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MO DAU

Toan so cap 1a mot linh viec ma cac két qua dude cac chuyeén gia
sang tao ra tuwong doéi day du va hoan thién. Chinh vi vay viéc nghién
ctu dé thu dudge mot két qua méi ¢6 ¥ nghia la diéu rat khé. Khi doc
mot so6 tai lieu tham khao ching ta sé giap mot s6 bai toan dai s6 ma
khi gidi chiing dudc chuyén thanh bai toan luong giac dé giai. Viéc st
dung cac phép bién déi luong giac da dang sé gitp ching ta c6 nhieu
huéng chiing minh hon. Céac ding thic, bat ding thitc lugng giac rat
phong pht néu chuyén duge thanh ding thitc, bat ding thic dai sb
chiing ta sé c6 mot s6 lugng 16n cac bai toan hay va kho. Tac gid ban
luan vin da tim dude mot s6 dieu kien cho phép chuyén cac bai toan
luong giac trong tam giac thanh cac bai toan dai s6. Tac gia cling da
trinh bay mot s6 k¥ nang gidi cho cac bai toan dai s6 dudc xay dung
d6 cling la mot dong gép nho cta luan van. Tac gia cling dua ra cong
cu cho phép chuyen céc dang thiic, bat dang thic luong giac trong ti
giac 16i thanh cac dang thiic, bat dang thitc dai s6.

Noi dung ban luan van dugc chia lam hai chuong.

Chuong 1: Dang thiic, bat dang thiic lugng giac trong tam
giac va xay dung bai toan dai sb.

Trong chuong nay tac gia da suu tam mot sé6 dang bai toan hay trong
tam giac va st dung céc bai toan nay dé xay dung cac dang thiic, bat
ding thitc dai s6 c6 dieu kien. Mot déng gép nhoé cé ¥ nghia trong
chuong nay 1 xay dung ki nang giai dai s6 cho cac bai toan méi duge
xay dung. T cac bai toan dai s6 bang cach dic biet hoa tac giad dua
ra mot so6 bai toan c6 hudng dan giai.

Chuong 2: DPang thiic, bit ding thic trong ti giac 16i.
Tac gia da ching minh mot sé dang thic, bat dang thic luong giac
cho t1 giac 16i v chuyen cac dang thiic, bat dang thic nay thanh cac
dang thic, bat ding thic dai sé co dieu kién.

Ban luan van nghién cttu mot linh vire rat nhoé ciia toan hoc va da thu



duge mot s6 két qua c¢6 ¥ nghia. Tuy nhién ban luan van chic chin
con nhicéu thiéu sét, nén rat mong dudce su goép ¥ clia cac thay co, cac
ban dong nghiép va doc gia quan tam dén noi dung luan van dé ban
luan van ctia tac gia duge hoan thién hon.

Tac gid xin gii 10i cAm on sau sac téi PGS.TS. Nguyén Vi Luong,
nguoi thay da huéng dan va chi bao tan tinh tac gid trong qua trinh
lam luan van. Cam on sy gitip dé clia cac thay, co giang day tai khoa
Toan - Co -Tin hoc va sy gép ¥ clia cac ban dong nghiép.
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Chuong 1
Pang thic, bat dang thiic luong
giac trong tam giac va xay dung

e

bai toan dai so

1.1. Mot sé dang thitc, bat dang thic luong gidc trong tam
giac

Dé chiing minh céc bat déng thic ta sit dung mot s6 két qua ve
tinh 101, 16m ctia cic ham sb luong giac.

Két qud 1.1 V6i 0 < z,y, z < 7w chiing minh ring

SinT + siny .ty
< sin
2 2
SInT + siny + sinz Tt y+z
3 < SWT'

Két qud 1.2 V6i 0 < 2,y < g chting minh ring

1)003.7: —2|— CcoSY < cosx —2|— (7

t t
2) anx + tany > mnszs+y
2

3)cotx + coty > cot™ =

Két qud 1.3 V6i 0 < z,y, 2 < g chting minh réng

1)cosx+cosy+cosz < r+y+z

< c0OS————
3 3

tanx + tany + tanz r+y—+z

2) 3 > tan—— ——

t t t
3)coa:+003y+coz >Cotx+g+z.




Xay dung cac dang thitc, bat dang thic dai s6 c6 diéu kien ta st dung
mot s6 dang thite, bat ding thic luong giac trong tam giéc.

Vi du 1.1 V6i A, B, C la cac goc ctia tam giac ABC ching minh
rang

A B (C
1. sinA + sinB + sinC = 4003500550055
A B C
2. cosA + cosB + cosC =1+ 452’n§5m§5m5
A B C
3. sinA + sinB — sinC = 4sm§3m5003§.

Vi du 1.2 V6i A, B, C la cac goc cta tam giac ABC chiing minh
rang

1. sin2A + sin2B + sin2C = 4sinAsinBsinC
2. cos2A + cos2B 4+ c0s2C = —1 — 4cosAcosBcosC.

Vi du 1.3 V6i A, B, C la cac goc cta tam giac ABC chiing minh
rang

1. tanA + tanB + tanC = tanAtan BtanC(AABC khong vuong.)

2. cotAcotB + cot BeotC 4+ cotCcotA = 1
B C

3. COtE + cot§ + cotE = cotacotgcotg.

Vi du 1.4 V6i A, B, C la cac goc ctua tam gidc ABC chitng minh
rang

3v3

1. sinA + sinB + sinC < —

2
2. cosA + cosB + cosC < g
3. tanA + tanB + tanC > 3V/3 (AABC nhon)
4. cotA + cotB + cotC > /3 (AABC nhon).

Vi du 1.5 V6i A, B, C la cac goc ctua tam giac ABC ching minh
rang

tan?A + tan*B + tan*C > 9(AABC nhon).
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Chiing minh
p B ) 1
Ap dung bat dang thic a? + b + 2 > g(a +b+c)?

Ta co

1
(tanA + tanB + tanC)* > 3(3\/3)2 =9.

W —

tan’A + tan’B + tan’C >

Dau dang thic xay ra khi va chi khi A= B =C =

Vi du 1.6 V6i A, B, C la cac goc ciua tam gidc ABC chitng minh
rang

w3

A B . C 1
1. sin—sin—sin— < —
2 8
A B (C
2. —cot—cot— > .
cot 5 cot 5 cot 5 3v/3
Chiing minh
1. Ta co
.A.l3.0<1
Sm2sm2sm2 S3
A B . C
= 83in—sin§sm§ —-1<0
A—-B A+ B
& 432’712 cos — oS + —1<0
2 2 2
C A-B
& 432'7125 — 432’715603 5 +1>0

C A-B\? A-B
& <23in§ — cos— ) + sin’ 5 > 0( luon ding).

Déu déng thitc xay ra khi va chi khi A = B = C' = g
2. Ta co

3
A B AL A B (C
C cot— + cot— + cot— _ (cotacotgcotg

2 2 2
t t I— < <
co 200 200 5 5 >

A B (C
@cotacotgcoti > 3V/3.



Déu ding thitc xay ra khi va chi khi A = B = C' = g

Vi du 1.7 V6i A, B, C la cac goc ciua tam giac ABC chiing minh
rang

B C
1. cosA + cosB + cosC < sz’na + Sin§ + Sin§
9 9 4 s C o 9
. 2s8in— + sin— + sin— < —.
2 2 2 4
Chiing minh
1. Ta c6
A+B A-B A+ B C
cosA + cosB = 2cos + coS < 2cos + = 2stn—
2 2 2 2
Tuong tu ta co
A
cosB + cosC < 25m§
. B
cosC' + cosA < 2sm§.

Cong titng vé ciia bat dang thic ta thu duge bat déng thiic can chiing
minh.

Déu dfng thiic x&y ra khi va chi khi A= B = O = g
2. Ta co

P = 2sin’s + sin2 + sinZ — 9 B+C+2.B—I—C’ B-C
= st sm2 st = 2c0s 5 sin 1 cos 1
B+ C B+C B-C

2D+ — 2sin Z coS 1 +P—-2=0

& 4sin

Ta co

B_C COS 9
—4P+8>0<:>P<2+—4<Z

N = cos?

B=C
Dau dang thitc xdy ra khi va chi khi{ B+ C
sin =
4

RS-



Vi du 1.8 V6i A, B, C la cac goc cta tam giac ABC ching minh

rang
35 A B . C A B C
T + 28@”5‘%”58@”5 < cot2§ + cot2§ + COt2§. (1.1)
Chiing minh
Ta co
35 1 1 1 1
(1.1) & — 4+ =(cosA + cosB + cosC — 1) < + + -3
2 sm?é 32'712E sm2€
2 2 2
45 1 LA _ B _ ,C 1 1 1
<:>Z+§(3—25m——2sm§—23m5 <szé+8m2§+sng
2 2 2
o p .QAJF.QBJF.?ClejL 1+1 J 5l
= sin°“— + sin“— + sin“— > —
2 2 2 T AT BT 07
sino sinfo sinto

Ta co

A B C 3
P> 3§/5m2—5m2—3m2— +
2 2 2 \?/ A B C

sin?—sin?—sin’—
2 2 2

B c 1
Dat t = ¢/ sin?2=sin?—sin?— < -
2 2 4
Ta thu ducc
P 1 1 15 17 51
st -6t - -1t —— =L aps>
3777 T3 1177

Déu dfng thiic x&y ra khi va chi khi A= B = O = g
Vi du 1.9 V6i A, B, C la cac goc cta tam giac ABC chiing minh
rang
1 1 1
L= +t—p+t =0
sin—  sin—  Sin—
2 2 2

A B C
2. 00525 + 00325 + 00525 > <

B 0>2

sin— + sitn— + sin—
2 2



Chiing minh

1. Ta co
1 1 . 9 _9
At Bt~ A B _C”3°
sin—  sin—  sin—  Sin— + sin— + sin— =
2 2 2 2 2 2 2
Déu déng thitc xay ra khi va chi khi A = B = C' = g
2. Ta c6
A B A B A B
tan—sinB + tan—sinA > 2\/25m2—23m2— = 4sin—sin—
2 2 2 2 2 2
Suy ra

A B C
tcma(smB + sinC') + tcm;(smC' + sinA) + tcma(smA + sinB)

S 4 .A.B+_,B.C+_.C.A (1.2)
= Stn 9 sSin 9 sSin 9 Stn 9 Stn 9 sSin 9 .

A A A+B B-C
Xét tang(smB + sinC') = tcm§2sm il cos

2 2
B+C B-C
= cos + cos = cosB + cosC

2 2
B . B  C .C’.A)

A
(1.2) & 2(cosA+ cosB + cosC) > 4 (smgsmi + sin sin + sin sin-

2 A A ,B B ,C . ,C
< CoS sm——i—cosQ 52715—1—0055—1—52715

2
2<AB B C ,C’.A)

sin—sin— + sin—sin— + sin—sin

27779 27779 27779
& cost= + 0032E + cos2€ > smé + smE + Sing 2
2 2 2 7 2 2 2
Déu dfng thiic x&y ra khi va chi khi A= B = O = g

Vi du 1.10 Véi A, B, C la cac goc ctia tam giac ABC chitng minh
rang

| P sind i sinB 1 sinl 1 1 1 L2
. _Sm§+8m5+8m§+ A B—I— B C—l— el A/7
sm23m2 sm23m2 sm23m2
A B C
2. Q= (1 + cos§> (1 + cos;) (1 + cos§> > 4.
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Chiing minh

1. Ta c6
A B . C 3
P> 3§’/sin—sin—sin— +
2 2 2 , A B C
sin?—sin?—sin?—
2 2 2
Dat t = \/ A B N < 1
at t = sm23m23m2 5
Ta dudce
3 P 1 9 27
P >3t S —2t+—-212-10t==-< P > —
e 12 3 + 12 2 2

Déu ding thitc xAy ra khi v chi khi A = B = ' = g

2. Ta co

Q = <1 + cos—) <1 + cos%) <1 + cos%)
2

B A B C
(1 — cos—) (1 — COS§> + 2 <cos§ + cos§>] (1 + cos§>
_ + E 1 + g
0052 CcoS 5 CcOoS 5
A B C
9 941 2 D 1 2
> (0052+COS 2)( + cos 2)

A B  C
Mat khac cosA + cosB + cosC =1 + 4sm§sm§sm§ > 1
A B C
& <20032§ — 1) + (260825 — 1) + <20052§ — 1) > 1

A B C
& 00325 + 00525 > 2 — 00325

Suy ra Q>2(2—- 00529 1+ 60329 =22+ 60829 60849
2 2 2 2
S Q>2 (2 + sin2%6032%> > 4

Vi du 1.11 V6i A, B, C la cac goc ciia tam giac ABC chitng minh
rang



+cosD + coso
COS— COS— COS—
|2 2 2

. i B i C
sin— + sin— —+ sin—
1 12 12
2. A+ B~ C<1
cos 5 cos 5 cos 5
. B . C A
sm; 5m§ sma
St Bt —¢c~="
sin?—  sin?—  sin?—
2 2 o 2
4.tanA + tanB > Qtang.

<2

Chiing minh
1. Ta co

4 B A B B.A__AtB_ C__
COS 5 COS 5 COS 5 sStn 5 coS 5 Sin 5 = Sin 5 — COS 5

Suy ra
1— ¢ ’A+ n >0
cos sing + sin

(1 — cos§> (smg + SZTLé) >0
2 2 2

(1 — cosé> (smE + sm€> >0
2 2 2

Cong timg vé cac bat dang thiic trén ta thu dudc

< A B (U . A+ B . B+C O+ A
2 > Sin

sm§ + sz’n; + sz’n§ 5 + sin 5 + sin 5

o 9 .A+ .B+ e - A+ B+ C
sing + sing + sin cos + cos + cos
B C

0035 + 0035 + 0055

A g B+ - C
sinz + sin— + sin

& < 2



2. Ta co

1 1 L, 1 L]
At T coc~'TTat—pp~'T—0¢
COS— COS— COS— COS— COS— COS—

2 2 2 2 2 2
A B

A B A B 60856085
= 0035 + 0035 < 00350055 + —

Stn—
2

1 1 1
. B . C A | . B NG
Sin— Sin— sin— sin?—  sin?—  sin?—
_ 2 2
1 1
94 e oY -
sin sin sin B — —
Sin— Sin— Sin—

2 2 2

AT T BT O
StN— StN— StNh—

2 2 2
Déu ding thitc xay ra khi va chi khi A = B = C' = g

4. Ta co
sin(A+ B) B 2sinC

cosAcosB ~ cos(A+ B) + cos(A — B)
25inC C

tanA + tanB =

Déu ding thitc xay ra khi va chi khi A = B = C' = g
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1.2. Xay dung cic dang thic, bat dang thic dai sb cé diéu
kién

Ta chitng minh mot s6 két qua co ban sau:
Két qud 2.1 Véi a, b, ¢ la cac s6 thuc duong théa man diéu kién
ab+bc+ ca = 1 khi d6 ton tai cac goc A, B, C ctia tam gidc ABC sao
cho

t b=t t ¢
a =tan—;b = tan—;c = tan—.
2’ 2 2

Chiing minh

R A B
Vi a,b > 0 nén ton tai cac goc 0 < 39 < g sao cho tcma = a;
t b b
an— =
2 N
Tu dieu kién suy ra
A B
1—ab 1 tangtanz A+B T A+B
c= = & ¢ = cot =tan | = —
a+b A B 2 2 2
tana + tcm;

. ¢ m A+B 1w
V10>Osuyra0<§—§— 5 <§Va0—tan§

Suyyra0< A, B,C<nmvaA+B+C=m.
Két qud 2.2 Véi a, b, ¢ la cac s6 thuc duong théa man diéu kién

ab+bc+ca=1vaabc+a+b+c < 2. Khidé ton tai cac goc A, B,
C

B
C cua tam giac ABC nhon sao cho a = tcma; b= tcmE; c= tcm;.

Chiing minh
Tt dieu kien ab + be + ca = 1 theo két qua 2.1 ton tai cac goc A, B,
B C

A
C cua tam giac ABC sao cho a = tcma; b= tan;; c= tan;.

Tam giac ABC nhon khi va chi khi cosAcosBcosC > 0
1—a?1—-b"1—¢?
I1+a?1+0b214¢2

& 1—(a+b+c)+ (ab+ be+ ca) —abe > 0

& abc+a+b+c<2(Viab+bc+ca=1)

>0 (1—a)(1=0b)(1-¢)>0

11



. A .
Keét qua 2.3 Trong tam giac ABC vé6i a = tcm§ chiing minh rang

A a A 1
Sin— = —

— (0§ — = ———.
2 V1+a? 2 V1+a?

Chiing minh

Ta co
A 1 1 1 a?+ 1
- == 2_ — _ P
i “ 2 sin2é e 52'712é a 1 a*
2 2
P, 2A a2 o si A a
sin°— = SIN— = ——
2 1 +CL2 2 val —|-a2
Ta co
A A A A 2 1
52’71254—00325 = 1@00525 :1—sm2§ =1 1_7_@2 = T

A 1

& 08— = ——
2 V14a?
Két qud 2.4 Véi a, b, ¢ 1a cac sb6 thuc duong thoa man diéu kien
a+ b+ c = abc, khi d6 ton tai cac goc clia tam giac ABC sao cho
A 1 B 1 B 1
tan— = —;tan— = —;tan— = —.
2 a 2 b 2 ¢
Ching minh
Ta c6 dicu kien
1 1 1
a+b+c=abces —+ —4+ —=1
ab  bc ca
Ap dung két qua 2.1 ta suy ra didu phai ching minh.
Két qud 2.5 Véi a, b, ¢ la cac s6 thuc duong théa man diéu kiéen
a+b+c=abc, vi 1+ ab+ bc + ca < 2abc khi d6 ton tai cac goc cla
tam giac ABC sao cho
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Chiing minh
Ta c6

1 1 1
at+b+c=abc & —+—4+—=1
ab  be  ca

1 1 1 1
l+a+b+c<2abc & —+—+-+-<2
abc a b ¢

Ap dung két qua 2.2 suy ra diéu phai ching minh.

< A 1 <
Keét qua 2.6 Trong tam giac ABC véi tcma = — chiing minh rang

a
A 2a A a?—-1 | A 1 A a
SINA = ————;c0sA = ———;8in— = ——— ;05— = ——.
+ a? I+a* 2 Vi+a? 2 Vi+a?

Chiing minh
Suy ra truc tiép ti két qua 2.3
St dung cac két qua trén ta c6 thé xay dung duge cac dang thiic, bat
dang thic dai s6 c6 diéu kién tit cac dang thic, bat dang thic lugng
giac trong tam giac.

) A B . C
T cac dang thic cosA 4 cosB + cosC =1+ 4sin§sin—sin—

2 2
1— az' A a v
m, SmE = \/ﬁ vOl a = tanE
Ta thu duge bai toan
Bai toan 2.1 V6i a, b, ¢ 1a cac s6 thuc duong thoéa man diéu kién

ab + bc + ca = 1 chiing minh rang

cosA =

1—a®> 1-0 1-¢ 4abc
5+ 5 + 5 =1+ :
I+a* 1+0° 1+c V(I +a2)(1+62)(1 + 2)
) A B C(C
T cac dang thic sinA + sinB + sinC = 4008560850085;
: 2a A 1 A
sinA =

m, COSE = \/ﬁ vll a = tana

Ta thu dugce bai toan

Bai toan 2.2 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

a b a 2

+ + = -
l+a? 140 14+ /O +a)(1+02)(1+A)

13



T cac dang thic sin2A + sin2B + sin2C = 4sinAsinBsinC' va
, 2a 1—a? | a(l — a?)

sinA = m; cosA = m; sin2A = QW

Ta thu dugce bai toan

Bai toan 2.3 Vi a, b, ¢ 1a cac s6 thyc duong thoa man diéu kien

ab + bc + ca = 1 chiing minh rang
a(l—a®)  b(1—-0%  c(1-c%) 8abc

(1+a?)? (1402 (1+2)2 (A+aH)A+)(A+2)

Tt dang thiic tanA + tanB + tanC = tanAtanBtanC AABC khong

o i sinA — 20 gt Al
vuong va StnA — ———;CO0SA — vOl tan— = —
& 1+ a? a+1 2 a

Ta thu duge bai toan
Bai todn 2.4 Véi a, b, ¢ 1a cac so6 thuc duong khac 1 va théa man
diéu kién a + b + ¢ = abc chiing minh réng

vél a = tan—
2

a n b n c 4abc
a2—1 02—1 -1 (a2=1B2—1)(c2—-1)
o . a2 L . . . . B C
T cac dang thic sinA + sinB — sinC = 432715327150055;
, 2a A 1 A a . A 1
sinA = in— = = ——— vbi tan— = —

—:s — 0S5 —
1+ a? 2 VJ1+a? 2 V1+a? 2 a

Ta thu duge bai toan
Bai toan 2.5 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
a + b+ ¢ = abc chiing minh rang

a b c c

+ - =2 :
l+a* 140 14+ /(1T+a?)(1+02)(1+ c?)

T dang thiic cos2A + cos2B + c0s2C = —1 — 4cos AcosBcosC' va

1 — a?)? 1 —a? A
COS2A:20032A—1:2( a)2—1;cosA:1 Y v6ia=tan=

(14 a?) + a? 2

Ta thu duge bai toan
Bai toan 2.6 V6i a, b, ¢ 1a cac s6 thuc duong thoéa man diéu kien
ab + bc + ca = 1 chiing minh rang

(1 — a2)2 (1 — 62)2 (1 — 02)2: - 2(1 —a®)(1—-b%)(1 - )

1+ a? * 1402 * 14 ¢ (1+a®)(1+b0*)(1+ )
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Tu ding thi tA+ tB+ tc— t—cot—cot— vi tA—
ang ACCO2 602 602—002602002\7&002—&

vll a = tcmg
Ta thu duge bai toan

Bai toan 2.7Véi a, b, ¢ 1a cac sd thuc duong thoa man dieu kien
ab + bc + ca = 1 chiing minh rang
1 1 1 1

a b ¢ abc
1—a?

Tt déng thiic cot AcotB + cot BeotC 4 cotC'cot A = 1 va cotA = 5
a

v6il a = tana
Ta thu dugce bai toan
Bai toan 2.8 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien

ab + bc + ca = 1 chiing minh rang
(1—a®)(1—-b% N (1-0*)(1—c?) N (1—c)(1—a?)
4ab 4bc 4ea

Ap dung bat ddng thiic

= 1.

C 2 ]_ - 2 A
cosA+ cosB < 23m§ va dang thiic cosA = TZQ; smg = \/%
vl a = tan—
2

Ta thu duge bai toan
Bai toan 2.9 V6i a, b, ¢ 1a cac s6 thuc duong thoéa man diéu kien
ab + bc + ca = 1 chiing minh rang
1—a®> 1-0° 2c
+ <
I+a? 1402 V142

Ap dung bat ddng thiic

3 2 ]_ - 2 A
cosA+ cosB + cosC < = va dang thiic cosA = 7a; véi a = tan—
2 1+ a? 2

Ta thu dugce bai toan
Bai todn 2.10 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang
1—-a?2 1-0* 1-¢& 3
<

1+a2+1—|—b2+1—|—02\2'
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Ap dung bat ddng thitc

vél a = tan—

3v/3 )
sinA+sinB+sinC < i va dang thic sinA =
2 + a? 2

Ta thu duge bai toan
Bai todn 2.11 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
2a + b = a®b chiing minh ring

2a L b <3\/§.
14+a2 14052 4

Ap dung bat ddng thiic

B C )
cosA + cosB + cosC' < sm§ + sm§ + sm§ va dang thtc
A 1—a> A a 4 ,
c0SA = ——; sin— = —— Vvbi a = tan—
1+ a?’ 2 V1+a? 2

Ta thu dugce bai toan
Bai todn 2.12 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

1—a2+1—b2+1—02< a n b n c

l+a2 140 1+  Vita® VI+2 Vi+e2

Ap dung bat ddng thitc

95ind + sinZ 1 sinS < 2 va dine thitc i a
Sth— StNn— S1N— & — Va dar C S1Nn— = —
> 2 2 N3 & 2 i a
A
vl a = tan—
2

Ta thu duge bai toan
Bai todn 2.13 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

2a b c
+ + <
Vi+a2 Vi+02 1+

Ap dung bat ddng thiic
tanA + tanB + tanC > 3v/3 v6i AABC nhon va ding thic
2a . A
tanA = vil a = tan—
1 — a? 2
Ta thu duge bai toan

9
1
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Bai todn 2.14 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc+ ca = 1 va abc + a + b+ ¢ < 2 chitng minh rang

2a 2b 2c
> 3V 3.
1—a2+1—b2+1—02 V3

Ap dung bat ddng thiic

2 1 - 2
cot A+cot B+cotC > /3 v6i AABC nhon va déng thiic cotA = a

2a

v6il a = tanE

Ta thu dugce bai toan

Bai todn 2.15 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab+bc+ ca = 1 va abc + a + b+ ¢ < 2 chiing minh rang

1—a®2 1-0 1-¢
> V3.
2a + 2b + 2c V3

Ap dung bat ddng thitc

tan?A + tan®B + tan®C > 9 v6i AABC nhon va dang thic

tanA = 1 iaaQ v6i a = tanE

Ta thu dugce bai toan

Bai todn 2.16 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab+bc+ ca =1 va abc + a + b+ ¢ < 2 chiing minh rang

( 2a >2+< 2b >2+< 2c >2>9
1—a? 1— b2 1—¢2) 77

Tu bat dang thiic

ndsinBsinC < L ding thite sin’ © bia = tan
SIMN—S1N—S1N— X — Va dal C SIN— = —F————=— VOl a = tan—
9 MMy N g & 2 - it 2

Ta thu dugce bai toan
Bai todn 2.17 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

abc 1
N ORI ETE )

Ap dung bat ddng thiic

) A 1 A
cot—cot—cot— > 3v/3 va dang thic cot— = — v6i a = tan—
2 2 2 2 a 2
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Ta thu duge bai toan
Bai todn 2.18 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

3v/3abe < 1.

Ap dung bat ddng thiic

35+2'A‘B‘O< t2+t2+t20\d3 thi
— SIN—SIN—S1N— X COlU"— Col™— COl”— Va dan C
1 g Mg oty 2 2 2 8

A a G y A
SIMN— — —— Vol a = tan—

2 V1+a? 2

Ta thu dugce bai toan
Bai todn 2.19 Véi a, b, c 1a cac s6 thuc duong théa man dicu kien
ab + bc + ca = 1 chiing minh rang

35 2abc 1 1 1

- <SS+ 5+
4 JO+a)A+)(1+e2) a® b

Ap dung bat ddng thitc

22 1 c0s22 4 2C><-A_|_ 'B_|_ ‘0)2 3 dang thi
COS™— COS™— COS™— =2 StNn— StNh— StNn— va darll C
2 2 2 2 2 2 &

A a A 1 A

SZTL§ = \/ﬁ; 6085 = ﬁ vOl a = tana
Ta thu duge bai toan

Bai todn 2.20 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

1 n 1 n 1 S ( a n b n c >2
1+a2 140 1+ \V1+a2 Vit Vit
Ap dung bat ddng thitc
: : , 1 1 1 S 27
szn§+szn§+szn§+ ) B—l— B C—I— Y )

SIN—Sin—  SIn—Sin—  SIN—Sin—
2 2 2 2

N z e N a/ Ze*
va dang thic sin— = —— v6ia = tcma

V1 -+ a?

Ta thu dugce bai toan
Bai todn 2.21 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

o b e Y (e i) e (i E) (1
V1+a2 V14562 V142 a? b? b2 c?

18



N 1+1 1+1 >27
c2 a2) = 2

Ap dung bat ddng thitc

A B C )
<1 + cos§> <1 + cos;) (1 + cos;) > 4 va dang thtc
A 1 A

COSE = ﬁ vll a = tanE
Ta thu duge bai toan

Bai todn 2.22 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

1+ VIta)(1+VIt)(1l+ VIt
V(1 +a?)(1+02)(1+ )
B C

cos— + cos— + cos—
2 2

. s B i C
sin— + sin— + sin—
2 2 2

A 1 A a .
COS— = = ——vVv0la = tanE

— Sin—
2 1+a? 2 V1+a?

Ta thu duge bai toan
Bai todn 2.23 Vdi a, b, ¢ 1a cac s6 thuc duong théa man dieu kien
ab + bc + ca = 1 chiing minh rang

Va+b+Vb+tc+y/cta

> 4.

Ap dung bat déng thic < 2 va déng thic

< 2.
avb+c+byec+a+cva+b
Ap dung bat ddng thiic
SR > 6 va ding thic si ¢ ia=t
Y B o = 6vadang C sin— = —=——=V0ia = tan-;
smg sm§ sma V1it+a 2

Ta thu duge bai toan
Bai todn 2.24 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
a + b+ ¢ = abc chiing minh rang
T+a2+V/1+b02+V1+e>6.
Ap dung bat ddng thiic
! ! ! 1 va ding thie costr — ———.
A—I— B C’< va dang ccosa—ﬁ,

COS—  COS— S1n—
2 2 2
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A a . A
Sin— = — vi0l a = tcm§

2 V1+a?

Ta thu duge bai toan
Bai todn 2.25 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
a + b+ ¢ = abc chiing minh rang

V1 2 J1+0b?
rta + + V1+e2 <1,

a b B
Ap dung bat ddng thitc
. B . C A
Sin— Sin— Sin— A
+ + 2 > 6w dang thic sin— = L i
A B c - / 9
sin?—  sin?—  sin?— 2 I+a
2 2 2
tanA
a = —
2

Ta thu dugce bai toan
Bai todn 2.26 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

b(1+a*)  c(1+0b%)  a(l+c?) 6

2VI+2  PVI+E AV1+ad

Ap dung bat ddng thiic

C 2
tanA + tanB > 2tan— v6i AABC nhon sinA = —a;
2 1 + CL2
1—a® . A
cosA = vll a = tan—
+ a? 2

Ta thu dugce bai toan sau
Bai toan 2.27 V6i a, b, ¢ 1a cac s6 thuc duong khac 1 thoa méan
diéu kién ab + be + ca = 1 chiing minh ring

a b 1

> —.
1—a2+1—b2/c

1.3. Phuong phap giai dai sb

Giai cac bai toan bang phuong phap dai sé truée hét ta chitng minh
mot s6 két qua sau:
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Két qud 3.1 V6i a, b, ¢ 1a céc s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

1+a®=(a+b)(a+c)
1+b°=(b+c)(b+a)
1+ =(c+a)(c+b).
Két qua 3.2 Véi a, b, ¢ la cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang
1+ ab

V(I +a®)(1+02) s (13)

Chiing minh

(1.3) & (1 +ab)* < (1 + a®)(1 +b*) & 2ab < a® + b*(ding).

Két qua 3.3 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

a b 1
< .
1+a2+1—|—62 V142

Chiing minh
Ta chiing minh dang thiic

“_ b 1+ ab
L+a? 140 /(I +a?)(1+0%)(1+c2)
a(b+c) +b(c+a) 1+ ab

(a+Db)(b+c)(c+a) (a+b)(b+c)ic+a)
& alb+c)+b(c+a) =14+ ab (Ap dung két qué 1.1)
& ab+bec+ca=1
i Ltab < 1tasuyra a + b < !
V(L +a?) (14 b?) 14+a?2 140 142
Bai toan 3.1 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

1—a2+1—b2+1—c2_1+ 4abe (1.4)
bra? 1482 14 I+ I+0)1+d)

(dpem)
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Chiing minh

(14) 1 —a? n 1 —b? n 1—¢?
(a+bzl(ab+) (b+c)(b+a) (c+a)(c+Db)

- +(a+b)(b+c)(c+a)

S (1-a®)b+e)+ 1 -))(c+a)+(1—c3)(a+b)

)

= 4abc+ (a +b)(b+¢)(c +a)
& 2(a+b+c)—alab+ac) —b(be+ba) —c(ca+cb) = 4abe+(1+a?) (b+c)
& 2a+b+c—a(l —be)—b(1—ac)—c(l1—ab) =4abc+ a(l — be)
& a + 3abc = 4abc + a — abe (dpem).
Bai toan 3.2 Véi a, b, ¢ 1a cac s6 thiyc duong thoéa man diéu kien
ab + bc + ca = 1 chiing minh rang

a b c 2

I+a? 1402 1+ JI+a)1+2)(1+ ) (15)

Chiing minh
b c 2

a
W) & et e 6 ob+a) craetd) @ibb+deta
S ab+c¢)+blc+a)+cla+b) =2 < 2ab+ 2bc + 2ca = 2

& ab+ be+ ca = 1 (dung do gia thiét).

Bai toan 3.3 Véi a, b, ¢ 1a cac s6 thuc duong thoéa man diéu kien

ab + bc + ca = 1 chiing minh rang

a(l—a®) b(1—0%) c(l—¢c) 8abc
(14+a2)2  (1+02)2  (14+c2)2  (1+a®)(1+02)(1+c2)

Chiing minh

Ta c6
a(l — a?) _ a(l — a?)
(1+ a?)? (a+b)%(a+ c)?
b(1—-0*) b(1 —v?)
(1+02)2  (b+c)2(b+a)?
c(1 —c?) _ c(1 —c?)
(1+c?)? (a+¢)*(b+c)?

8abc 8abc

(14+a2)1+)(1+c2)  (a+b20b+c)2(c+a)?
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Khi do

a(l—a®) b(1—-0%) c(1-¢) 8abe

(14+a?)?  (140?) (1+32)?2 (1+a)1+b0)(1+c?)
& a(l —a®)(b+c)* +b(1—b%)(a+c)*+c(1 —c*)(a+b)* = Sabe

& a(l—a®)(b+c)?*+b(1—b) (a+c)*+c(1—c*)(a+b)*—8abc = 0 (1.6)

Ta co

a(l —a?)(b+c)? = a(b+ c)? — a®(b + c)?
= (b+c)(ab+ ac) — alab + ac)* = (1 — be)(b+ ¢) — a(l — be)?
= b4 c—a—bc® — b’c+ 2abc — ab*c?

Tuong tu ta ciing c6 cac dang thic

b(1 —b*)(a+c)> =a+c—b—a’c— ac® + 2abc — ba*c?
c(1 —c*)(a+0b)*=a+b—c—a’b— ab®+ 2abc — ca’b*
(1.6) < a+b+c—a*h—a’c—b’c—b%a— cta— b — 3abc = 0
& a+b+c—abla+b+c)—bela+b+c)—cala+b+c)=0
& at+b+c—(a+b+c)(ab+ be+ ca) = 0( dang vi ab + be + ca = 1).

Bai todn 3.4 V6i a, b, c 1a cac s6 thuce duong khac 1 va thoa man
diéu kién a + b + ¢ = abc chiing minh réng

a n b n c 4abc (1.7)
a2—1 2—-1 -1 (a2—1)(B2—1)(c2—1) '
Chiing minh
1 1 1
Gia thiét a + b+ c = abc & — + — -I——zl
1 1 1 ab  bc

Dat—: b—y, = 2. Khid6taco: z,y,z>0vazrzy+yz+zrx =1
Dang thic (1.7) tré thanh

x Y z dxyz

1—x2+1—y2+1—z2:(1—x2)(1—y2)(1—z2)

Ta co
x N Y N z
1—22 1—y2 1-—22
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z(1—y)(1—2%) +y(1 —a®)(1 - 2%) + 2(1 — 2°)(1 — y°)
B (I —a?)(1—y?)(1 -2
P=x(1-y")(1-2")+y(l—a?)(1—2%) +2(1 —2*)(1 -y
=z —xy2 —:z:z2+xy2z2 +y—x2y —yz2 +yx2z2 +z—2%2 —y22+x2y2z
=+ y+z+ayz(vy +yz+ 2x) — 2%y — 222 — yPr — yPr — 22x — 2Py
=r+y+ztdryz—x(ry+yz+zx) —ylry+yz+z2x) —2z(xy+yz+ zx)
= 4xyz

S x n Y n z dayz

uy ra = .

YT e 1—y> 1-22 (1—a22)(1—-y?)(1-22)

Bai toan 8.5 Vdi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien

a + b+ ¢ = abc chiing minh rang

L ‘ (1.8)
bha? 1400 1+c e+ (0+)

Chiing minh

. 1 1 1

Giathict a+b+c=abcs —+ —+— =1

1 1 1 ab  bc ca
Dét—:x;gzy;—:z.Khidétac():x,y,z>0véxy—l—yz+zx:1

a c
Khi d6 dang thitc (1.8) trd thanh

x L Y z 2xy
Tea? Tyt 142 )+ )+ )
x Y z 2xy

Tyt Grow+s) GraGry) @rgyrae o)
szy+z)+tylz+z)—z(z+y) =22y

& 2zy = 2zy (dang).

Bai toan 3.6 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien

ab + bc + ca = 1 chiing minh rang

2

G ; Z2>2+<1 ; 22)2 <%>2: =27 +(22;(Cll l(;}(i 1(22;(%%2)

Chiing minh
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Ta co

(1—a?)? (1 -0 (1—c)?
@+ 0% at)?  (b+cPbtal  (ctallctbd)?
(1—a?)(1—B)(1—?)
(@+02(b+ )2(c + a)?
s 1=+ + (1 -0 (c+a)’+(1—c)(a+b)
(@Dt e+ )t — 21— @)1 - B)(1 - )

(1.9) <

= 1-2

Ta co
(a+b)2*(1—-c)? = (a+b)?*—2c%(a+b)*+ E(b+ )

= (b+a)? —2(1 —ab)® + (1 — ba)*

= (a+0b)*—2+4ab — 2a*b* + ¢* — 2c%ab + a*b*c?
Tuong tu ta ciing ¢6 cac dang thic

(1—-0H)*a+c)? = (a+c)?—2+4dac—2a*c® +b* — 2b%ac + a*b*c?
(1—a®)?*(b+¢c)* = (b+c)* — 2+ 4bc — 20*c* + a® — 2a*be + a*b*c?
Suy ra
(1—a®)?*(b+c)*+ (1 =) (a+c) + (1 —c*)*(a+b)?
(a+0b+c)® —2abc(a+b+c) + 2(a* +b* + %) + 3a*b*c® — 2
= (a+b+c—abc)® —2(1 —a®)(1—b*)?*(1—c*)?
(a+b)*(b+c)*(a+0)? —2(1 —a”)(1-b")(1 - ) (dpem).

Bai todn 3.7 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

11 1 1

a b ¢ abe

Chiing minh

Suy ra tric tiép tiu gid thiét.

Bai toan 3.8 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

(1-— a2)(1 — 62) (1-— bz)(l — 02) (1-— 02)(1 — a2)
4ab + 4be + 4ca
25

=1




Chiing minh
Ta co
(1—a?)(1—b?) N (1-0*)(1—¢%) N (1—c*)(1—a?)
4ab 4bc 4ca
(1—a®)(1—=b)c+ (1 —=b)(1—cA)a+ (1 —cA)(1—a)b
4abc
_a— ab® — ac® + ab®*c® + b — ba® — b + ba’c? + ¢ — cb® — ca® + ca’b?
- 4abe
_a(l =ba —ca)+b(1 —cb—ba) + c¢(1 — ca — cb) + abc

a 4abe

4dabc
=——=1(d :
4abc (dpem) ) .
Bat toan 3.9 Véi a, b, ¢ la cac so thuc duong thoéa man dieu kién

ab + bc + ca = 1 chiing minh rang
1—a® 1-10? 2c

< .
1+a2+1+b2 V142

Chiing minh
Ta chiing minh dang thiic

l—a* 1-0" 2¢(1 4 ab)
1+a2+1+62 B VA +a) 1 +2)(1+ 3
2 2 2¢(1 + ab)
+ — 2+
1+a® 1402 VI +a2)(1+02)(1+ 2
b+c+c+a c(1+ ab) B
(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
a+b+c—abc=(a+b)(b+c)(c+a)
a+b+c—abc=(1+a®)(b+c)
a — abc = a*(b + ¢)
1 —bc=ab+ac
ab+bc+ca=1
1+ab

<1
V(1 +a?)(1+b?)

1—a®> 1-0° 2c
Suy ra +

<
+a 1+02 Vit

Dau déng thiic xay ra khi va chi khia =b=c =

i

tes 0T O

Theo két qua 3.2 ta co

(dpcm).

Sl
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Bai todn 3.10 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang
9 72 2
P 1—a 1-0 1—c o 3

_1+a2+1—|—b2+1—|—02\2'

Chiing minh
1—a®> 1-07 2c

<
1+a2+1—|—b2 V1t 2

Theo bai toan 3.9 ta co

Ta suy ra

2
P< 2c +1 c 2c +1_2< c )

P f(t) = =22 +2t+1v6it € (0,1)
3

1, 3
= —2(t- ) +- <>
=) +53

Suy ra P <

[\LR GV

a=>
Dau déng thic xay ra khi va chi khi c 1 “a

Vite 2

Bai todn 3.11 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
2a + b = a?b chiing minh rang

2a N b <3\/§.
1+a2  1+05b2 4

I
S
I
o
I

Chiing minh

Xét hiéu

a V3 V3+a  da+V3(1+d?) —2(V3+a)V1+a?
1@ 1 aiza 41+ a?)

(2a — V3V1+a?)(2 — V1 + a?)

11+ a2
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(2a — V3VI+a?)(2 — V1+a?)(2a + V3V1+ a?) (2 + V1 + a?)
4(1 + a2)(2%+ V3V +a2)(2+ V1 +a?)

B —(3 —a?)?
; 41+ a2)(2a + V3V1 + a?) (2 + V1 + a?) <0
uy ra

a < \/§+a \/3

1+a? ° 2\/1—|—a2_ 4

, . ) 111
Ap dung két qua 3.3 véi 3 so duong —; E; — ta dugc
a b a

1 1
a N b o 1 N a N b o a
1 I S 1 1+a® 1402 /1+a2
1+—2 1+—2 14+ =
a b a2
3 3 3 9+ 3)(1 2 3 3v3

201+a2 4 2/I+a 4 4

Dau ding thic x4y ra khi va chi khi a = b = /3.

Bai todn 3.12 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

1—a2+1—62+1—62< a N b n c
1+a?2 1402 1+  VitaZ Vi+2 Vit

Chiing minh

. 1—-a®> 1-0 2c
Theo bai toan 3.9 ta co T + N < o

Tuong tu ta ciing co

1—62+1—02< 2a
1+02 1+~ T+a
1—c2 1—a? 2b

<
1+02+1+a2 V1+ b2

Cong timg vé cac bat dang thiic trén ta thu dudc:
(1—a2+1—b2+1—02)< 2a N 20 N 2c
1+a> 140 1+ V1+a2 I+ i+
1—a®> 1-0 1-¢ a b c

& + + < + +
1+a2 140 14+ " Vi+a2 VI+2 V1i+e2
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, ) 1
Dau dang thic xay ra khi vachi khia =b=¢c= —.
g y /3

Bai todn 3.13 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

2a b c 9
<

+ + < 2.
Vi+a2 VI4+02 i+ 4

Q =

Chiing minh

Ta co

1 1 1
@ = 2a\/(a+b)(a+c) +2b\/4(b—l—c)(b+a) +26\/4(C+a)(c+b)

<(1+1>+b<1+1>+(1+1>
x a C
at+b a+c a+b  4(b+c) at+c 4(b+c)
< @ N a N b N c N b N c
S a+b atc a+b at+c 40b+c) 4b+c)
1 9
< 1+1+Z=Z(dpcm).
7
a=—
Dau déng thitc xay ra khi vi chi khi VIS
b:C:—
V15
Bai todn tong qudt Véi a, b, ¢ 1a cac sé thue duong théa méan dicu
kién ab + bc + ca = 1 va a > —= chiing minh ran
32 g g
P aa b c <oz—|—i

Vita® Vi+2 Vi+e 20

Chiing minh
Ta co

T I 1
2b = 2O‘a\/ (@t b)ato +2O‘b\/ b+ oa2(b+ a)+20\/ (c + a)a(c+b)

o ( 1 L+ 1 >+ b( 1 i 1 >+ ( 1 L+ 1 )
< aa « ac

a+b a+c a+b a?(b+c) at+c a?(b+c)
aa N aa n ab n ac n b n c

a+b a+c a+b a+c alb+c) alb+co)

S
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1
<20+ —
o

1
Suy ra P < a+ —
2c
202 — 1
. " a = —2
Dau déng thiic x4y ra khi va chi khi 4o —11
b=c=
402 — 1

Bai todn 3.14 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab+bc+ ca =1 va abc + a + b+ ¢ < 2 chiing minh rang

2a 2b 2c
> 3V 3.
1—a2—l_1—b2—l_1—c2 V3

Chiing minh

Ta c6
a+b+c+abc<2<1+ab+bc+ca>a—+b+ c+ abe
S1l—a—b—c+ab+ bec+ ca— abe >0

S (1l—a)(1=0b)(1-c) >0

) l—a<0 > 1 . )
Neéeu ¢ =3 ¢ Thi ab+bc+ca > 1 Mau thuan véi gia thiet.
1-b6<0 b>1

Suyral—a>0,1—b>0,1—c¢>0haya,b,ce(0,1).
V6i a € (0, 1) ta ching minh

1 >3\/§a
1—a? 2

(1.10)
3v3
Ta c6 (1.10) < Tfa(l —a?) <1
Xét ham s6
fx)=2(1 -2} =x—2°Véiz e (0,1)
1

1
Taco f'(x) =1—322=0khi x = — hoiicx = ———
Fe) V3 V3

1
Suy ra f'(x) >0 Véix € (0,—) va f'(x) <0 V6iz € (ﬁ, 1)
Do do

S
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1 2 3v/3

0< )< f(—=) <0< x2(l—22) < & r(l—2%) <1
Fla) < F(52) 0 <all =) € == & a1 =)

Suy ra

3v/3 ) 2a )

N a(l—a)gl(:)l_a2>3\/§a

3v/3 ) 2b )

—b(1 — <1 —_— >

5 b(1—1?) & T 3v/3b

3v/3 9 2c 9

5 C(l—c)<1<:>1_02>3 3c

Cong timg vé cac bat dang thiic trén ta thu dudc

2a 2b 2c 0 o o
1 — a2+1 _ b2+1 — 2 > 3V3(a’+ b7 +c?) > 3\/§(cib+bc—l—ca) > 33
DAau dang thitc xay ra khi va chi khia=b=c= —.
12 y \/g

Bai todn 3.15 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab+bc+ ca =1 va abc + a + b+ ¢ < 2 chiing minh rang

2

1—a 1-0 1-¢
= V3. 1.11
2a i ) * 2c V3 ( )
Chiing minh
Theo bai toan 3.14 ti gia thiét abc+a+b+c < 2 va ab+bc+ca =1
ta suy ra dugc a,b,c € (0,1)

Ta co
1 1 1 1 1 1
(Il ~—a+-—b+-—c22V/3 & —+-+->2/3+a+b+c
a b c a b ¢
1 1 1 1 1 1 9
b 4+t )29 44— 1.12
(a + +C>(a+b+c> a+b+c a+b+c ( )
Ta chitng minh
9
2\/§—|—a—|—b+c<7 (1.13)
at+b+c
) a7b7ce(071) ~
Vé6i tacox/§<a+b+c<3
ab+bc+ca=1
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Xét ham so6
9
ft) = 2V3+1t— ACEE [V/3,3)

') = 1+%Vt€[\/§,3)

Taco f(t) >0V te[vV3,3) < 2vV3+t<

~ | ©

2v/3 b < -
suy ra \[—l—a—l— +C\a—|—b—|—c

Tit cac bat dang thite (1.12) va (1.13) ta thu duge bat dang thiic can

chiing minh
1

V3
Bai todn 3.16 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab+bc+ ca =1 va abc + a + b+ ¢ < 2 chiing minh rang

) o, 1
Ap dung bat ding thitc 22 + y2 + 22 > g(::: +y+ 2)?

( 2a )2+< 2b )2+< 2c )2>1( 2a n 2b n 2c )2
1—a? 1— b2 1—c2) 7 3\1—-a2 1-0 1-—¢2
Theo bai toan 3.14 ta co

2a 2b 2c

1—a2+1—b2+1—02>3\/§

2 2 2
() () + () = 56V =9
1
, V3 \
Bai toan 3.17 Véi a, b, ¢ la cac so thyc duong thoa man dieu kién
ab + bc + ca = 1 chiing minh rang
abc 1

VIt +R)I+e) 8

32

Dau déng thiic xay ra khi va chi khia =b=c =

Ta co

Suy ra

Dau dang thiic xay ra khi va chi khia =b=c =




Chiing minh
Ta c6

VI +a2)(14+02)(1+c2) = (a+b)(b+c)(c+a) > Sabe

abc 1
Suy ra < =
VI+a?)(1+0?)(1+c) 8
. ) 1
Dau dang thice xay ra khi vachi khia=b=c= —.
g y /3

Bai todn 3.18 Vdi a, b, c 1a cac s6 thuc duong théa man dicu kien
ab + bc + ca = 1 chiing minh rang

3v/3abe < 1.

Chiing minh
Ta co

1=ab=bc+ca>3Va2b2c2 < 1 > 27a°0*c < 3v3abe < 1

1
V3
Bai todn 3.19 Véi a, b, ¢ 1a cac s6 thuc duong théa man dicu kien
ab + bc + ca = 1 chiing minh rang

35 2abce 1 1 1

+ S5 +5+
4 O+ +)(1+c2) o ¥

Dau déng thiic xay ra khi va chi khia =b=c =

Chiing minh

Ta co
abc B a’b?c?
VA + a1+ )1+ 2) (a+0)2(b+ c)?(c+ a)?
( a N b N b N c N a N c ) -
< at+b a+b b4+c b+tc at+c a+c _ v 1
= 6 2 8
Suy ra
35 2ab 1
20 ave <Pl (1.14)

LU+ 4
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Ta lai ¢6

L 1> 0 > | =9 (1.15)
§+ﬁ+§/,3/a2bzc2/ab+bc+ca_ '
3

Tit cac bat dang thite (1.14) va (1.15) ta thu duge bat dang thiic can
chung minh

Dau déng thiic xay ra khi va chi khia =b=c =

Sl

Nhan xét: Bai toan 3.19 duge xay dung tit bat dang thic

§ + QSZTLASiTLESiTLQ < cot’ = + cot?= + cot’—

4 27272 7 2 2 2
so sanh 10i gidi clia bai toAn bang phuong phap luong giac va phuong
phap gidi dai s6 ta thay 101 gidi dai s6 clia bai toan ngan gon va don
gian hon rat nhiéu
Bai todn 3.20 Véi a, b, ¢ 1a cac s6 thuc duong théa man dicu kien
ab + bc + ca = 1 chiing minh rang

1 N 1 n 1 >( a n b n c )2
Lt+a? 140 1+ 7 \WVita? I+ Vit

Chiing minh
Ta c6

1 N 1 n 1 >( a n b n c >2
L+a?  1+0 1+ 7 \WVita® VI+82 Vit
1 1 1 a?
@ihato  brobta) cralctd)” (@athato
b? 2 ab
+<b+c><b+a>*<c+b><c+a>”(<a+w<a+0><b+c>
be ca
TV e G ave et
& 2(a+b+e)=a*(b+c)+b(a+c)+c(a+b)

+2 [ab\/ a+c) b+c)+bc\/(a+c)(a+b)+ac\/(a+b)(b+c)} =A

=~

Ta co
A< a(l—=be)+b(1 —ac)+c(l —ab)+abla+b+2c)+be(b+c+2a) +
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ca(c+ a + 2b)

= a + b+ ¢+ 3abc + a(ab + ac) + b(ba + be) + c(ca + ¢b)

=a+ b+ c+a(ab+ bc+ ca) + b(ab + be + ca) + c(ab + be + ca)
= 2(a+ b+ ¢) (dpcm).

L 1
Dau dang thic xay ra khi va chi khia=b=c =

V3
Bai todn 3.21 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang

P . S - <1+i)<1+l)+
Vitar V1+02 V142 a? b2

JOr ) (= 2) (02 (- 2) 5 %

Chiing minh
Ta c6

b c a b

\/1+a20+\/1+62+\/1+02 N \/(a+b)(a—|—c)+\/(a—|—b)(b+c)+

<1 a n a n b n b n c n & _§
“92\a+b a+c b4+ec a+b a+c c+b) 2
Ra 8b V1+a2y1 + b2
+ + < 3v/8.8 =12
V1i4+a? V140 ab
8b 8¢ V1+2V1+ 2
+ + < 3788 =12
VI+b 1+ be
2 2
8¢ 8a V1i+cAV1+a <3m:12

- -
Vite Vize ca

Cong timg vé cac bat dang thic trén ta thu duge

a b c 45 27
A>36-15 + + >36- — =20
Vita?2 V1412 \/1+02> 2

2
Dau déng thiic xay ra khi va chi khia =b=c =

V3
Bai todn 3.22 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang

(1+V1+a)(1+V1+)(1+V1+e2)
V(L +a)(1+ ) (1 +c?)

35
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Chiing minh

o co 1 1 1 1 1 \
1 V14 a? \1/1+b2 Vi+a® V14 a? V142,
Vi <1lnén 1l — > ()
V14 a? V1+a?
Do do

1 1 1
B > 2 + 14+ ——
<v1+a2 \/1+a2>< v1+02>

> 27z ) ()
1+a?2 14062/ \1+c2

Theo két qua clia bai toan 2.1 ta suy ra:

1—a? 1-0* 1-¢2

1+a2+1+62+1+02
- 1 i 1 i 1
14+a2 1+02 14¢2

> 1

> 2

Suy ra

1 1 2 1
B>2(2- 1 =4 1 - > 4
( 1+02>< +1—|—02> +1—|—02< 1-|—02>

Vil— > 0.
T

+ 2
Bai todn 2.23 Vdi a, b, ¢ 1a cac s6 thuc duong théa man dieu kien
ab + bc + ca = 1 chiing minh rang

va+b+vVb+c+vec+a <9
avb+c+byc+a+cva+b .
Chiing minh .
Via > 0 Suy ra <lel- > ()
Y v1+a V1+ a?
Ta co
(- ) (s i)
14 ¢2 1+ a? 1+ 02
1_ 1 )( & a )>O
1+02/\V1+e2 V1+a?
1 c b
(1— )( + )>o
it/ \Vize Vitp



Cong timg vé clia bat dang thiic trén ta thu dugc

2( a n n c )> a+c n a—+b n
Vita® Vi+82 Vi+2/ A+ +A) VO +ad)(1+0?)

b+ c

VI +02)(1+ 2)

@2( “« b ¢ )> ! + ! +
\/11—|—a2 V140 Vi+c/ J(a+b)(b+c) /(a+b)(a+c)

\/(a-l—c)(b—l—c)

@2( a n b n c >> 1 n 1 n 1
ViTa VIER Vire) Vizae VIsp Vise

+ +
Vi+a® Vi+2 1+
< a b c

+ +
Vi+az V1+02 V142
Va+b+vVb+c++ec+a

~

avb+c+by/c+a+cva+b
Bai todn 3.24 V6éi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
a + b+ ¢ = abc chiing minh rang

<2

< 2 (dpcm).

T+a2+ 1+ +V1+e>6.

Chiing minh
Ta co
1 1 1
at+bt+cec=abcs —+—+—=1
ab  be  ca
1 1 1 Ca , .
Dat—:x;g:y;—:thldotaco:z:,y,z>0vaxy+yz+z:z::1.
a c

Bat dang thiic can chiing minh tré thanh

V1 2 /1 2 /1 2
P _ +x n + vy n +z > 6
Y

i VA

P

WV

5 \G/u rat)(1+y)1+2) \ﬁ/<x+y>2<y+z>2<z+x>2

x2y222 x2y2z2

_ 3\3/<x+y><y+z><z+x>

TYZ
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Tacorz+y =22 /ry;y+2 22 /yz;z+x =2 2¢/z2x

Suy ra (z + y)(y + z)(z + ) > 8ryz

8
T dé ta 6 P> 3¢/ 2292 — ¢
rYz
P ? ]_
Dau dang thiic xdy rakhi vachikhiz =y =2 = —
g y Yy 7

haya=b=c= V3.
Bai todn 3.25 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
a + b+ ¢ = abc chiing minh rang

\/1+a2 \/1+62
—V1+e2 <1

a

(1.16)

Chiing minh
Ta co

1 1 1
a+b+c=abcs — + — -I——zl
ab  be

1 1 1
Dét—:x;g:y;—:thidétacéx,y,z>Ov?axy—|—yz—l—zx:1.
a c

Bat dang thiic (1.16) tré thanh
V14 a2

VIFa? e /Ty - <1
V1422

<:>1—¢1+x2—\/1+y2+7>0
14 22
& (VI+ = D(V/I+7 - 1) = T+ )1+ ) + — ~ >0

@(m—l)(m—1)+m_z(x+y)m>o

& (\/1+x2—1)(\/1+y2—1)+%+22 > 0 (dpcm).

Bai todn 3.26 V6i a, b, ¢ 1a cac s6 thuc duong théa man diéu kién
ab + bc + ca = 1 chiing minh rang
b1+ a?) N c(1+v?) N a(l + c?) S 6
2V1I+02 BVI+E AVI+ad

Chiing minh
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Ta co

1+ a? 1+ b2 1+ 2
2

&

M=—0 _ 4 0B 4
V1I+0? 1+ V1+a?
b c a
V1 +a? V1+ b2 V1+c?
bat — = ur; 2 =; =z Suyraz,y,z > 0.
a c
Ta dugc
2 2 2
9
M:x—-l-y—-l-z—?x-!-y-l-Z?ﬁ
Yy z x L.
x Yy oz
Mt khac
1 1 1 2a 2b 2c
St +- =

_1 11
2 2 2
9
Suy ra M > 7=0 (dpcm)
2 1
Dau dang thitc x4y ra khi va chi khia =b=c = —.
g y V3

Bai todn 3.27 Véi a, b, ¢ 1a cac s6 thuc duong théa man diéu kien
ab + bc + ca = 1 chiing minh rang
a n b S 1
1—a2 1-07 ¢

Chiing minh

) 1 b
T giai thiet ab+bc+ca=1<cla+b)=1—abs - = 1a+ ;
c —a

Do vai tro clia a va b 1a nhu nhau nén ta c¢é thé gia st @ > b. Khi do6

bat dang thitc can chiing minh tuong duong véi:

2a a+b a+b 2b
_ 2 _
1—a?2 1—ab~ 1—ab 1-—102

39
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Ta co

2a a+b  2a(l—ab)— (a+0b)(1—a?)
1—a> 1—ab (1 —a?)(1— ab)

2a a+b  (a—0)(1+a?

1—a2 1—ab (1—a?)(1—ab)

a+b 2b (a+0b)(1—1b*) —2b(1 — ab)
l—ab 1-0> (1 — ab)(1 — b?)
a+b 20 (a—0b)(1+0%)

l—ab 1-0> (1—02)(1— ab)
Khi d6 bat dang thic (1.17) tuong duong véi
(@ —Db)(1+ a?) - (@ —b)(1+ b?)
(1 —a?)(1—ab) = (1—02)(1— ab)
& (I+a)(1-0) =1 +v")(1-a)
s -V +1=2 - -d+1
& a > b (ding theo gié thiét).

=

P 1
Dau dang thic xay ra khi va chi khia=b6=c= —

Mot so6 bai tap ¢c6 huéng dan
Bai tap 1 V6i a, b 1a cac s6 thye duong thoa man diéu kién
a? + 2ab = 1, chitng minh rang

2(1—a?) (1-0) . 4a2b

+ =1+ :
1+ a? 1+ b2 (1+a?)V1+0?

Bai tap 2 V6i a, b, c 1a cac s6 thuce duong thoa man diéu kién
abc + a + b — ¢ = 0, chiing minh réng

a b & 2c

+ + = -
l+a* 140 1+ /1 +a2)(1+02)(1+c3)

. 1
Huéng dan dat a = z;b=y; — = 2
c

Bai tap 3 V6i a, b, c 1a cac sd thue duong thoa man dieu kien
ab + bc + 1 = ac, chiing minh ring

a b c 2bc

_|_ — = .
l+a* 140 1+ J1+a2)(1+2)(1+c2)

40



~ 1 1
Huéng dan dat — =x; - = z;0 =y
a c
Bai tap 4 V6i a, b 1a cac s6 thyce duong thoa man diéu kien

a®? + 2ab = 1, chitng minh rang
_ 2 2
21—a®) 1-0b o 3

1+ a2 1+062 2

Hudéng dan ching minh
1—a®> 1-0? 2a
+ <
1+a® 1+ 1+ a?

Bai tap 5 V6i a, b, c 1a cac s6 thuce duong thoa man diéu kién
abc + a + b = ¢, chiing minh ring

1—a2+1—b2+c2—1< a n b n 1
1+a2 14+ 241 14a2 1402 142

. 1
Huéng dan dat a = z;b=y;— = 2
c

Bai tap 6 Véi a, b, c 1a cac sd thue duong thoa man dieu kien
a+b+c=abcval+ ab+ be+ ac < 2abe, chitng minh réng

a b c 3vV3
2 5 3V,
l+a® 1406 1+ 2
1 1 1 . )
Hudéng dan dat—:x;g:y;—:zva chiing minh ¢(1 — t*) <
a c

véi t € (0;1)
Bai tap 7 V6i a, b, c 1a cac sd thue duong thoa man dieu kien
ab + ac + 1 = bc chiing minh rang

a 1
< -
VA+a)(1+0)(1+e?) 8
Z, =X - 1 1
Hu’dngdandata:x;g:y;—:z
c

Bai tap 8 V6i a, b, c 1a cac s6 thuce duong thoa man diéu kién
abc + a + b = ¢, chiing minh ring
35 2ab 1 1

+ <S5+ +c
1A pire) @ P

41

2

3v/3



. 1
Huéng dan dat a = z;b=y; — = 2
c

Bai tap 9 V6i a, b 1a cac s6 thyce duong thoa man diéu kien
a®? + 2ab = 1, chitng minh rang
3v/3a2b < 1.

Bai tap 10 V6i a, b, ¢ 1a cac s6 thuc duong théa man dieu kien
ac + bc + 1 = ab, chiing minh ring

\/1+a2+\/1+62 V14

a b c

< 1.

. 1
Huéng dan dat — = x;
a

S|

= yic =2
Bai tap 11 V6i a, b, ¢ 1a cac s6 thuc duong théa man dieu kien
abc + b+ ¢ = a, chting minh ring

1+ b2 1+ 2
V1+ﬁ+ﬁ/;'-+¢'+c>6.
C

~ 1

Huéng dan dat — =z;b=y;c =z
a

Bai tap 12 V6i a, b 1a cac s6 thuc duong théa man diéu kien

a? + 2ab = 1, chitng minh ring
a b
+ < 5
Vi+a®> V140> 8

Nej
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Chuong 2

Pang thiic va bat dang thic trong

t giac 16i

Véi x,y, z,t 1a cac goc théa man dicu kien 0 < z,y, z,t < 7 va
r+y+z+t=2nr. Khidb x, vy, 2t tuong tng la cac goc cua mot ti
giac 16i. Ta sé chitng minh mot s6 déng thitc, bat dang thic luong giac

2 2 2 2
cua cac goc do.

2.1. Dang thic lugng giac

Vi du 1.1 V6i z,y, z,t 1a cac s6 thuc duong thoa méan
x + 1y + 2+t =27 chitng minh réng
M = sinx + siny + sinz + sint

diéu kién

. r+y y+z  z+4zx L Yy+tz oz+t ity
= sin 5 st 5 sin + sin sin 5 st 5
4 s 24+t  t+x . rf‘:+z+ . t+r rx+y  y+t
sin st sin sin St sin :
2 2 2 2 2 2
Chiing minh
Ta c6
siny + sinz + sint — sin(y + z + t)
L y+tz y—=z L Y+z y+z2+2t
= 2sin cos — 2sin cos
2 2 2 2
= 2siny+z cosy_z—cosw
B 2 2 2
L Yy+tz o z+t .ttty
= 4sin sin Sin
2 2 2
Vi sin(y + z + t) = sin(2mr — x) = —sinz nén
. . . . L Y+z o z+t T4y
M = sinx + siny + sinz + sint = 4sin sin SN

2 2

= (2.1)



Tuong tu ta ciing c6 cac dang thic

z+t  t+x . x+=z

M = sinx + siny + sinz + sint = 4sin 5 Sin——sin— (2.2)
t t

M = sinx + siny + sinz + sint = 4sin J; Tsin® ;r Ysin? ;r (2.3)

M = sinx 4 siny + sinz + sint = 4sin _2|_ Ysin? _2|_ “ sin” —g ’ (2.4)

Cong ting vé cac dang thic (2.1), (2.2), (2.3) va (2.4) ta thu dugc
déng thiic can chiing minh.

Vi du 1.2 Véi z,y, 2, t 13 cac s6 thuc duong théa man dicu kién

x + 1y + 2+t =27 chitng minh réng

N = cosx + cosy + cosz + cost
r+y y+z z+=x y+z z+t
= coS cos cos + cos cos c

2 2 2
n z4+t t+4+=x x+z+ t+x x+y y+ti
cos 5 cos 5 cos 5 cos 5 cos 5 cos 5

Chiing minh
Ta co

t+vy
0S

cosx + cosy + cosz + cos(x + y + z)

= 2cosx + ycosx —Y + 2cosx + ycosx Ty 22
N 2 2 2 2

r+y r+y+ 2z x—y
cOS————— + C0S
2 2 2

r+y y+z z+=x
cos 5 cos 5

= 2cos

= 4cos

Vi cos(x + y + 2) = cos(2m — t) = cost nén

N = cosz + cosy + cosz + cost = dcos” ;r Y cos? ;L © cos”> ; ’ (2.5)

Tuong tu ta ciing c6 cac dang thic

y+z =z+t T4y

N = cosx + cosy + cosz + cost = 4cos 5 C0S——C0s— (2.6)
t t
N = cosx + cosy + cosz + cost = dcos’ ;_ cos —'2_ Y s —2|_ © (2.7)
t t
N = cosx + cosy + cosz + cost = 4cos —'2_ Y cos —2|_ Y cos? ;_ (2.8)
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Cong ting vé cac dang thic (2.5), (2.6), (2.7) va (2.8) ta thu dugc
dang thiic can chiing minh.
T .

Vidu 1.3 V6i 0 < x,y,z,t <mvax,yzt# B thdéa man dieu kién
x + 1y + 2+t =27 chitng minh réng
P = tanx + tany + tanz + tant = —[sin(x + y)sin(y + 2)sin(z + z)
+ sin(y + z)sin(z + t)sin(t + y) + sin(z + t)sin(t + x)sin(x + 2)

1
+sin(t + z)sin(x + y)sin(y + t)]

COSTCOSYCOSZCOSt
Chiing minh
Ta co

tanx + tany + tanz — tan(x + y + 2)
sin(x + y) sin(x + y)

COSTCOSY coszcos(x +y + 2)
coszcos(x +y + z) — cosxcosy

= sin(r+y) cosxcosycoszcos(x + y + z)

_ lszn(x ) cos(x +y + 2z2) 4+ cos(x +y) — cos(x +y) — cos(x — y)
2 cosxcosycoszcos(x +y + z)

_ lsm(x +y) cos(x +y + 2z) — cos(x — y)
2 cosxcosycoszcos(x +y + z)

sin(z + y)sin(y + z)sin(z + x)
cosxcosycoszcos(x + y + z)

Viz+y+z+t=2mtacotan(x +y+ 2) =tan(2nr —t) = —tant
va cos(x +y + z) = cos(2m — t) = cost

Suy ra
P _sin(z + y)sin(y + z)sin(z + z) (2.9)
COSTCOSYCOSzCost
Tuong ti ta ciing c6 cac dang thic
p_ _sin(y + z)sin(z + t)sin(t + y) (2.10)
COSTCOSYCOSZCOSt
p_ _sin(z +t)sin(l + x)sin(z + z) (2.11)
COSTCOSYCOSZCOSt
p_ _sin(t +x)sin(z + y)sin(y +1) (2.12)
COSTCOSYCOSzCost
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Cong tiing vé cac dang thic (2.9), (2.10), (2.11) va (2.12) ta thu dugc
dang thiic can chiing minh.

Vidu 1.4 v6i0 < z,y, z,t < 7 théa man dieu kien x +y+ 2+t = 27
chiing minh rang

Q) = cotx + coty + cotz + cott = —[sin(z + y)sin(y + z)sin(z + x)

+ sin(y + z)sin(z + t)sin(t + y) + sin(z + t)sin(t + x)sin(zr + 2)

+sin(t + x)sin(x + y)sin(y + t)]

sinrsinysinzsint
Chiing minh
Ta co

cotx + coty + cotz — cot(x +y + 2)
sin(x + y) sin(x + y)

sinxsiny  sinzsin(r +y + 2)
sinzsin(x +y + z) — sinzsiny

= sin(@+y) sinxsinysinzsin(x +y + 2)
_ lsm(x +y) cos(r +y) — cqs(az + Y + 22). + cos(x — y) — cos(x + y)
2 sinxsinysinzsin(x +y + z)

sin(z + y)sin(y + z)sin(z + x)
sinxsinysinzsin(x +y + 2)

Viz+y+z+1t=21taco cot(x +y+ z) = cot(2m — t) = —cott
va sin(z +y + 2) = sin(2r — t) = —sint

Suy ra
0= ~sin(z + y)sm(y + z)sm(z + ) (2.13)
sinxsinysinzsint
Tuong tu ta ciing co cac dang thic
0= sin(y +z)sm(z + t)s?n(t +y) (2.14)
sinxsinysinzsint
0= sin(z +.t)si7jb(t + :z:)sm(:z: + 2) (2.15)
sinxsinysinzsint
0= sin(t + x)sm(x —|— y)svfm(y + 1) (2.16)
sinxsinysinzsint

Cong timg vé cac dang thitc (2.13), (2.14),(2.15) va (2.16) ta thu dudc
dang thic can chiing minh
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Vi du 1.5 V6i z,y, 2, t 1a cac s6 thuc duong théa man dicu kién
x + 1y + 2+t =27 chiing minh réng
R = cos®*x + cos®y + cos®z + cos’t

1
=2+ 3 [cos(x +y)cos(y + z)cos(z + x) + cos(y + z)cos(z + t)cos(t + )
+ cos(z + t)cos(t + x)cos(x + z) + cos(t + x)cos(x + y)cos(y +t)].
Chiing minh
Ta co
cos’x + cos®y + cos®z + cos?(x +y + 2)
= %[cos2x + cos2y + cos2z + cos2(x +y + 2)| + 2
= cos(x + y)cos(x — y) + cos(x + y)cos(x + y + 2z) + 2
= 2+ cos(x + y)[cos(x — y) + cos(x + y + 22)]
= 2+ 2cos(x + y)cos(y + z)cos(z + x)
Viz+y+z+t=2mtacocos’(x+y+z)=cos*(2m — t) = cos’t
Suy ra

R =2+ 2cos(x + y)cos(y + z)cos(z + x) (2.17)
Tuong tu ta ciing c6 cac dang thic

R =2+ 2cos(y + z)cos(z + t)cos(t + y) (2.18)

R =2+ 2cos(z + t)cos(t + x)cos(z + z) (2.19)

R =2+ 2cos(t + x)cos(x + y)cos(y + t) (2.20)

Cong ting vé cac dang thitc (2.17), (2.18), (2.19) va (2.20) ta thu dugc
dang thiic can chiing minh.
Vi du 1.6 V6i x,y, z,t 1a cac s6 thuc duong théa man dieu kien
x +y+ 2+t = 27 chiing minh réng
R = sin’z + sin’y + sin’z + sin’t
=2— %[cos(m +y)cos(y + z)cos(z + x) + cos(y + z)cos(z + t)cos(t +y)
+ cos(z + t)cos(t + x)cos(x + z) + cos(t + x)cos(x + y)cos(y + t)].
Chiing minh
Ap dung déng thitc sin’a + cos’a =1 va vi du 1.5 ta thu dugc dang
thiic can chiing minh.
Vidu 1.7 v6i0 < z,y, z,t <7 thdéa man dieu kien x +y+2+t = 27
chiing minh rang

12+ cot? 4 cotZ + cotl = tan’ + tan¥ + tanZ + tan’
(ol Ty Ty ety 2 2 2 2

+ 2(cotx + coty + cotz + cott).
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Chiing minh

Ta co6
x . Y
coS—  Sin—  C0S = — Sin"—
cotz — tanz = % — % = 2x 7 2 = 2cotx (2.21)
2 2 SZTL§ cosg Sin§COS§
Tuong tu ta ciing c6 cac dang thic
cot% — tcm% = 2coty (2.22)
cotg — tcm% = 2cotz (2.23)
t t
cot§ — tan§ = 2cott (2.24)

Cong ting vé cac dang thitc (2.21), (2.22),(2.23), va (2.24) ta thu dugc
dang thiic can chitng minh.

Vi du 1.8 V6i 0 < z,y,z < 7 théa man dieu kien x +y + 2 # 7
chiing minh rang

tan—tan2tan~ — tan~ — tan2 — tan>
an—tan=tan— — tan— — tan= — tan—
Bk Rl R N 2 2 2
an—-, = T v Uz zZ X
1 — tan—=tan= — tan=tan— — tan—tan—
2 2 2 2 2 2
Chiing minh
Ta co . y+ 2
vyt r ytz tcmE—Ftcm 5
tcmT = tan 5 + 5 = = yTz
1— tcmgtcm
Y z
T tan= + tan—
tan— + 2 2
21— tanZtan’ tantanZtan’ — tan™ — tan? — t
— tan=tan— an—tan=tan— — tan— — tan= — tan—
_ 2 2 2 2 2 2 2 2
- Y z T Y Y Z Z T
tan= + tan— 1 — tan—tan= — tan=tan— — tan—tan—
1 — tanz 2 2 2 2 2 2 2 2

21— L‘cmgtcmE
Vi du 1.9 V6i x,y, z,t 1a cac s6 thuc duong théa man dieu kien
x + 1y + 2+t =27 chitng minh réng
A = sin2x + sin2y + sin2z + sin2t
= sin(x + y)sin(y + z)sin(z + x) + sin(y + z)sin(z + t)sin(t + y)
+ sin(z + t)sin(t + x)sin(z + z) + sin(t + x)sin(x + y)sin(y + t).
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Chiing minh

Ta co6

sin2x + sin2y + sin2z — sin2(x +y + 2)

= 2sin(x + y)cos(x — y) — 2sin(x + y)cos(x + y + 22)

= 2sin(x + y)[cos(x — y) — cos(x + y + 22)]

= 4sin(z + y)sin(y + z)sin(z + z)

Viz+y+z+t =2 néntaco sin2(x+y+z) = sin(dr —2t) = —sin2t
Suy ra

A = 4sin(z + y)sin(y + z)sin(z + x) (2.25)
Tuong tu ta ciing co cac dang thic

A = 4sin(y + z)sin(z + t)sin(t + y) (2.26)

A = 4sin(z + t)sin(t + ) sin(z + 2) (2.27)

A = 4sin(t + z)sin(x + y)sin(y + t) (2.28)

Cong titng vé cc dang thiic (2.25), (2.26), (2.27) va (2.28) ta thu dugc
dang thic can chitng minh

2.2. BAat dang thic ludong giac

Ap dung tinh chét 161, 16m clia cac ham sb luong giac ta thu duge
cac bat dang thic sau
Vidu 2.1 V6i0 < z,y, 2,t < m théa man diéu kien x +y+2+t = 27
chting minh réng
1. sinz + siny + sinz + sint < 4

t
2. cosg + COS% + cosg + cos % < 242
x z
3. SZTL§ + sin% + SZTL§ + szn§t < 202
4. tcmg — tcmg - tcm; + tcm§ 4

t
5. cotg + cot% + cotg + cot§ >4
t
2

6. sinx + siny + 25m + 2sin

/ / 3
7.V sinT + \/siny + 2 Sm + 2 Sm 6£

z—1 t—ux
8. stnx—+siny+sinz+sint < cos

1 +cos 1 +cos 1

+cos
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Chiing minh
6. Ap dung tinh chat 16i, 16m cfia cac ham sé luong giac
Ta co

sinx + siny < < 2sin’ —2|_ Y (2.29)
t t
2 (sm% + 52775) < élsz'nzzlL (2.30)
t t t
Smx—l—y +sinzjl_ —f—SinZI < 3Smx—|—yg—z—l— (2.31)

Tit cac bat dang thite (2.29), (2.30) va (2.31) ta c6

t
sinT + siny + 232’71% + 23in§ < 6Sinx Ty ;_ S =33
2T

Dau dang thic xay ra khi va chi khi z =t = 22 = 2y = 3
7. Ta co

t
sinx + siny + QSmE + 2sin—
V Sinr+/siny+24 [ sin- +2\/sm 5 2 2
t /3
<6\/smx+y+z+ =06 smz—6£
6 3 V2
2

Dau dang thic xay ra khi va chi khi z =t = 22 = 2y = =
8. Ta co
2sinx + siny + sinz C2r+y+ 2+ , <x+27r—t>
< st =simnm| ——-

1 ST 1
—t t —
= sm(g + 2 1 ) = cos 1 ’ (2.32)
Tuong tu ta ciing thu dudgce cac dang thiic

2stny + sinz + sint < cosx —y (2.33)

4 4

9 - . B
sz + sint + sinx < cosy z (2.34)

4 4
2sint + Silnx + siny < cosz —t (2.35)

Cong ting vé cac bat dang thitc (2.32), (2.33), (2.34) va (2.35) ta thu
dugc bat dang thic can ching minh
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Dau dang thic xay ra khi vachikhiz =y =2=1¢ =

o] 3

Vidu 2.2 V6i0 < z,y, 2,t < m théa man diéu kien x +y+2+t = 27

Chting minh réng
x—y+ y—z+ z—t+ t—x
cos cos cos
2 2 2 2

sinx + siny + sinz 4+ sint < cos

Chiing minh

V10<:z:,y<7rnéntacé()<xTw<WVé—g<x;y<g
Suyra0<smx+y <1v510<cosx_y <1
Ta co
sinx + siny = 2sin" —2|_ Y cos” ; Y < 2c0s2 Y (2.36)
Tuong tu ta ciing co
. . Yy —
siny + sinz < 2cos (2.37)
. . z—t
sinz + sint < 2cos (2.38)
: : t—x
sint + sinx < 2cos (2.39)

2
Cong timg vé cac bat dang thiic (236), (2.37), (2.38) va (2.39) ta thu
dugc bat dang thic can ching minh

Dau dang thic xay ra khi vachikhiz =y =2=1¢ =

o] 3

Vidu 2.3 V6i0 < z,y, 2,t < 7 théa man diéu kien x +y+2+t = 27
chting minh réng

1 1 1 1 x Y z t
L—gt—pt—s+t—7F >4/16+ (tan§ +tan§ +tcm§ +tcm§)

COS§ COS§ COS§ 0055
x Y z t
2.COt§ + COt§ + 00t§ + Cot§ > 4 + 2(cotx + coty + cotz + cott).

Chiing minh

Véi a,b,c,d > 0 ta co

VI+taZ+V1+02 > /44 (a+Db)?
Sl+ad+ 1+ +2/(1+a?)(1+02) >4+ (a+b)?
e V/1+a2)(1+b0?)=>1+ab
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S 14+ a?+ b2+ a?b? > 1+ 2ab + a®b?
& a® + b > 2ab (ding)
Suyrav1+ a?+vV1+P+vV1+A+V1I+d? > /16 + (a+ b+ c+ d)?

Ap dung bat ding thic trén ta c6

1 1 1 L Lo N Lo 5 Y
cosy  cosy  cosy cos
t
+ﬁ/1+tcm2 —H/l—ktch \/16+ tan— +tang+tan2+tan2)

Dau dang thic xay ra khi vachikhiz =y =2=1¢ = 5

2. Ta c6 déng thic
12+ cot? 4 ot + cot = tan’ + tan¥ + tanZ + tan®
cot— + cot= + cot— + cot— = tan— + tan= + tan— + tan—
2 2 2 2 2 2 2 2
+ 2(cotx + coty + cotz + cott)

T Z t
Vi tcm§ + tcmg + tan—= + tan-= > 4

2 2 2
Nén ta thu dugce
x y z t
cot§ + cot§ + COt§ + cot§ > 4 + 2(cotx + coty + cotz + cott)
Dau déng thic xay ra khi va chikhiz =y =2=1¢ = T

2
Vidu 2.4 V6i0 < x,y, 2,t < m théa man dieu kien x +y+2+t = 27
chting minh réng

P = \/sin2g + Si?’L?% + 14Singsin%+\/sm2% + sin2§ + 14Sin%sm§

. o2 ot .z .t oot . T A/ &
+ \/5m2§ -+ SZTL2§ + 14sm§sm§ -+ \/5m2§ -+ sm2§ -+ 145m§3m§ <
8v/2.
Chiing minh
Ta c6
a® + b? + 14ab = 4(a + b)* — 3(a — b)? < 4(a + b)?
Suy ra Va2 + b + 14ab < 2(a + b) v6i a,b > 0
Ap dung bat ddng thic tren ta c6

t t
P < 2(smg + smg) + 2(52%5 + Sm2) + 2(3m2 + sm2) + 2(sm§ + Sm%)
< 4(3@71521j + Sm‘g + sm2 + sin— ) < 8V2
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Dau dang thic xay ra khi vachikhiz =y =2=1¢ =

Vidu 2.5 V6i0 < z,y, 2,t < m théa man diéu kien x +y+2+t = 27
chting minh réng

b |

Y .z 1 .
sin-  sin—  sin—=  Sin-—

Q = 2x + 2y + 22, + 2?5 > 4V/2.
sz’n2§ Sin2§ Sin2§ sz’n2§

Chiing minh
V6i a1, as, as, as, by, bs, bs, by 1& céc sd thuc duong 4p dung bat dang

thitc Bunhiacopxki ta co
@ a2 @& a

(bl+b2+b3+b4)( + — ‘|‘ + ) (a1+a2+a3+a4)
by be b3 by

2 2 2 2

a a a1 +as+az+ a
PN R T L S (a1 + 0z + a5 + a)”
by by by by bi+by+bs+by

Ap dung bat ddng thic tren ta c6

1 1 1 1
t
- Sinzg Sin2% Sz’n2§ sin2§ g 1 1 1 1

0= 1 " 1 " 1 " ! /sinf—'_sing—’_sinz—'_ 1
-y - Z t T 2 2 9 g5

sin= Sin— SiT— Sin—

2 2 5 2

16 16

> = 44/2

= t =
sm% + SZTL% + SZTL% + sz’n§ 2\/5

Dau déng thic xay ra khi va chikhiz =y =2=1¢ =

| =

5
Vidu 2.6 V6i0 < x,vy, 2,t < 7 théa man dieu kien x +y+2+t = 2
chting minh réng

t
1. sinfsmgsmzsm— <
2 2 2 2

r y z

1
4
1
2. COS—C0S=C0S—CO0S— < 1

2 2 2 2
Chiing minh
Ta co
) x—l—siny—i—smz—l—smt V2)4
" Sin— = = — 9v/9 1
Sm%smgszngsmi < ( 2 2 n 2 2)4 < ( 44) =1
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x y z t
¢ CcOS— —+ coS— + coS— + coS— 2./2)4 1
cosgcosgcosgcos§ < ( 2 2 1 2 2)4 ( \/_) -

Dau déng thic xay ra khi vachikhiz =y =2=1t= —.

< =
44 1
™

[\

Vidu 2.7 V610 < z,y, 2,t < 7 théa man dieu kien x +y+2+t = 2
chting minh réng

1 1 1 1
= cos=cos? i coscos’ i cosicosz i cosécosz > &
2 2 2 2 27779 27779
Chiing minh
Ta co
1 4 2 ,
Tz Y 2 ( T 4 y)2 =(—= 4 y)
COS—COS= coS— + cos= cos— + cos=
2 2 2 2 2 2
Suy ra
2 2 2 2 2 2 2 2
fe= <cos£ + cosg) +(cosg + cosz) +(cosi + COSE) +(COSE + COSE)
2 2 2 2 2 2 2 2
‘ £, a2 1
Ap dung bat dang thic a? + b* + 2 + d*> > Z(a +b+c+d)?
Ta co
P> 1 2 2 2 2 2
~ A <cos— + cosg i cosg + cosE i COSE + cosf i cosf T cos§>
2 2 2 2 2 2 2 2
64
Z > 8
(cosE + cosZ + cos= + COSE)2
2 2 2 2
Dau déng thic xay ra khi va chikhiz =y =2=1¢ = g

Vidu 2.8 V6i0 < z,y, 2,t < m théa man diéu kien x +y+2+t = 27
chting minh réng

t
M = cosg + COS% + cosg + 0035 +

8+ 2v/2.
Chiing minh
Ta co

1 1
+ + +—

9L 2 9~
cos?=  cos?Z  cosi=  ;ps2Z
2 2 2

—_

1

>
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t 4
M > 44 05— c082 c0s2 cos— +
2 2 2 2

r y z t
cos 5 cos 2003 2608 5
Dat\4/ L o5t cos’cost 60<u<—
COS—C0S=C0S—C0S— = U V01 U< —
’ 2 2 2 2 V2
4
Ta thu duge M > 4u + —

02
. 1 1
Xét h3 0 = — volu € |0, —
ét ham so f(u) u—l—u2v1u (,\/5]
2
Tacéf’(u)zl——?’:O(:)u?’:O(:)u:\?/E
U

1
Vi f'(u) < OVu € | 0,—| suy ra
f'(u) ( \/5] y

Suy ra M > 8 +2¢/2
Dau dang thic xay ra khi vachikhiz =y =2=1¢ =

b

Vidu 2.9 V6i0 < z,y, 2,t < m théa man diéu kien x +y+2+t = 27
chiing minh ring

t 1 1 1 1
N:sinz+sing+sini+sin—+ 7+ y+ = + 7 26\/5.
2 2 2 2 sins  sine  sine Sin—

2 2 2
Chiing minh
Ta co
x .y .z .t 4

N > 44 singsin—sin—sin— -

2 2 2 \4/:cyzt
SIN—S1N—S1N—S1N—
2 2 2 2

th\4/.x.y.z.t 6'O<<1

a SIN—8tN—81N—S11N— — U VOl U —F—=

' 272772772 V2
4

Ta thu duge N > 4u + —

U

. 1 1
Xét ham s0 f(u) =u+—véiue |0,—
= ;o ( ﬁ]

Tac()f’(u)zl__2:0
u
f'(u) =0 khiu=1hoacu=-—1
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Vi f'(u) < OVu € (O, %] suy ra

f(@>f<%>z%+ﬁ

Suy ra N > 42 + 22 = 62
Dau dang thic xay ra khi vachikhiz =y =2=1¢ =

N 3

Vidu 2.10 V6i0 < z,y, z,t < m théa man diéu kien v +y+2+t = 27
chiing minh rang

T = sinx + siny + sinz + sint + =

S1N—COS=
2 2
1 1 1
- = + — — > 12

SINZCOST  gin=cos— S1M—COS—
2 2 27792 272

Chiing minh

Ta co
8

v/ sinxsinysinzsint
Dat /sinzsinysinzsint = u v6i 0 < u < 1

Ta thu ducge T > 4u + §
U

. 2
Xét ham s0 f(u) =u+ — véiu € (0,1]
u
2
Taco f'(u) =1—— =0
u
f'(u) = 0 khi v = v/2 hodc u = —/2
Vi f'(u) < OVu € (0, 1] suy ra
flu) = f(1) =2
Suy ra T > 12
T

Dau dang thic xay ra khi vachi khiz =y =2=1¢ = >

T > 4/sinxsinysinzsint +

Vidu 2.11 V6i0 < z,y, 2,t < m théa man diéu kien v +y+2+t = 27
chting minh réng

( . :z:+ . y) ) z+ T <9
sin— + sin= sin— + sin— | < 2.
2 2 2 2
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Chiing minh
a+b

2
Ap dung bat ding thic ab < < ) voi a,b > 0 ta co

. X .y . 2 ot 2
Sim— -+ sin— -+ stn— + Sin—
(x+y>(x+y> 2 2 2 2
Sin— + sin= sin— + sin= | <

2 2 2 2 4

< . x+y+z+t>2

4sin 3 -

< 1 <43m21:2 7T
Dau dang thic xay ra khi vachi khiz =y =2=1¢ = >

Vidu 2.12V6i0 < z,y, 2,t < m théa man diéu kien v +y+2+t = 27
chting minh réng

1 1
: — + — .
stnx + swny  sinz + sint -

Chiing minh

Ap dung bat ddng thiic 2 + % >
1 1 <

sinx + siny ~ sinz + sint _ sinx + siny + sinz + sint

=1

v6i a,b > 0 ta co
a+0b

>
-~ r+y+z+t
4sin
4
T

Dau dang thic xay ra khi vachi khiz =y =2=1¢ = >

Vidu 2.13 V6i0 < z,y, 2,t < m théa man diéu kien v +y+2+t = 27
chiing minh rang

1 1 1 1
gt —=+ t>4\/§.
St — St — St — Y —

Chiing minh
Ap dung béat ddng thiic

2 2 2 2 2

a a a a ap+az+az+a
L L S S U e ) (2.40)
by by by by by +by+bs+ by
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1 1 1 1 16

e Smf ' Smg ' sz ' smE g smE + smg + smE + sz’nE
2 2 2 2 2 2 2 2
16
> -
- . r+y+z+t 42
4sin
8

Dau déng thic xay ra khi va chi khiz =y =2=1¢ = g

Vidu 2.14 V6i0 < z,y, z,t < m théa man diéu kien v +y+2+t = 27
chiing minh ring
4t

tcm‘% +tan4% + tan*Z 3 +tan 32 > 4.

Chiing minh

Véi a,b,c,d > 0 ta co
a+b0\" [a+b\* a+b+c+d\’
+ >
2 2 4
a+b+c+d\*
4
Ap dung bat ddng thic tren ta c6

2 i 2

1
> —
2

@a4+b4+c4+d4>4(

x y z t
tan— + tan= 4+ tan— + tan—

N
tan4%+tcm4%+tan 5 +tan? 5 % =>4 2 2 1 2 2
t 4
4tanx+ygz+ -
1 an’
Dau dang thitc xay ra khi vichikhiz =y =2 =1t = g

Vidu 2.15 V6i0 < z,vy, 2,t < m théa man diéu kien v +y+2+t = 27
chiing minh rang

1 i 1 > o3,

. .y Lz ot
\/sm2+sm2 \/sm§+sm§
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Chiing minh
) 1 1 4
Ta co +

>
\/Sinx+siny \/‘Z+ nt ,x+ ‘y+\/‘z+ it
= = SN — ST — SN — SN — SN — SN —
2 2 2 2 2 2 2 2

P b b
Véi a,b > 0 ta c6 bat déng thic vat Vb </t

A 2 2
Suy ra >
sz’nf—i—smg—l—\/smz—l—smE ’x+ .y+ ; Z+ b
5 5 5 5 sm2 sm2 sm2 sm2
2
> - 2
\/QSinx+y+Z +! 23inﬁ
8 \/ 4
Dau dang thic xay ra khi vachi khiz =y =2=1¢ = g

Vidu 2.16 V6i0 < z,y, z,t < m théa man diéu kien v +y+2+t = 27
chting minh réng

1 1 1
1+ — | [1+ I+ —= | | 1+—F | =+ V2"

cOS— CcOS= CcOS— COS—

2 2 2 9
Chiing minh
Véi a,b,c,d > 0 ta co
(14+a)(140b) > (1+Vab)?
Sl+ab+a+b>1+2Vab+ ab
Sa+b—2vVab>0< (Va—vb)? >0 (ding).
Ta co
(1+a)1+b)(1+c)(1+d) > (1 +Vab)>(1 ++ed)? > (1 + Vabed)*

Ap dung bat ddng thic tren ta c6

1
0055 0055 coS— COS—
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4 4

1 1
z[1+ > 1+ — | =(1+V2)
C/COSECOSQCOSECOSE o1
2 2 2 2 4
Dau déng thic xay ra khi va chi khiz =y =2=1¢ = T

2

Vidu 2.17V6i0 < z,y, z,t < m théa man diéu kien v +y+2+t = 2
chiing minh rang

T z t
tcm2§ tcm2% tcm2§ tan2§
gt—F+t——F+t——F =>4
tan= tan— e tan—
an 5 an 5 tcmg an
Chiing minh
Ap dung béat ddng thiic
ai a3 a3 7 (a1 4as+az +ay)?

ay
e
by by b3 by by + by + b3 + by

Ta c6
t
5 2 % tan? % tan? 5
tan= tan— tan— tan—
2 2 2 2

> tan’ + tan? + tan” + tan’ > 4
an— an— an— an—
- 2 2 2 27

T
tan®= tan

3

Dau déng thic xay ra khi va chi khiz =y =2=1¢ = 5

Vidu 2.18 V6i0 < z,vy, z,t < m théa man diéu kien v +y+2+t = 27
chiing minh rang

x z t
cot§ + cot% + cot§ + cot§ > 4 4 cotx + coty + cotz + cott.

Chiing minh

Ta co
. SINTCOS— — smicosx sm§ 1
cot§ — cotx = T = T = —
Sinisinx sinasinx sSine
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Tuong tu ta ciing c6 cac dang thic

Y 1
cot= — coty = —
2 siny
z 1
cot— — cotz = —
2 Sinz
t 1
cot— — cott = —
2 sin

Cong timg vé cac bat dang thuc trén ta thu dugc

2 4 cot? + cotZ + cott
COl— COl— COol— COol—
2 2 2 2
1 1 1 1
= ——+—+—+ —— + cotx + coty + cotz + cot
stnxr sty stz sint
1 1 1 ) /
Vi—+—+——+— >4 nén tacod
stnx siny Stz sint
/
cd%ﬂm%+w€+w§>4+wm+ww+wm+mﬁ

Dau dang thic xay ra khi vachi khiz =y =2=1¢ = g

Vidu 2.19 V6i0 < z,y, z,t < m théa man diéu kien v +y+2+t = 27
chiing minh rang

t 1 1 1 1
tcmE + tcmg + zfcmE + tan— < 2( + + ) — 4.

2 2 2 2 stnx  siny  sinz  sint
Chiing minh
Ta c6
ot 2L
T sin 5 + cos 5 9
tan— + cot— = = —
2 $iN—C0S— SUNT
2 2
Tuong tu ta ciing c6 cac dang thic
2
tcmg + coty = —
2 2 siny
tan’ + cots = 2
an— + cot— =
2 2  sinz
13 ! + tt 2
an— 4+ cot— = —
2 2  sint

Cong timg vé cac bat dang thuc trén ta thu dugc

tan’ + tan? + tan’ + tans + cot™ + cot? + cot> + cot’
an2 an2 CLTLQ CLn2 CO 2 CO 2 CO 2 CO 2
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1 1 1 1
—+—+—+—)
stnx  siny  sinz  sint
LT (] 2 t A .
Vi cot— + cot= + cot— + cot— > 4 nén ta co
2 2 2 2
Y 1 1 1 1
+ ;
sint

= 2

tan’ + tan? + tan” + tan’ < 2(
an2 an2 an2 an2\

Dau déng thic xay ra khi va chi khiz =y =2=1¢ =

) —4

sinxr  Siny  SInz

N Ept

Vidu 2.20 V6i0 < z,y, z,t < m théa man diéu kien v +y+2+t = 27
chting minh réng
T .y z t

t
tangsmy + tan%sz’nx + tangsmt + tcmgsmz > 4(5m§5m§ + sm§sm§).

Chiing minh
Ta c6

tans siny + tanSsine > 2.4 [tan—tan sinzsing > dsin— sin’
an—sin an—stnr =2 an—tan—stmrsimy =2 a4Stn—stn—
95y 2 2" Y D

Tuong tu ta ciing c¢6 bat dang thiic
z t

z t
tan—sint + tan—sinz > 4sin—sin—
an23m + an23mz sm23m2

Cong ting vé cac bat dang thuc trén ta thu dudge bat dang thic can
chiing minh

P 2 . N o . ﬂ-
Dau dang thic xay ra khi vachi khix =y=2=1¢ = 5

2.3. Xay dung dang thic, bat dang thic dai sé c6 diéu kién
tir nhitng dang thitc, bat diang thic lugng giac trong ti
giac 16i

Ta chiing minh két qua co ban sau

Két qud 3.1 Gia st a, b, ¢, d 1a nhitng s6 thuc duong théa man didu

kien a + b+ ¢+ d = abc + bed + acd + abd khi d6 luon ton tai cac goc

A, B,C, D ctia mot t giac 161 ABC'D sao cho

D
a =tan—;b = tan—;c = tan—;d = tan—.
2 2 2 2
Chiing minh
Vi a,b,c > 0 suy ra ton tai cac goc A, B,C v6i 0 < A, B,C < 7 thoa
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a t b=t t ¢
man a = tan—; b = tan—; ¢ = tan—
2’ 2’ 2

Ta co
a+b+c+d=abc+ bed + acd + abd

& a+b+c—abec=d(ab+ bc+ ca—1)
C. D A B C

tan—tan—tan—tan— — tan— — tan— — tan—

oo abc—a—b—C: 2 2 2 2 2 2 2
2 2 2 2 2
A+B+C A+BY+C
TN d=—tan——— = tcm(ﬂ - T)
D A+B+C
pa D =g ATEEC

D
Vid>OsuyraO<D<7thm§:dVaA+B+C’+D:27T(dpcm)

St dung két qua trén ta di xay dung cac dang thiic, bat dang thitc dai
s6 co dieu kien tit cac dang thiic, bat ding thic luong giac trong ti
gisc 1i.
Tu déng thiic

A+B . B+C  C+A

sinA + sinB + sinC + sinD = 4sin 5 sin 5 sim 5 va
A 2a A a A 1
SINA = ———,8tih— = ——, c0§— = ———
1+ a2 2 \/1+a2? 2 V14a?
. A+ B A B B A a+b
sim = SIN—CO0S— + Sin—cos— =
2 2 2 2 2 \/(1—l—a2)(1+b2)
A
vll @ = tan—
2

Ta thu dugce bai toan
Bai toan 3.1 Véia,b,c,dla cac sd thuc duong thdéa man dang thiic
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

a_ b L_C d  2(a+b)(b+c)(c+a)
1+a2 1402 14+ 1+a2 (1+a2)(1+02)(1+c2)

T dang thiic
. A+B  B+C  C+A

sinA + sinB + sinC' + sinD = sin sin 5 sin 5
. B+C . C+D . D+ B C+D  D+A  A+C
+ sin sin sin + sin sin sin
2 2 2 2 2 2
. D+A  A+B . B+D _ . 2a
+ sin sin sin va sinA = —,
2 2 2 1+ a?
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. A+ B a+b N A
sin = vOl a = tan—

2 V(A +a?)(1+0?) 2
Ta thu dugce bai toan
Bai toan 3.2 Véia,b,c,d la cac sd thuc duong thda man dang thiic
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

2a N 20 N 2¢ 2d  (a+b)(b+c)(c+a)
1+a2 14+ 14+ 1+d2 (1+a2)(1+0)(1+e2)

(b+c)(c+d)(d+ D) (c+d)(d+a)(a+c) (d+a)(a+b)(b+d)

1+)1+AH1+d*) 1+AH1+dP)(1+ a2)+(1 +d?)(1+a?)(1+b?)
Tu déng thitc
A+ B B+C C+A

cosA + cosB + cosC + cosD = 4cos 5 coS 5 coS 5 va
A 1 —a? A 1 A A
C0SA = —,cos— = , SIn— =
1+CL2 2 \/1—{—@2 2 \/l—f—Cl?
. A+ B A B A B 1 —ab
va cos

= C0S—COS— — SINn—SIn— =
2 2 2

N S I I

a = tan—
2

Ta thu duge bai toan
Bai toan 3.3 Véia,b,c,d la cac sé thuc duong thda man dang thic
a+ b+ c+d= abc+ abd + acd + bed chiing minh rang
l—a®> 1-0* 1-¢ 1-d* (1—ab)(1—bc)(1—ca)
1+ 110 112 1+ @ 1+a®)(1+02)(1+c2)
Tu dang thic
cosA + cosB + cosC + cosD
A+B B+C (C+A SB—i—C' C+D D+B

= C08———C0§——c05 + co €08 —5—C05—
C+D D+A A+C D+A A+B B+D
+ cos cos cos + cos cos cos va
2 2 2 2 2 2
1—a? A+ B 1 —ab N A
cosA = 5 COS = véi a = tan—
l+a 2 V(1 +a?)(1+8?) 2

Ta thu dugc bau toan
Bai todan 3.4 V6i a,b, c,d 1a cac s6 thuc duong théa man dang thiic
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a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

1—a2+1—b2+1—c2+1—d2
14+a?2 1402 14 1+d2

(I =ab)(1—=be)(1 —ca) (1—0bc)(1—cd)(1—0bd)

S (14+a) 1+ (1 +2) (L) (14 )1+ d?)
(1 —cd)(1 —da)(1 — ac) N (1 —da)(1 —ab)(1—bd)
1+a)A+)1+d?)  (1+a*)(1+6)(1+d%)

Tu dang thic

cos Acos BcosCcosD
V6i cac goc A, B, C, D khong phai la géc vuong va dang thic
2 2a(1 — b?) + 2b(1 — a?
tanA = —2 sin(A+B) = sinAcosB+sinBcosA = al ) +26(1 — @)
1 —a? (1+a?)(1+0?)
1—a? 2
cosA = —a, sinA = —2 _ véi a = tan—
+ a? + a? 2

Ta thu duge bai toan
Bai todn 3.5 V6i a,b,c,d 1a cac so6 thuc duong khac 1 thoéa man
dieu kién a + b + ¢ + d = abc + abd + acd + bed chiing minh rang

a b c d
1—a2+1—b2+1—c2+1—d2
a(l—=0*) +b(1 —a*)b(1—c*) +c(1—b*)a(l —c*) +c(l —a?)
1+ a? 1+ b2 142
1+ d?

(1—a2)(1-0)(1—cA)(1—d?)
T dang thic
tanA + tanB + tanC + tanD = —[sin(A + B)sin(B + C)sin(C + A)
+sin(B+C)sin(C+D)sin(D+ B)+sin(C+D)sin(D+ A)sin(A+C)
n(D + A)sin(A+ B)sin(B + D

Fsin(D + A)sin(A+ B)sin(B + )]COSACOSBCOSCCQSD
V6i cac goc A, B, C, D khong phai la géc vudng va dang thiic

2 2a(1 — b?) + 2b(1 — a? 1 — a?
tcmAzl a2sin(A+B): all = b7) + 261 — @) ¢

—a

= 4

A:
A+rad)(1+62) T 1ra

inA C sia=t
Stn = —— Vol a = tan—
1+ a? 2

Ta thu duge bai toan
Bai todn 3.6 V6i a,b,c,d 1a cac s6 thuc duong khac 1 théa méan
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diéu kien a + b + ¢ + d = abc + abd + acd + bed chitng minh rang
d

a b &
+

1—a2+1—b2+1—c2 1—d?

_ _4[a(1 — 02 +b(1—a®)b(1 — ) +c(1 —b*)a(l — ) +c(1 —a?)
(14 a2)(1+b?) (1+0?)(1+ ¢?) (14 A2)(1+ a?)
b(1 —c) +c(1—0*)c(l —d*) +d(1—c*)b(l—d?) +d(1—0b?)
(1+0?)(1+ ?) (14 2)(1+d?) (1+02)(1+ d?)
a(l —d?)+d(1—a*) a(l —b*) +b(1 —a?)b(1 —d*) +d(1—b?
(1+a?)(1+ d?) (14 a?)(1+b?) (1+02)(1+ d?)
c(1—=d*)+d(1—c)a(l —d?*) +d(1—a?),(a®>+1)(b*+1)(2+ 1)(d*+ 1)
(14 2)(1+d?) (14 a2)(1+d?) ](1 —a®)(1-0)(1 =) (1 —d?)
sin(A + B)sin(B + C)sin(C + A)

Tt dang thiic cot A+cot B+cotC+-cotD = —

sinAsinBsinC'sinD
v 2 1—a? 1 —a?
smA:—a,cosA: _—a,cotA: ¢ :
1+ a? : 2% +a2( 2 2a
2a(1 —0°) +2b(1 — a A
n(A+ B) = 6i a = tan—
sin(A+ B) A1)+ 0) voi a = tan

Ta thu dugce bai toan
Bai toan 3.7 Véi a,b, c,d 1a cac s6 thuc duong théa man diéu kien
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

1—a2+1—b2+1—c2+1—d2
a b c d
a1 =)+ =a*)b(1 =) +e(l1 =b0)a(l =) +c(l —a?) 1+ d°
1+ a2 1+ 02 1+ c? abed

Tu déng thitc |
c0s®> A+cos? B+cos?’C+cos?D = 2—|—5[cos(A—l—B)cos(B—l—C)cos(C—i—A)
+cos(B+C)cos(C+ D)cos(D+ B)+cos(C+ D)cos(D+ A)cos(A+C)

, 1— a2
+ cos(D + A)cos(A + B)cos(B + D)| va dang thitc cosA = ﬁa?’
a
1 —a®)(1 —b%) — 4ab

cos(A + B) = cosAcosB — sinAsinB = ( (la—k)ELQ)(l +)62) D i

A
a = tan—

2

Ta thu duge bai toan
Bai toan 3.8 V6i a,b,c,d 1a cac s6 thue duong thdéa man dicu kien

66



a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

1—a2\?2 /1-11\> [1-=&\> [1—a\*
(1+a2> +(1—|—b2> +<1—|—c2> +(1—|—d2>

_ 5 1[(1—@2)(1—1)2)—4ab(1—b2)(1—02)—4bc(1—02)(1—a2)—4ac]

2 (14 a?)(1+b?) (14+02)(1+ ) (1+a?)(1+¢?)
1[(1—=0%)(1—c?) —4bc(l —c)(1—d?) —4ed (1 —d?)(1 —b%) — 4bd
i) L (1+ )1+ ?) (1+c2)(1+d?) (14+0%)(1+d?) ]
_'_1 (1 —cA)(1—d?) —4ed(1 —d*)(1 — a®) — 4ad (1 — a®)(1 — %) — 4ac]

2| (1+&)(1+d?) (14 a?)(1+ d?) (14+a®)(1+c%) |
_'_1 [(1—d?)(1 —a®) — 4ad (1 — a®)(1 — b?) — 4ab (1 — b*)(1 — d*) — 4bd]
2| (1+a*)(1+d?) (1+a?)(1+b?) (1+b2)(1+ d?)

Ap dung bat déng thic sinA + sinB + sinC + sinD < 4 va ding thitc
A

2a
vOl a = tan—
1+ a? 2
Ta thu dugce bai toan
Bai toan 3.9 V6ia,b,c,d 1a cac s6 thuc duong thdéa man dieu kien

a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

a n b N c n d <9
14+a2 148 142 1+d2

sinA =

” P A B C D )
Ap dung bat dang thiic 0035 + 0035 + 0035 + 0055 < 2v/2 va dang
1 A

N v6il a = tanE
Ta thu duge bai toan
Bai toan 3.10 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang
1 n 1 n 1 n 1 <9
Vita? Vit VitE Ji+dE
D

< 7z 2 A B C 2
Ap dung bat dang thtc sma + smg + smg + sm? < 2v/2 va dang

thic cos— =

A
thie sm§ =

Ta thu duge bai toan

67



Bai toan 3.11 Véia,b,c,d la cac s6 thue duong théa man diéu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang

a b c d
+ + +
Vi+az V1402 Vi+E VI+&P

) L an A B C D A
Ap dung bat dang thic tanE +tcm§ +tcm§ —chm; > 4v6ia = tcma

< 2V/2.

Ta thu dugce bai toan
Bai toan 3.12 Véi a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

a+b+c+d=>4

» L s A B C D )
Ap dung bat dang thic cotE -+ cot; -+ cotE -+ cot; > 4 va dang thtc
A 1 A

cot— = — v6l a = tan—
2 a 2

Ta thu duge bai toan
Bai toan 3.13 Véi a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang

1 N 1 N 1 N 1 -
a b ¢ d7 7
A £ 2 P . . . C . D .
Ap dung bat dang thic sinA + sinB + 282%5 + 23m§ < 3V3 va
) 2 A A
déng thic sinA = raa2, SZ’I?JE = \/% vll a = tCL’ﬂE

Ta thu duge bai toan
Bai toan 3.14 Véia,b, c,d 1a cac s6 thuc duong théa man diéu kien
a+ b+ c+d= abc+ abd + acd + bed chiing minh rang

2a N 2b N 2c N 2d <3
14+a2 140 /112 1/1+d2\

Ap dung bat ding thic

VsinA + /sinB + 2 sm— + 2\ / sm—

va dang thic sinA =

<6
a
+

2 V1 Vit a?

vll a = tan—
1+ 1+ a2 2

Ta thu dugce bai toan

68



Bai toan 3.15 V6i a, b, c, d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+d=abc+ abd + acd + bed chiing minh rang

\/ 2a 4 f
+a " 1+b2 1+c2 1+d2\ \['

Ap dung bat ddng thiic
sinA + sinB + sinC + sinD
A—B B-C

C—-D D—-A

< cos + cos 1 + cos 1 + cos va dang thic
A 2a A 1 A a
SINA = ——, 05— = ——, Sin— = ——,
l+a* 2 Vi+a® 2 V1i+a
A-B A B L A B 1+ ab
cos = C0S—C0S— + SIn—Ssin— = :
2 2 2 2 2 /(1 +a®)(1+0?)
A-B  |1tcos L, 1+ ab
cos = =, /=
4 2 2 2y/(1+a®)(1+0?)
vlOl a = tan—
2

Ta thu duge bai toan
Bai toagn 3.16 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien

a+ b+ c+ d= abc+ abd + acd + bed chiing minh rang
2a 20 2c 2d

+ + +
1+a2 1402 1+ VI+d?

o 1+ 14+ ab N 1_’_ 1+ bc
V2 2/a+ada+r) 2 2/0+)(1+ )

N 1+ 14 cd N 1+ 1+ da
2 20+ +a) 2 2/0+P)(1+a%)

Ap dung bat déng thic

A B C D
COtE + Cot§ + Cot§ + cot Bl > 4+ 2(cotA + cotB + cotC + cotD) va
2 1 - 2 A
dang thic cotA = _a — = — v6i a = tan—
2a 2 a 2

Ta thu dugce bai toan
Bai toan 3.17 Véi a, b, c,d 1a cac s6 thuc duong théa man dieu kien
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a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

1+1+1+1>4+1—a2+1—62+1—02+1—d2
a b ¢ d7 a b c d

Ap dung béat ddng thiic

1 1 1 1 S J164 (1t A ; B ; C ; D,
1t gt——@¢t—p > +(an§+ an + tan- + an;)
COS— COS— COS— COS—
2 2 2 2
5 dang thic cos ! v6i a = tan
Va _——=—— — J—
Vita 2

Ta thu duge bai toan
Bai toan 3.18 Véi a,b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d= abc+ abd + acd + bed chiing minh rang

1+a2+V14+02+V1I+E+V1+d2 > /164 (a+b+c+d)?

Ap dung bat ddng thitc

A-B C—-D
sinA + sinB + sinC + sinD < 2cos + 2cos
? 2 A—B 1 b
va dang thic sinA = 7612, cos = ta
1+a 2 0+ +1?)
A
6i a = tan—
véia =tang

Ta thu dugce bai toan
Bai toan 3.19 Véi a,b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+d= abc+ abd + acd + bed chiing minh rang

a b c d o 1+ ab 1+ cd

+ + + < + :
l+a? 140 14+ 1+ J1+a2)(1+0) JA+AA+d)

Ap dung bat ddng thitc
sinA + sinB + sinC + sinD
A—B B—-C C—-D D—A

< cos + cos 5 + cos + cos va déng thic
_ 2a A—B 1+ ab .
sinA = 5, COS = véi a = tan—
l+a 2 V(I +a?)(1+8?) 2

Ta thu dugce bai toan
Bai toan 3.20 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+ d= abc+ abd + acd + bed chiing minh rang
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a b c d 1 1+ ab
Tt 110 1rE 1+ & <§[\/(1+a2)(1+b2)
N 1+ bc n 14 cd N 1+ da
VA+2)(1+e2) JOA+AA+d?)  J(1+d>)(1+a?)
Ap dung bat déng thic

A B A B C D C . D
\/sm25 + sm2§ + 14sm§sm§+\/sm2§ + Sin2§ + 143m§sm§ <
42

a

va dang thic sin— = ——— v6i a = tan—
V1+a? 2
Ta thu duge bai toan

Bai toan 3.21 Véi a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+ d= abc+ abd + acd + bed chiing minh rang

a? v’ 14ab
2 + 2 +
l+a® 140 \/(1+a?)(1+0?)

n c? N d? n 14cd <4
bre v d O+ a)(+@)

. B . C . D A
) o Sin— Sin— sin— sin—
Ap dung bat déng thite —2- + — 2 4 2 2 54/

LA . . B O .. D

sin?—  sin?—  sin?—  sin?—

2
5 dang thic sin ¢ véi a tanA
Va _——=—— — J—
2 V1i+ad? 2

Ta thu duge bai toan
Bai toan 3.22 Véi a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+ d= abc+ abd + acd + bed chiing minh rang
1 2)b 1+ b7 1 2\d 1+d?
(oo (4 | (e (e o
a?Vv1+0b2 1+ AV1I+d?2 d*V1+a?

Ap dung bat ddng thitc
1 1

]- ]‘ N 2 Ve
Y B—I— B C—I— 8 D+ D A>8vadangthufc
COS5COS  COST 005 COSoCOS—  COS— COS
A 1 4 , A
c0s— = ———— Vv0i a = tan—
2 V1+a? 2
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Ta thu duge bai toan
Bai toan 3.23 Véi a,b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang

VO +a)(1+82) + 1+ )1+ )
O+ 1+ &)+ V(1 +P) (1 +a?) =8

Ap dung bat ddng thiic
A . B . C . D 1 _ A a
sin—sin—sin—sin— < — va dang thic sin— =

g Sy S ] > ira
A
v6il a = tanE
Ta thu dugce bai toan
Bai toan 3.24 V6i a, b, c,d 1 cac s6 thuc duong théa man dieu kien

a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng
abed 1

STl D 1

) L e B C D 1 .
Ap dung bat dang thic cos—cos—cos—cos— < - va dang thic

2 779 N4
A ! 6i ¢
C0S— = ——— VOl a = tan—
2 V1+a? 2

Ta thu dugce bai toan
Bai toan 3.25 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng
1 1
< —

VIt @I+ +ad) 4

Ap dung bat ddng thitc

+ + ¢ + b
coS 21 cos 5 1 coS 5 1003 5 1
+ T 7+ o 5 =8+ 2v/2
cos’—  cos?’— cos’—  cos?—
2 2 2 2
. A 1 5 ; A
va c0S— = ——— Vvbi a = tan—
2 V1+a2 2

Ta thu duge bai toan
Bai toan 3.26 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
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a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng
1 1 1 1
+ + +
Vi+a® V1+0? V1i+E V1i+d?

Ap dung bat ddng thitc

+a?+ P+ P+ <4+2V2

A B C D 1 1 1 1
A b O D S
sm2-|—5m2+sm2—l—sm2—l— ,A—'— _B+ _C’+ _D/6\/§
sin—  Sin—  Sin—  Sin—
2 2 2 2
a dang thic sin ¢ vOl a tanA
va — = = —
s 2 Vit a 2

Ta thu duge bai toan
Bai toan 3.27 Véi a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+ d= abc+ abd + acd + bed chiing minh rang

b d val 2
a n n C n n +a
Vi+a? V1+2 i+ V1+d? a

1+ Vit Vitd
+¢;r +¢C+C+ ; > 62

Ap dung béat ddng thiic
sinA —l—lsz'nB + sinC —1|— sinD
_|_

1 1
A BT B T ¢ DT D a4a°

827156085 sm§COS§ sm;cosi Sm§COS§
2a A a A 1

—,S5IN— = —F/————, COS— — Vv
1+ a? 2 14+ a2? 2 JV1+a?

12

va dang thic sinA = = 6i

A
a = tan—
2

Ta thu duge bai toan
Bai toan 3.28 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+d=abc+ abd + acd + bed chiing minh rang

2a N 2b N 2c N 2d \/(1+a2)(1+62)+\/(1+b2)(1+c2)
I+a?2 1+ 1+ 1+4d? a b
1+ c2)(1+ d? 1+ d?)(1 + a?
Va+e)+ x+¢(+-;(+a)>12
C

Ap dung bat ddng thitc

(‘A+'B)+(‘C+‘D)<2\d3 thite sin’ ¢
StN— StN— StN— SIN— | X vVa dar C SIN— = ———
2 2 2 2 & 2 lia
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- A
vOl a = tana
Ta thu dugce bai toan
Bai toan 3.29 V6i a, b, c,d 1a cac s6 thuc duong théa man diéu kien

a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

b d
(¢1a+a2 i ¢1+b2)(¢1c+c2 " m)< ’

Ap dung bat ddng thitc

( + )+( C+ D)<2 3 ding thi A 1
COS— COS— COS— COS— | va dan C COS— = —————
2 2 2 2 & 2 i a
viil
A
a = tan—
2

Ta thu dugce bai toan
Bai toan 3.30 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

1 1 1 1
(¢1+a2+¢1+52>(¢1+cﬁm><2

Ap dung bat ddng thitc
1 1 2a

> 1 va ddng thic sinA = véi
- & 14 a?

SinA + ilmB + stnC' + sinD
a = tan—

2
Ta thu duge bai toan
Bai toan 3.31 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang

(1+a®)(1+ ) (1+A)(1+d?)
a(l+0b2)+b(14+a?)  c(l4+d>)+dl+c?) ™

Ap dung béat ddng thiic

1 1 1 ) A a
+ + + > 4/2 va dang thic sin— = ——
A B C D 2 \/ 2
sitn—  Sin—  Sin—  Sin— l+a
2 2 2 2
2y A
vOl a = tan—
2

Ta thu dugce bai toan
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Bai toan 3.32 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+d=abc+ abd + acd + bed chiing minh rang

1 2 1+ b2 1 2 1+ d?
¢7+¢6T+¢C+c+¢; . 3

Ap dung bat ddng thiic

1 1 ) A 1
+ + + > 42 va dang thic cos— = ——
A B C D \/
COS—  COS— COS—  COS— 2 1 +a?
2 1421 2 2

vll a = tan—
2

Ta thu dugce bai toan
Bai toan 3.33 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

1+a24+V1+02+VI+2+V1+d2>4V2

Ap dung bat ddng thitc

t 4A+t 4B+t 4C+t P a1 A

an*— + tan*—= + tan*— + tan*— > 4 v a = tan—
2 2 2 2 2

Ta thu duge bai toan
Bai toan 3.34 V6ia, b, c,d 1 cac s6 thuc duong théa man dieu kién
a+b+c+d= abc+ abd + acd + bed chiing minh rang
at+bt+ct+dt >4

Ap dung bat ddng thitc

4 4 40 4D s 32 . A 1 /e
cot*— + cot*— + cot*—= + cot*— > 4 va dang thic cot— = — v6i

2 A 2 2 2 2 a

a = tan—
2

Ta thu duge bai toan
Bai toan 3.35 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+ d= abc+ abd + acd + bed chiing minh rang

1 1 1 1

Statoto

b d* >4

Ap dung bat ddng thiic
1 1

+
\/.A+.B \/.C+.D
82712 SZ?’L2 SZTL2 82712

> v/23 va déng thitc
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A a . A
Sin— = — vi0l a = tcm§

2 V1+a?

Ta thu duge bai toan
Bai toan 3.36 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+ b+ c+d=abc+ abd + acd + bed chiing minh rang

\/1+a2\/1—|—62 I \/1+02\/1+d2 @
NPt e Voic@raiid”

Ap dung béat ddng thiic
1

1 ,
+ > /23 va ding thic
\/ A N B \/ C N D
cos + cos cos + cos
A 1 5 . A
c0§— = ———— Vvbi a = tan—
2 V1+a? 2

Ta thu dugce bai toan
Bai toan 3.37 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kién
a+ b+ c+d= abc+ abd + acd + bed chiing minh rang
\/1—|—a2\/1—|—b2 \/1+C2\/1+d2 >{4/¥
ViiBvite (VITEiviteE

Ap dung béat ddng thiic
1 1 1 1 L
(1 —1) (1 —5) (1 +—¢) (1+—p)> 1+ VD) va ding

co8— cOS— coS— coS—

2 2 2 2
thi A ! 01 t A
C 08— = ———— vii a = tan—
V1+a? 2

Ta thu duge bai toan
Bai toan 3.38 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d= abc+ abd + acd + bed chiing minh rang

I+ V1I+a)A+V1+2) 1+ V1I+AA+V1+d?) > (1+vV2)!

Ap dung bat ddng thitc
(S R e

Sin— Sitn— Stn— Sin—

2 2 2 2
thic sin— = e vl a = tcmé
2 V1+a? 2
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Ta thu duge bai toan
Bai toan 3.39 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang

(14 VD) YRR YIS g VI,

) ) . tan 5 tan 5 tan 5 tan 5
Apdungbatdangthu’ct B+t C+t D+t A>4
cm2 cm2 an 5 cm2
292 A
vOl a = tan—
2

Ta thu dugce bai toan
Bai toan 3.40 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd 4+ acd + bed chiing minh réng

a? b 2 d?
— 4 —4+ =4+ —2=14

b c d a
A B C D
) cot?’=  cot?—= cot’*= cot*=
Ap dung bat déng thiic B2 + 2 2 4 j > 4 vi ding
cot— cot— cot— cot—
2 2 2 2
thic cot— = — v6i a = tcmé
2 a 2

Ta thu dugce bai toan
Bai toan 3.41 V6i a, b, c,d 1a cac s6 thuc duong théa man dieu kien
a+b+c+d=abc+ abd + acd + bed chiing minh rang

b c d

“ 5y
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KET LUAN

Xay dung dang thic, bat dang thic tit cac dang thic, bat dang thic
co ban dugce rat nhiéu ngudi nghién cttu va sang tao. Viéc tim ra cai
mdéi khong don gian. Trong ban luan van nay tac gia ciing da dat dugc
mot s6 két qua sau:

1.

Tac gid da xay dung dudgec mot s6 bai toan mdéi hay va khé danh
cho hoc sinh kha va gioi.

. Tac gid da dua ra mot s6 phuong phap gidi dai s6 cho cac bai

toan méi duge xay dung.

. Téc gia cling da xay dung dugc mot s6 dang thic, bat ding thiic

trong tit giadc 16i. Ching minh dude két quéi co ban cho phép xay
dung bai toan dai s6 tit cac ding thiic, bat dang thic trong ti
gisc 1i.

Tiép tuc nghién citu dé xay dung cac dang thic, bat dang thic
trong n-giac 16i (n > 4) cing la cong viéc méi mé.

. Phuong phap ching minh dai sé déi vé6i cac dang thiic, bat ding

thiic dai sé dugc xay dung tit cac dang thiic, bat dang thitc trong
t1t giac 161 14 bai toan md cho tac gid va nhiing ai quan tam dén
luan van.

Sang tao bai toAn méi cho phép ta nhin nhan da dang va sau sic hon
nhitng dang thic va bat dang thic co ban.

Mot lan nita, tac gia xin gii 10i cAm on sau sac t6i sut huéng dan , gép
v tan tinh ctia PGS.TS. Nguyén Vii Luong, cac thay co gido giang day
tai khoa Toan - Co - Tin hoc nhiing ngusi da giip do tac gia hoan
thanh ban luan van nay.
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