217

Dinh ly 2.2.19. Gia suv € S, fip,2 = 1,...,n— 1, la cac da thic bac
n—1 0:

div > 0 trong k[ X1, ..., X,]. Ddt §, = max; d;, vd j := mingeg %
=1 Yv

Co dinh € > 0 va xét bao dong Zariski H trong P" cia tdp cdc nghiém

x € Of cua

T | fo () < H ()" (2.29)

vesSi=1

Gid s, vdiv € S, xy va fin,i =1,...,n—1, zdc dinh da tap chiéu 0. Khi
do dim’H < n — 1. Hon nita, néu H' la mot thanh phan cia bao déng
n — 1 chiéu H thi ton tai v € S sao cho fw zdc dinh trong H' mot da
tap 1 chiéu.
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Chuong 2. M& rong phuong trinh Thue

Chitng minh. Truée hét, ching ta ching minh khang dinh dimH <
n — 1. Ta chi can chiing minh véi §;, = §,. C6 dinh v € S, ta dinh nghia
loc nhu trong Ménh dé v6i tat cd n — 1 da thic

Z% T VN o(e)

(€)=(4)
Ap dung B8 dé 2210 ta dugc
Ay ~ 6y (N = 6,0(i)).
Wa)

W(,L/)
céc phan tit dang 47" . . " rq, trong d6 ¢ la da thiic bac < N — §,0(i).

Ap dung B6 dé 220 ta c6 déng ciu

Xét mot co s6 clia Vy bang cach 1ay cac dai dién tuong ting véi

VN-s,00) N VN _5,00)
(717 XX 771—1) N VN—(SUU(i) (717 e %”Lfl) N VN—&JU(@')

Khi d6 theo Bo dé 222 ta c6 thé chon cac da thitc ¢ § trén trong sb tap
VN _5,0()

(Y1, oy Y=1) N VN _5,0()

cac dai dién cua cac 16p trong . Nhung

Vi,

(Y1, ey Y1) NV
c6 s6 chidu tuong ting ~ 6" th. Vi vay,

o1 (N = 0,0 (i)
> degq~ . ,

,h =0,1,..., tao thanh mot day tang cac khong gian

trong do tong dudc lay trén céc dai dién da chon.
Béang cach tuong tu nhu cach dan dén cong thic (1) ta co,

n—1

Nn+1 L
log H [V (P (log (P, m(l +O(N7)))
= ! '
n+1
+ log(|[Ei] ) (1+O(N7Y) +a.  (2:30)

(n+1)!

Tu (229) va (230), ta duge (219). Khi d6, ap dung Dinh 1y 2T nhw
trong chiing minh Meénh dé EZZT2, ta ¢6 dimH < n — 1.

41



Chuong 2. M& rong phuong trinh Thue

Tiép theo, ta chiing minh phan con lai ctia dinh 1y bang phan ching.
Gia st ‘H' duge xac dinh béi G = 0. Khi d6, véi moi v € S, n — 1 da
thic f,, xac dinh trong H’ mot tap hiu han diém. Ap dung Meénh dé
véi H' = Z,b =1, ta c6 dicu phai chiing minh. O

Hé qua 2.2.20. Cho f la da thic bac § > 0 trong Q[ X1, ..., X,,] va e > 0.
Cac véc to x € Z" sao cho

0 < |f(x)] < H(x)om1=e (2.31)
tat cd duoge chia trong mot da tap n — 2 chiéu.

Chiing minh. Ching ta sé ching minh bang phuong phap phan ching.
Gia st ngugce lai, bao dong Zariski ctia tap cac nghiém théa méan | f(x)| <
H(z)70=1=¢ chita mot sieu mat bat kha quy W ma khong chia tap
khong diém clia f.

bat f = f1 va chon cac da thic fs, ..., f,—1 bac  trong Q[X7, ..., X,,]
sao cho cac da thitc thuan nhat f; xac dinh trong W mot tap hitu han
diém.

Gia st k 1a truong s6 chuan tic trén Q va chita cac hé s6 cia fi. S la
tap cac dinh gia trén k va chuan héa cac gia tri tuyet déi tuong tng véi
truong k.

Gia st v 1a gia tri tuyet doéi tuong ting véi phép nhung ctia k vao C.
Khi do, tat cd cac gia tri tuyet déi trong S lien hgp Galoa véi v theo
quy tac:

0() o) = |at|v, 0 € k0 € Gal(k/Q).

Nhu vay, v6i méi gia tri tuyet doi v tuong tng véi o € Gal(k/Q). Khi
do, ton tai tap G C Gal(k/Q) chita don vi sao cho anh xa 0 — o(v) 1
mot song anh gitta G va S.

Véii=1,2,...,n—1,0¢€G,dat fi,o =o(fi)

Ta co, p=mn — 1 va | fiow)(®)|ow) = | fi(z)], v6i moi x € Q". Do d6,

n—1 n—1 49
vlgsl_l;lllfiv(x)lv = (Zl;[l‘fl(x)lv) :
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Chuong 2. M& rong phuong trinh Thue

Mat khac, |a|*¥ = |a|. Hon nita, theo gia thiét, |f(x)| < H(z) 00D~
trong khi |fi(z)| < H(x)°, véimoii =1,2,....n — 1.

Nhu vay, cac da thic fi, fo, ..., fu_1 thoa man gia thiét ctia Dinh 1y 222 T9
v6i s = n — 1, mau thudn véi cach chon cac f, xac dinh trong W mot
da tap chiéu 0. O
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Két luan

Luan van trinh bay mot cidch c6 hé thong cac kién thic co sd lien
quan vé Hinh hoc dai s6, Dai s6 giao hoan va Ly thuyét so; cac két qua
lien quan dén tinh khong trit mat ctia tap nghiém nguyén ctia phuong
trinh Thue md rong

fl(Xh ---;Xn)---fr(le 7Xn> = g(Xl, ,Xn)

khi bac clia cac da thic tham gia théa man diéu kién Y deg fi >
i—1
nmax(deg f;) + degg.

Luan van nay dugc trinh bay dua trén bai bao "On a general Thue’s

equation" ctia Covaja va Zannier [6].
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Chi dan

Do cao Weil(do cao tuong ddi), [A Gia tri tuyet doi tuong duong,
Do cao logarit(do cao tuyet doi), Giao day du, @

Dmtlllqu:asu | Idéan thuan nhat, @

Dinh gia roi rac, Khong diém ctia mot ho da thic
Dinh 1y Khong gian con, thuan nhat,

Dinh 1§y Ostrowski, Khong gian xa anh,

Dinh 1y Siegel,
Da tap xa anh, @l
Diém nguyén, [T Phan tt S-nguyeén, [
O vi trf tong quét,

Loc,

Siéu mat,

dinh gia, Siéu phang,
Bat kha quy, Tap dai so,
Bao du, Tap céc diém S— nguyen, [1

Tap thuc sy ,

Cong thitc nhan,
& Tap tru mat,

Chicu ctia mot da tap,

N , T6 po
Chieu ctia mot khong gian t6 po, @ P ,
p-adic,
Day chinh quy, v-adic,

: ‘. Zariski,
Gia tri tuyet doi, [@

p — adic, [ Vanh toa do thuan nhat, B
ngoan,

phiic,
phi Acsimet, [
thue,
Gia tri tuyet doi tam thuong, [
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