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Lo1 no1 dau

Trong thic té c6 rat nhiéu cac van dé khoa hoc dan dén viéc gidi mot hé phuong
trinh vi phan véi hai dau bién c¢6 dinh, ta goi d6 1a cac bai toan bién. Ngay
nay, phuong phap ban giai bai toan bién da tré thanh pho bién. Thong thusng,
nguoi ta sit dung phuong phap ban don. Tuy nhién, trong mot s6 dang bai toan
nhat dinh thi phuong phap ban don thé hién cic nhugc diem va tré nén vo
hiéu. Thay vao do6, phuong phap ban boi - tuy c6 phiic tap hon phuong phap
ban don - nhung lai thu dugc cac két qua tét hon. Vi nhiing 1i do d6, ching toi

da chon dé tai:
"Bai toan bién vdi phuong phdp ban boi".

Nhiem vu ctia téc gia 1a tim toi, doc hiéu tai lieu va trinh bay vé bai toan bien
va cac phuong phap ban. Tiép d6 phai xay dung dugc thuat toan va viét cac
chuong trinh minh hoa cho cac phuong phap ban, bao gom ci phuong phap
ban don va phuong phap ban boi, thong qua nhitng vi du cu thé, qua d6 thé
hien duge uu diém ctia phuong phap bin boi. V6i nhitng yéu cau nhu tren,
ngoai cac phan Loi mdé dau, Két luan, Tai lieu tham khdo thi ban Luan van

nay gom 3 chuong chinh va phan Phu luc.
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Chuong 1 c6 tua dé "Tong quan vé bai toan bién", trinh bay cac khai niém
chung vé bai toan bién, trong dé cé cac dinh Ii vé sit ton tai duy nhat nghiem
cho bai toan bién tong quat, bai toan bién véi didu kien bien tach duge, bai
toan bién tuyén tinh. Mot s6 tha thuat bién doi dé dua cac diéu kien bien ve
dang tach dugc hay chuyén bai toan bién chita tham sé vé dang thong thuong
cling dugce trinh bay chi tiét. Chang toi cling trinh bay trong chuong nay cac
phuong phap thuong st dung dé giai bai toan bién, bao gom phuong phép ban
don, phuong phap ban boi, phuong phap sai phan va phuong phap bién phan.
Phan sau cling, ching toi trich ddn moét vi du dé so sanh do chinh xac giita
cac phuong phap gidi dé va thé hien su vugt troi ciia Phuong phap ban boi.
Chuong nay ching toi cht yéu dua theo cac tac gid J. Stoer va R. Bulirsch

trong cudn [6].

Chuong 2 trinh bay ki ludng hon vé hai phuong phap ban da néu ra & Chuong
1: phuong phap ban don va phuong phap ban boi cho cac dang bai toan bién
cap hai cu thé. Trong d6 c6 phuong phap ban don cho bai toan bién tuyén
tinh, phuong phap ban don cho bai toan bién tong quat va phuong phap ban

boi cho bai toan bién téng quat.

Chuong 3 trinh bay vé cac két qua thu duge khi sit dung cidc phuong phap
ban giai mot s6 bai toan bien cu thé dé minh hoa cho Chuong 2. Trong dé c¢é
phan tich, nhan xét lam 16 céc bude thuc hién, ciing nhu thé hién chi tiét cac

két qua tim dugc.

Trong phan Phu luc, ching toi trinh bay chi tiét ma gidi cac bai toan bang
phuong phép ban da duwa ra § Chuong 3, cic ma gidi nay dudc xay dung trong

moi truong Maple.
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Qua day, em xin bay t6 long biét on chan thanh va sau sac t6i PGS.TS. Nguyén
Hitu Dién - ngusi thay da lya chon dé tai cing nhu tan tam, nhiét tinh gitp
dd, chi bao cho em trong sudt qua trinh thiyc hién luan vin tét nghiép. Luan
van nay khong thé hoan thanh néu khong c6 su gitp dé to 16n ay cia thay.
Ciing nhan dip ndy em mudn gti 10i cAm on tdi cac thay co trong khoa Toan -
Co - Tin hoc truong Dai hoc Khoa hoc Ty nhién, Dai hoc Qubc gia Ha Nai da
nhiét tinh giang day va tao diéu kien dé em hoan thanh t6t khoa hoc tap cia

minh.

Ha Noi, thang 11 nam 2009
Hoc vién

Nguyén Xuan Quy



Chuong 1

Tong quan vé bai toan bién

1.1 DBai toan bién
Bai todn gia tri bién (bai toan bién) la bai todn tim nghiém y(z) clia hé n
(n > 1) phuong trinh vi phan
(1.1) v =flz,y), a<z<b
théa man diéu kieén bién (tdng quat)
(1.2) r(y(a), y(b)) =0,
) T .
trong d6 y = [y1,...,yn]” V&

filz,yr, - yn) T1(Upy ooy Uy U1y e, Uy)

fﬂ(xaylw'wyn) Tn(“’la"'?unavla"'?v’n)



Diéu kien bien dudce goi 1a tuyén tinh néu c6 dang
(1.3) Ay(a) + By(b) = c,

trong d6 A, B € R™™ ¢ € R". Trong thic té, cac diéu kién bién thuong tdch

duoc, tic 1a
(1.4) Avy(a) = c1; Bay(b) = co.
Diéu kién nay c6 dudc néu 6 |D cac ma tran A, B, ¢ ¢6 dang

A1 0 C1
(A,B,c) =
0 BQ Co

Nhan xét 1.1. Bai todn gid tri ban dau chi la mot truong hop dac biét cia

bai toan bién (khi thay A =1, a = xg, ¢ = yo, B = 0 vao diéu kién bién )

1.2 Cac dinh li ton tai va duy nhat nghiém

Hay xem vi du don gian sau.

Vi du 1.1. Xét phuong trinh vi phan v6i w : R — R:
w” +w = 0.
Bai toan c6 nghiem tong quat
w(r) = ¢y sinx + cpcosw, ¢y, co bat ki.

e Néu diéu kién bien 1a w(0) = 0, w(w/2) = 1 thi nghiem duy nhat la

w(z) = sinz.



e Néu diéu kien bien 14 w(0) = 0, w(w) = 0 thi bai toan c6 vo s6 nghiém

dang w(z) = ¢y sinx v6i ¢; bat ki.

e Néu diéu kién bién 1a w(0) = 0, w(w) = 1 thi bai toan vo nghiem.

Vi du trén chitng t6 khong thé c6 dinh Ii ton tai vi duy nhat nghiem cho bai
toan bieén téng quat. Tuy nhién, véi mot sé diéu kién nhat dinh, ching ta c6
cac dinh 1 vé ton tai va duy nhat nghiém cho bai toan bién. Dinh 1i thit nhat

cho bai toan bién tong quat véi nhitng diéu kien tuong tng, ndi dung nhu sau:

Dinh 1i 1.1. Gid s bai toan bién
v =[flxy),  ryla)y®) =0
théa man cac dieu kién
1. Cac ham f va Dy f lién tuc tren S == {(x,y)| a <x < b,y € R"}.

2. Ton tai ham k € Cla,b] théa man || D, f(z,y))|| < k(x) vdi moi (z,y) € S.

3. Ma tran
P(u,v) := Dyr(u,v) + Dyr(u,v)

luon biéu dién dudc dudi dang
P(u,v) = By(I + M(u,v))

vdi Py la mot ma tran hang khong suy bién va ma tran M = M (u,v) sao

cho luon ton tai cdp hang so p va m dé
M (u,v)[| < p <1, [Py Dyr(u,v)|| <m

vt mot u,v € R".



4. Ton tai X\ > 0 vdi A+ p < 1 sao cho

[@@ﬁgh(r+%>

Khi dé bai todan bien da cho cé nghiém duy nhat.

Nhan xét 1.2. Cdc dieu kién cia dinh i chi la dieu kién di va rat chat. Vi
du nhu dieu kién (3) chi zét trong truong hop n = 2 sé khong théa man cho

cdc diéu kién bién thong thuong nhu

yi(a) =ci, yo(a) =ca.

Ngay cd khi lam yéu cdc dieu kién di thi ta ciing chi thu duogc cac dinh li c6 cdc

dieu kién hiém khi duogc théa man trong thuc hanh.

Chting minh Dinh 1{|1.1| dugc trinh bay & cudi phan Phuong phap ban don cia
Chuong nay. Dinh Ii thit hai 4p dung cho bai toan bién bién véi diéu kién tach

dugc.

Dinh 1i 1.2. [5] Gid s¢ bai todn bién

y' = flx,y.9); a<xz<b
aoy(a) —ary'(a) = a,  |ag| + |a1| # 0,

boy(D) + bry'(b) = B, |bo| + |br| #0
théa man cac diéu kién

1. f(z,y,y) lien tuc tren D = {(z,y,vy') :a < x < b,y* + (¥)* < 00} ;

2. f(z,y,y') théa man diéu kién Lipschitz theo y va y' trén R;



3. flz,y,y') c6 dao ham theo y va y' lién tuc trén D va ton tai so duong M

sao cho
af
((l) a—y >0,
of
— | < M:
®) ‘03/ -

4. Cédc hé so cua diéu kién bién théa man

apal > 0, b0b1 > O, |CLO| + |b0| 7é 0.

Khi dé, bai todn bién da cho cé nghiém duy nhat.

Mot truong hgp rieng ctia dinh 1f nay 1& dinh 1 ton tai duy nhat nghiém cho

bai toan bién tuyén tinh, titc 1a bai todn bién c6 dang

y'=p@)y +q@)y+r(x), a<z<b yla)=«a, yb) =40

No6i dung nhu sau:
Dinh Ii 1.3. Gid st bai toan bién tuyén tinh
y' =p@)y +ql@)y+r(), a<z<b yla)=a, yb)=p
théa man cac diéu kién
1. p(x),q(z),r(x) lién tuc trén |a,b],

2. q(x) >0 tren [a,b].

Khi dé, bai todn bién tuyén tinh trén cé nghiém duy nhat.



1.3 Mot sbé tha thuat bién doi

Trong thuc té, dé tien cho viéc giai, ta c6 thé dua cac bai toan vé dang bai

toan bien, hodic c6 thé dua cac diéu kién bieén tong quat vé dang tach duge.

1.3.1 Bai toan chia tham sb
Bai toan chita tham s6 1a bai toan tim nghiém y(z) ctia phuong trinh

y = f(x,y,\)

trong d6 A 14 tham s6 chua biét va ham y(z) thoa man n + 1 diéu kién bién

dang

T1(Upy ooy Uy U1y e e ey Upy A)

Tn—l—l(ul; <oy Up, U1y oo Up, A)

Bai toan nay néi chung khong cé nghiém khi chon A tuy y, do d6 bai toan qui
vé tim cac "gia tri rieng" \; dé phuong trinh c¢6 nghiém. Ta c6 thé dua vé dang
bai toan bién. Bang cach dat y,11(z) := A va them diéu kién v, (x) = 0, bai

toan nay tré thanh

trong do

Yn+1 0



f(ulv sy Un, Uty e e 7Unavn+1) = T(ulv ceey Un, Uty .. '7Unavn+1)-

1.3.2 Bai toan bién tu do

D6 1a bai toan bién véi bién a cho trude, con bién b sé duge xac dinh sau. Khi

do, hé n phuong trinh vi phan

y/ = f(l',y)

c6 mot nghiem y(z) théa man n + 1 diéu kién bién

(] (U, U)
r(y(a),y(b)) =0, 7r(u,v) =
Tn41 (U, U)
O day, thay cho z, ta dua vao mot bién mdi ¢ vA mot hing sd 2,41 := b —a

(chua dugce xéc dinh) sao cho

r—a=tz., 0<t<1,

dzn+1
dt

= 0.

Zn41 =

(Ta cling ¢6 the dit @ — a = P(t, z,41) V6 D(1, 2,41) = 2p41). Dt 2(t) =

y(a + tzp41), trong dé y(z) 1a nghiém ctia phuong trinh trén, ta dugc

Z(t) = DtZ(t) = Dmy<a + tzn-l-l)zn—i-l = f(CL + tzn—i-la y(a + tzn—i-l))zn-i-l

= fla+tzpi1, 2(t)) 2011



Khi d6, bai toan tré thanh bai toan bién v6i cac ham z;(t), 1 = 1,...

nhu sau
Z1 Znirfila +tznen, 215005 2n)
_ L 0<t<1
Zn Znrfnla + tzntt1, 215 oy 20)
2n+1 0
vl

ri(z1(0), ..., 2,(0), 21(1),...,2,(1)) =0, i=1,...,n+1.

1.3.3 Dua diéu kién bién tong quat vé dang tach dugc

Tt bai toan véi dieu kien bien tong quat

y = flx,y),  ryla),yd) =0

dat z = y(a), ta duge bai toan

v6i diéu kién bién tach dugc

,n—+1



Ta cling c6 the dit

b+a
ylzy(__x)a —
2 ng_ b 2a
y2:y(b+7a+x)7
Khi doé ta dugdce bai toan
/
b+a
__.’,C, _
Y1 _ f(2 Y1) | ng_b2a
Yo f(bJrTa+$;y2)

v6i dieu kien bién tach dugc

r(n(552),m(55%) = 0,

y1(0) = 32(0).

Tuy nhién, trong ca hai cach bién doi trén thi s6 chiéu ciia bai toan déu tang

gap doi.

1.4 Cac phuong phap giai bai toan bién

D@ giai bai toan bién, thong thuong ta st dung cac phuong phap ban, phuong
phap sai phan hitu han hoac phuong phap bién phan,... Trong muc nay, ching
toi chi gidi thiéu tong quan vé cac phuong phap. Rieng phuong phap ban don
va phuong phap ban boi sé dude trinh bay ki ludng hon 6 Chuong 2, ciing nhu

cac thit nghiem s6 vé hai phuong phap nay duge trinh bay ¢ Chuong 3.



1.4.1 Phuong phap ban don

Phuong phap nay kha don gian va thusng dude sit dung dé gidi bai toan bien
tuyén tinh. Dé gidi bai toan bien (1.1)), (1.2) bing phuong phap nay, trude hét

ta dua ve giai bai toan gia tri ban dau
(1.5) v =flz,y),  yla)=s,

trong d6, s € R™ 1a tham s6. Khi d6 nghiem y(z) = y(z, s) clia bai toan gia tri

ban dau nay phai thda man diéu kién bién
r(y(a,s),y(b,s)) = r(s,y(b,s)) = 0.
Tit d6 ta can tim mot nghiém s = [0y, 074, ...,0,]" clia phuong trinh
(1.6) F(s)=0, F(s):=r(s,y(b,s)).
Viéc tim nghiém s dia vio phuong phap Newton tong quéat
(1.7) s = 50 _ DR(s)~1R(sW),

Theo d6, trong mdi bude lip, can tinh F(s?), ma tran Jacobian

‘ 0F;(s
DF(s) = { ajf(k )} _s(

va nghiem d® := s — s0+1) ciia hé phuong trinh tuyén tinh DF(s®)d® =
F(s™). Mudn tinh toan F(s) = r(s,y(b,s)) tai s = s, ta can tinh y(b, s?),

tiic 1a can giai bai toan gia tri ban dau (1.5) véi s = s@). Dé tinh DF(s%), ta

10



di tu
(1.8) DF(s) = Dyr(s,y(b,s)) + Dyr(s,y(b,s)) - Z(b,s),

v6i cac ma tran

Dyr(u,v) = [%ﬁjv)} , Dyr(u,v) = [%@“j”)} :

Z(b,s) = Dyy(b,s) = |242)].

(90']'

(1.9)

Tuy nhién, trong trusng hop cac ham r(u,v) phi tuyén, ta khong thé tinh
DF(s) bang cach dung céc cong thiic 6 trén, thay vao d6 ta sé xap xi n6 bang

sai phan. Ttic 1a DF(s) duge xap xi bdi ma tran

AF(s) = [ALF(s),..., A F(s)],

F(oi,...,0;+ Agj,...,0,) — F(01,...,0j,...,00)

(1.10)  AF(s) = v

Tit F(s) = r(s,y(b, s)) ta thay phép tinh A;F(s) hién nhien doi hdi cic gia tri
y(b,s) =y(b,o1,...,0,), ylbor,...,0;+ Acgj,...,00)

x4c dinh theo nghiém clia cac bai toan gia tri ban dau tuong tng.

Sau phép lip, ta tim duge gid tri § € R™ thdéa man (xap xi) 14 nghiém cia
(1.6). Cudi cling, ta giai bai toan gia tri ban dau (1.5) va thu dugce nghiem s6

cua bai toan bién , .

Phuong phap Newton néi chung la phan ki, ngoai trit truong hop vector s

ban dau di gan nghiém 5 ctia F(s) = 0. Do d6, véi cac gia tri ban dau chua

11



biét thi phuong phap ban don la khong hitu ich. Trong thoi gian tim hiéu dé
tai, ching toi con biét dén mot phuong phap ban don khéac, duge goi 1a phuong
phap bin don céi bien] Phuong phap nay ¢6 nhidu wu diém hon phuong phép
ban don thong thuong, tuy nhién do yéu t6 thoi gian, ching t6i chua tim hiéu

ki va dua phuong phap nay vao luan van dugc.
Chatng minh Dinh 1i[1.1 Truée hét, ta chimg minh Bé dé sau:

Gia s T(x) la ham lién tuc trén [a,b] va k(z) := ||T(z)||, khi d6 nghiem Y (z)
cua bai todn
thoa man danh gia

Y (x) = I]| < exp (/am k(t)dt) -1, x> a.

That vay, ta co
Y(x) =1+ / T(t)Y (¢)dt.

() = Y (x) = 1.
Tu [|[Y(x)]] < ¢(z) + || I|| = ¢(x) + 1 ta thay v6i x > a thi

(1.11) ()< [ k@ + vt

Goi ¢(z) 1a ham thoéa man

(1.12) /axk:(t)(g“(t) +1)dt = efx) exp </:k:(t)dt) S ea) =1,
@

1Xem trong

12



Dé thay c(x) kha vi va khi d6

k(z)(¢(z) +1) = (x)exp ( ; k:(t)dt) + k(z)c(x) exp (/az k:(t)dt>

x) exp (/j k:(t)dt) {1 —i—/ k(t )+ 1) dt}

Két hop véi k(z) > 0 va - ta co

¢ (2) exp ( / mk(t)dt) k() / " ROC(E) + 1)t
7) / " R)(C(E) + 1)dt.

Suy ra ¢(x) <0, tic 1a ¢(x) nghich bién va

k(x)¢(2)

(1.13) clx)<cla)=1 Vz>a.

Tie (1.11), (1.12), (1.13) cho ta khéng dinh ctia B dé.

Bai toan bién trong Dinh I hién nhién giai duge néu ham F(s) trong ( . co

khong diém 3:
(1.14) F(s) =r(5,y(b,5)) = 0.

Diéu nay xay ra néu ta tim dugc mot ma tran @ cap n x n khong suy bién sao

cho
(1.15) O(s) :=s5—QF(s)

13 mot anh xa co trong R™. Khong diém 5 clia F'(s) chinh 1a diém bat dong clia

o, (5) =5

Ta chi ra ring véi viec chon @Q thich hop, 6 day la chon Q := P; ' thi ham ®(s)

13



trong thdéa man

(1.16) |DsP(s)]| < K <1
véimoi s € R" va K := A+ p < 1. Tu dob suy ra
[(s1) = (s2)]| < Klls1 — 52

v6i moi s1, s € R™, titc 1a @ 1a mot anh xa co. Vi vay ® c6 diém bat dong duy

nhit 5§ = ®(5), d6 chinh la khong diém ctia F(s).

Dit ®(s) := s — Py 'r(s,y(b, s)), ta c6

D,®(s) =1 — Py '[D,r(s,y(b,s)) + Dyr(s,y(b,s))Z(b,s)]
=1~ Py '[P(s,y(b,s)) + Dur(s,y(b,s))(Z(b,s) — 1))
= I — Py '[Po(I + M) + Dyr(Z — 1))

(1.17) = —M(s,y(b,s)) — Py *D,r(s,y(b,s))(Z(b,s) — I,

v6l ma tran

Z(z,s) = Dgy(x, s)

12 nghiém ctia bai toan gia tri ban dau
Z'=Tx)Z, Z(a,s)=1, T(z):=D,f(x,y(z,s)).
Tt Bo dé 6 trén va diéu kien (2) ctia gia thiét, ta c6 danh gia sau:

|Z(b,s) — I|| <exp (/ab k(t)dt) — 1.

14



Do d6, tit (1.17) két hop véi cac dicu kien (3) va (4) ta c6

exp (/ab k(t)dt) — 1]

A
S,u-l—m{l—l———l}
m

[D®(s)]| < pp+m

=u+A=K <1

Vay dinh 1i dugc chiing minh.

1.4.2 Phuong phap ban boi

Muc tiéu ctia phuong phap ban bai la khic phuc duge nhuge diém ctia phuong
phap ban don va tim dude nghiém chinh xac hon. Dé thuc hien phuong phap

nay, ta chia nhé doan [a, b] bdi cac diém chia
a=x1<x93<--<xy;=2>0

va thie hién ban trén ting doan nhé dé.

Nhu vay, trong phuong phap ban boi, cac gia tri sp = y(xy), k=1,...,m tai
cac diem a = 1, < x9 < --- < x,, = b dudc tinh dong thoi béi phuong phéap

lap, véi y(z) 1a nghiém chinh x4c clia bai toan bién
(1.18) v =flzy),  ryla)yd)) =0
Dat y(z, z, sk) 1a nghiem clia bai toan gia tri ban dau

Yy = flz,y),  ylzg) = s
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Bai toan tré thanh xéc dinh cac vector si, k= 1,...,m sao cho ham

y(x) = y(m7 Lk, 5k)7

y(b) ‘= Sm;

T € [T, Tpi1),

E=1,....m—1,

la lien tuc va do do 1a nghiém ctia phuong trinh vi phan ¢ = f(z,y), hon nita,

ham nay phéi thda man diéu kién bien r(y(a), y(b)) = 0. Tt d6 ta c6 nm diéu

y

e (z2,82)

a=x] T2 ra

Hinh 1.1: Phuong phap ban boi.

kién

(1.19) y(l’kﬂ,fk,sk) = Sk+1,

r(s1, $m) =0

v6i nm thanh phan chua biét oy, j = 1,.

Sk = [Ukb Ok2y - -

16
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Tat ca cac dieu kieén trén tuong duong véi hé phuong trinh

Fi(s1,2) y(xg, 21, 51) — 89
F5 (s, s3) y(z3, 22, S2) — S3
(1.20) F(s) = = —0
mel(smflv Sm) y(ﬂfm, Tm—1, Smfl) — Sm
i Fm(slasm) A i T<5173m)
v6i cac an s = [s1,..., 8]

Cong viéc nay c6 thé thie hien nhd phuong phap Newton (hoic phuong phap

Newton cai bién),

(1.21) s = 5O _ [DF(s)]1R(s®D), i=0,1,....

Trong mdi bude ctia phuong phép, ta can tinh F(s) va DE(s) v6i s = s(), Dé
tinh F(s), ta can xac dinh y(xp.1, g, s1), kK =1,...,m — 1 bang cach gidi céc
bai toan gia tri ban dau

/

y = f(z,y), y(zr) = sk,

va tinh F(s) theo (1.20). Véi cac cau tric dac biét ciia Fj trong (1.20) thi ma

tran Jacobian DF(s) = [Ds, Fi($)]ik=1,..m cO dang
(G, -1 0 0 |
0 Gy —1
(1.22) DF(s) = oo o |,
0 Gno1 —1
I A 0 0 B |

17



trong d6 cdc ma tran A, B,G), (k=1,...,m —1) cap n x n lan lugt 1a cdc ma

tran Jacobian,

Gi : = D, Fi(s) = Ds, y(Tgt1, Tk, Sk), k=1,...,m—1,
(1.23) B := Dy, F.(s) = Ds,, (81, 5m),

A:= Dy F(s) = Ds,r(s1, Sm)-

Nhu da mo ta trong phuong phap ban don, trong thuc hanh, ta thay cac vi
phan trong A, B, G, bédi cac sai phan, nhitng sai phan nay c6 thé tinh dudc
bang cach gidi (m — 1)n bai toan gia tri ban dau (n bai todn cho moi ma tran
Gr, k=1,...,m—1). Viec tinh toan s‘t1 tir &) theo ¢6 thé thire hien

duge nhu sau: V6i cach viét tat

(1.24) [Asy, ..., Asp]" =0 — 50 F = Fk(sg), s,(ﬁrl),

thi tuong duong véi hé phuong trinh tuyén tinh
DF(s)-[Asy,..., Asy|t = —F(s)

hay

G1As1 — Asy = —F,
GoAsy — Asy = —Fy,
(1.25)
Gr-148y,-1 — Asy, = —F_q,

AAsy + BAs,, = —F,,.

Bat dau vé6i phuong trinh tht nhat, ta c6 thé biéu dién cac Asy, theo Asy, ta

18



ASQ = G1A81 + Fl,

(1.26)

m

-1 /3—-1
ASm = Gmfle,Q R G1A81 + (H Gm1> Fm,]‘,
=1

J =1

Thay vao phuong trinh cudi ta dugc
(127) (A+BGm_1Gm_2...G1)A81 =w,

Vol w = —(Fm + BFm_1 + BGm_lFm_Q + -+ BGm_le_Q e GQFl).

Day 1a mot hé phuong trinh tuyén tinh véi an 1a vector Asy, ta co thé giai bing
phuong phap khit Gauss. Khi biét Asq, ta sé tinh dudc Asy, Ass, ..., As,, tu
(1.25) va sO+D tir (1.24).

Nhan thay rang F(s) hay DF(s) xac dinh v6i moi vector
s=1[s1,....smT € M= MY x M® x ... x M"Y x R,

do dé, phép lap (1.21) ctia phuong phap bin boi ¢6 thé thuc hien duge véi
seM.O day M%), k=1,...,m—1latap hop cac vector s; sao cho nghiém

) bao gom tap M, chita

y(x, x), si) ton tai trén khoang nho [xy, x11]. Tap M
moi s sao cho y(x, xy, s;) ton tai trén [a, b]. Cha y rang phép lip Newton tinh
55 theo phuong phéap bén don chi ¢6 thé thuc hien duge véi s, € My € M®),
Diéu nay chitng t6 rang phuong phap ban baoi yéu cau cac vector ban dau trong

phép lap Newton don gian hon déang ké so véi yéu cau ctia phuong phap bin

don.
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1.4.3 Phuong phap sai phan hitu han

Y tudng co ban clia cac phuong phéap sai phan 1a thay thé cac thanh phan vi
phan trong mot phuong trinh bdi cac thanh phan sai phan tuong tng va giai
hé phuong trinh thu duge. Ta sé minh hoa diéu nay bang mot bai toan bién

cap hai v6i ham y : [a,b] — R:

(1.28) —y" +qx)y=g(x),  yla)=a, yb)=270

V6i cac gia thiét q,g € Cla,b] va q(x) > 0 véi x € [a,b], nguoi ta ching minh
duge (1.28)) c6 nghiem duy nhat y(x).
Chia nhé doan [a, b] thanh n + 1 doan con bing nhau bdi cac diém chia

b—a
n+1’

a=20<21 < <Tp,<Tpy1=0b, xj=a+jh, h:=
va voi cach viét tat y; = y(z;), thay cac thanh phan vi phan v/ = v"(z;),
i=1,...,n béi sai phan cap hai

o Yit1 —2Yi Y

Tiép theo, ta xap xi sai s6 7;(y) := v"(z;) — A%y;. Gid thiét ham y kha vi lien
tuc cap bon trén [a,b] (y € C*a,b]), ta c6 khai trién Taylor ctia y(x; & h) tai
T

2 3 4

h h

do do
2

h
Aty =y + oo W (i + 07 h) + y (s — 07 k)|

20



Tt y® lien tuc, ta c6

2

(1.29) Ti(y) ==y () — A% = —%y(“) (i + 0:h),

véi |6;] < 1 nao d6. Tt phuong trinh vi phan va cac diéu kien bien cta ((1.28)

ta thay cac gia tri y; ;= y(x;) théa man cac phuong trinh

Yo = «
2 — Yi1 — Yig1 .
Ynt1 = ﬁ
Dat ¢; := q(x;), gi := g(x;), cac vector
[ i i g1+ 72
Y1 71(y)
g2
_ Y2 T2(y)
Y= ) T(y) = , k= )
gn—1
Yn T (Y) 3
- - . - i gn + ﬁ |
va ma tran doéi xing cAp n x n
2 + qth —1 0
—1 2+ guh?
A - q2
-1
0 —1 2+ ¢q,h?

thi cac phuong trinh {D tuong duong véi

(1.31) Ay =k +7(y).
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Phuong phép sai phan bay gio qui vé viéc b di thanh phan sai s6 7(y) trong

T

(1.31]) va 1ay nghiem u = [uq, ..., u,|" clia hé phuong trinh tuyén tinh

(1.32) Au=k

1a mot xap xi cho 7.

1.4.4 Phuong phap bién phan

Trong khi cac phuong phap ban dua bai toan bién vé cic bai toan gia tri ban
dau tuong ting, phuong phap sai phan xap xi cac toan tit vi phan lién tuc trong
phuong trinh béi céc sai phan hitu han roi rac thi phuong phap bién phanf] tiép
can bai toan bién theo mot hudng khac. Viéc giai bai toan bién duge dua ve
viéc lira chon ham lam cuc tieu mot tich phan xac dinh tit tap tat ca cdc ham
kha vi va théa méan cac dieu kién bién. Ta sé xem xét phuong phap bién phan

thong qua bai toan bién v6i ham y : [a,b] — R:

(1.33) = (p(@)y' () + a(@)y(z) = g(z,y(z)),  yla)=a, y(b) =0
Véi cac gia thiét

p e Cla,bl, p(x) > py > 0,
<134) q S O[a7b]7 Q(LU) Z 07
g € C'([a,b] x R), gy(z,y) < Ao,

trong dé \g 1a gia tri rieng nhé nhat clia bai toan

—(pz) — (A —q)z =0, z(a) = z(b) = 0,

2Rayleigh-Ritz-Galerkin methods
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thi bai toan (1.33) c6 nghiém duy nhat.

Néu y(x) la nghiem ctia (1.33) thi u(z) := y(x) — I(x) véi

b—x a—x

I(x) ::oz-b_a

la nghiém ctia bai toan bién dang
(1.35) — (pu) +qu = f, u(a) =0, wu(b) =0,

v6i cac diéu kién bién triét tieu (bang 0). T d6, khong mat tinh tong quét,
ta xét bai toan ([1.35)) thay cho bai toan (1.33)). Toan tit vi phan tuong ting véi
(T.35)

L(v) = —(pv) + qu

la anh xa tiu tap
Dy, = {v € C?[a,b] | v(a) = 0,v(b) = 0}

gom tat cd cdc ham khé vi cap hai trén [a,b] théa man cac dieu kieén bién
v(a) = v(b) = 0 vao tap Cla,b] cic ham lién tuc trén [a,b]. Khi d6, gidi bai
toan bien ([1.35) tuong duong véi viec tim nghiém ciia phuong trinh

(1.36) L(u) = f, u € Dr.
Noi dung cac phuong phéap sai phan va bién phan duge trinh bay ki trong [2]
va [6]. Ngoai ra con ¢6 nhiéu phuong phap giai bai toan bién khéc, tuy nhién

luan van nay chi tap chung vao cidc phuong phap ban nén xin khong dé cap

dén.
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1.4.5 So sanh gitta cac phuong phap

Trong phan nay, ching ta sé so sanh cac phuong phap trinh bay & trén (phuong
phap ban don, phuong phap ban boi, phuong phéap sai phan hitu han va phuong

phép bién phan) thong qua viéc gidi bai toan bien
(1.37) y" = 400y + 400 cos®(nz) + 272 cos(27x), y(0) = y(1) = 0.

Bai toan bién nay c6 nghiém chinh xéc la
—20

e 1
(138) Yy = m . 620I —+ m . 6_20x — COSZ(ﬂ'Qf).

Nghieém chinh xac duge thé hien bdi do thi dudi day. Chi ¥ ring Jnax ly(z)| ~

0.77, y(0) = y(1) = 0, y(0.5) = 0.907998593370 x 10~*.

Y

0 0.5 1

=05 T

Hinh 1.2: Nghiém chinh xac ctia (1.37)).

Dé ¥ rang bai toan trén sé gay nhitng khé khan nhat dinh déi véi cac phuong

phép:

3Phan nay ching toi trinh bay theo muc 7.6,[6].
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1. Phuong trinh thuan nhat tuong tng véi bai toan nay 1a
y" = 400y
c6 nghiem dang y = ce™%*. Nghiém nay ting hoic gidm theo ham mi,
do d6 sé gay kho khan cho phuong phap ban don.

2. Cac dao ham y®(z), i = 1,2,... ciia nghiém chinh xac (1.38)) rat 16n tai
x~ 0 vaz~1, dodo, sai so6 trong cac phuong phap sai phan hay bién

phan déu 16n.

Két qua thu dugc ctia ting phuong phap nhu sau:

Véi phuong phap ban don

Ta lay cac gia tri ban dau ctia nghiém chinh xéc

1—e 20
_ "0)=-920.——°  _ _19 .
y(0) =0, y(0) = ~20- T = —19.9999999176

Sau mot phép lip véi sai s6 tuong déi < 3.2 - 10711, thu dugc sai sé thé
hién bdi bang duéi day, véi cac ki hieu Ay(z) = y(x) — y(z) va gy(x) =

() —y(2))/y(z).
Vé6i phuong phap ban boi

Dé han ché tac dong clia ham mil, ta chon s6 diém chia m 16n, m = 21 va

0= < < < =1 —k L
=7 T P €T — €Ty = —.
1 2 21 ) k 20

Sai s6 thu dude sau ba lan lap nhu sau:
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T | Ay (z)|* ey ()]
0.1 1.9 x 10~ 12 2.5 x 10~
0.2 1.5 x 1010 24 x 1010
0.3 115t 162 3.2 x 1079
0.4 8.1 x 1079 8.6 x 108
0.5 6.0 x 1078 6.6 x 1074
0.6 4.4 % 10~ AT A
0.7 33x10°® 9.6 x 1076
0.8 94 5 1> 3.8 x10°°
0.9 1.8 x 104 2.3 x 1074
1.0 1.3 e o0

* maxuep,1) |Ay(z)| ~ 1.3 x 1073,

Hinh 1.3: Sai s6 ctia phuong phap ban don.

x | Ay(z)|* ey ()]
0.1 9.2 x 1013 0 e
0.2 P | e 4.3 x 10712
0.3 4.4 x 10713 1.3% 1012
0.4 3.4 x 10713 3.6 x 10712
0.5 35 x 1071 3.9 x 107°
0.6 B T | B0
0.7 1.8 x 1012 5.3 x 1012
0.8 8.9 x 10713 (RS (s
0.9 g2 % 1919 12 g
1.0 B0 ¢ 1012 ~

* maxze(oq] |Ay(x)| = 5 x 10712

Hinh 1.4: Sai s6 cia phuong phap ban boi.
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Vé6i phuong phap sai phan hiu han

1

—, thu dugc sai s6 tuong ting

Stt dung phuong phap sai phan v6i buée h =
Ay = max; |Ay(z;)|, x; = th. Budc h gidm mot nita, dan t6i sai s6 gidm di ;.
Nhu vay, dé dat dugdc sai s6 Ay ~ 5 x 10~'? cia phuong phap ban bai, ta can

chon h ~ 10761

h Ay

S 2.0 % 1072
98 1.4 x 103
9 9.0 x 1075
- Fay 5.6 x 107

Hinh 1.5: Sai s6 ctia phuong phap sai phan.

Vé6i phuong phap bién phan

Ta chon khéng gian Spa cac ham spline lap phuong tuong tng véi cach chia
déu:

A:0=xg<m1 < - <zp=1, x;=1h, h=—.
n

Thu dugc sai s6 16n nhat Ay = ||ug — y| nhu sau:

h Ay
1/10 6.0 x 10~3
1/20 Sl =
1/30 P00 | e
1/40 0 ol
1/50 2851
1/100 1.8 x 10

Hinh 1.6: Sai s6 cia phuong phap bién phan.
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Mubn thu duge két qua tot nhu phuong phap ban boi (Ay ~ 5 x 1071%), ta
can chon h ~ 107%. Khi d6, dé tinh toan céc ma tran ta can thuc hien 4 x 104

phép lip trong méi budc!

Nhitng két qua dua ra & trén da lam ro tinh wu viét cia phuong phap ban boi,
ngay ci déi v6i cac bai toan bien tuyén tinh tach duge. O day, cic phuong
phap sai phan va bién phan déu kha thi (khi yéu cau vé do chinh x4c khong
cao). Dé dat dugc cting do chinh x4c, phuong phap sai phan can tinh toén vdéi
cac hé phuong trinh 16n hon phuong phap bién phan. Mudn giai cdc bai toan
bién phi tuyén c6 nghiém tang gidm theo ham mi chi c6 mot phuong phap duy

nhat c6 hieu qua, d6 la phuong phap ban boi va nhitng bién thé clia né.
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Chuong 2

Phuong phap ban don, phuong

phap ban boi va cac thuat toan

Chuong nay trinh bay ki ludng noi dung cdc phuong phap ban cho cac dang
bai toan cu thé. Vé6i phuong phap ban don, ching téi chia thanh hai trudng
hop: bai toan bién tuyén tinh va bai toan bién tong quat. D6i véi phuong phap
ban boi, ngoai noi dung va thuat toan ctia phuong phap, ching toi dé cap dén
mot van dé quan trong, dé 1a ki thuat chon diém chia. Dé giai cac bai toan gia
tri ban dau phat sinh trong cac phuong phép, ching to6i déu st dung phuong

phap Runge-Kutta 4 nac véi buée lap h = 0.001.

2.1 Phuong phap ban don

2.1.1 Phuong phap ban don giai bai toan bién tuyén tinh
Bai toan bién tuyén tinh la bai toan c6 dang
(2.1) ¢ =p@)y +q@)y+r), a<z<bd yla)=a, yb)=4p
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Dé giai bai toan nay bing phuong phap ban don, trude hét ta xét hai bai toan

gia tri ban dau, dé 1a

(2.2) ¢ =pl)y +el@)y+r(z), a<z<b yla)=ao, y(a)=0

(23) ¥ =p@)y +ql@)y, a<z<b yla)=0, y(a)=1.

Gia st 4 (), y2(z) 1an lugt 1a nghiém ctia cac bai toan (2.2), (2.3)), khi do
nghiém y(z) ciia bai toan bien tuyén tinh (2.1) cho béi cong thiic

(2.4) y(x) = yi(r) + yg—() Y2 ().

That vay, ta co

/ / B—wl)
y'(z) = yi(z) + n(b) Ya(2),
do do
" " ﬁ - yl(b) "
y'(z) = yi(z) + (b) Ya ().
Vay
V) = @) + ahn(a) + r(a) + B [palh(o) + alena)
- ! ﬂ_yl(b) Cul(x T T ﬂ_yl(b)
= p(a) () + )|+ 0(e) (o) + T )
+r(z)
= pla)y/(2) + aa)y(a) + ().
Hon nita,
—ui(a 5—y1(b) a) = o 5—y1(b) —
y(a) :==yi(a) + o (®) y2(a) + n(®) 0=a,
y(8) =)+ B (0) = a8 4.5 - () =
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Nhu vay bai toan bien tuyén tinh (2.1) dé dang dugc giai quyét bing cach giai
cac bai toan gia tri ban dau (da day du cac dieu kien ban dau) (2.2), (2.3) va
tinh theo cong thitc (2.4)).

Phuong phap trén kha don gian, hiéu qua, va chi st dung § tudng ctia phuong
phap ban don - d6 14 dua vé cic bai toan gia tri ban dau tuong tng. Tuy nhién,
ta ciing c6 thé sit dung phuong phap bin don dé giai bai toan (2.1 ciing bing

cach dua veé giai cac bai toan gia tri ban dau tuong ting

y" =p(x)y +qx)y +r(z), a<z<b yla)=ao, y(a)=s;

Y =p@)y +q(z)y +r(x), a<z<b yla)=a, y(a)=ss.

O day, ta da chon céc gia tri ban dau y/(a) cho ca hai bai todn 1an lugt 1a s; va
sy (chon ngau nhién). Sau khi gidi hai bai toan trén, thu dugc cac nghiem s6
lan lugt 1& y1 (), y2(x), do tinh chat tuyén tinh ctia bai toan nén thay cho viéc
stt dung phuong phap lip Newton dé tim gia tri ding 5 cho 3/(a) thi ta chon

S92 — 851

y2(b) — y1(0)

Do d6, v6i bai toan bien tuyén tinh dang (2.1)), ta sé bé qua buée lip tim

(25) S 1= S1 +

) (5 - yl(b)>'

5. Vé thuc chat thi ¢ day ta lap dugc nghiem y(z) ctia (2.1) tit cdc nghiem

y1(x), y2(x) theo cong thic
S9 — S

2.6 vy = T (o) 2

“yo().

Dé& dang kiém tra dugc y(x) théa man phuong trinh vi phan trong (2.1). Dé
y(b) = (3 thi vé phai ctia (2.6) bing 8 khi z = b. Tit dé ta rat ra duge gia tri

cua § nhu trong .
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Thuéat toan cia phuong phap nay kha don gian nén ching toéi khong dua ra, vi

du cu thé dugc trinh bay é Chuong 3.

2.1.2 Phuong phap ban don giai bai toan bién téng quéat
Dé minh hoa cho phuong phap bin don, ta giai bai toan bién sau:

(2.7) y' = f(r,y,y), a<z<b yla)=a, yb) =2,

Trude hét, ta dua bai toan vé bai toan gia tri ban dau tuong tng

(2.8) y'=f(z,y,9), a<z<b, yla)=a, y(a)=s

trong d6 tham s6 s ban dau can duge xac dinh. Ta can tim gia tri s sao cho
ly(b,s) — B8] <TOL,

v6i y(z,s) 1a nghiém cta bai toan (2.8) va sai s6 cho phép TOL duge chon

trude; tiic 1a tim nghiem (xap xi) s clia phuong trinh

Cong viéc nay c6 thé thuc hién béi phuong phap cé hoac phuong phap lap

Newton.

Phuong phap cat kha don gian, mudén thyc hién phuong phap nay, ta chi can

hai gia tri s, sV ban dau ctia s va 1ip theo cong thic

(k) — (k’—l) (9(67 S(k 1)) )( (k 1) — S(k_ ))
S =S _ ﬁ S 2
y<b7 S(k 1)) - y(b, S(k 2)) )

k=23,...

ISecant method.
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Ta c6 thé chon cac gia tri s, s nhu sau:

o)zﬁ—a s — 40 5 y(bs )

b—a’ b—a

S(

Tuy nhién, dé hoi tu toét hon, ta nén st dung phuong phap lip Newton, tic 1a

lap theo cong thic

k—1
(2.9) S — g1 _ y(ﬁj’ s -8
a2 (b, s*1)

Nhu vay, ta can chon mot gia tri s() ban dau, va trong méi budc ldp can tinh

y(b, sk~ va &U % (p, sk=1). Dé tinh y(b, s* ), ta giai bai toan gia tri ban dau

2.8) v6i s = sk~ dé tinh @(b s(*=1)_ chii ¥ riing khong xac dinh duge cu thé

ham y(x,s) (bang cidc phuong phap s6), do dé viéc tinh tryc tiép ay 13 khong

thé! Thay vao do, ta dat

w(z) = w(zr,s) = %(:ﬂ,s).

Khi do
oy 0
W) = 2e5) = L a,y(,).4/(2.9))
0
= ey, y«x,s»% + 2 ey, ) P )+
af oy’

— g—;j(a:, y(z, 5)7 Y (z,5)) w(z,s)+ 2_5/(3;’ y(x, 5),y (x,5)) - 0 (x, 5).

Hon nita, tit cac dicu kien ban dau ctia bai toan (2.8) ta c6

Oy _ oy’ _
g(a, s) =0, s (a,s) =1.
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Do d6, ham w(x) thoa man bai toan gia tri ban dau

w" = fy(x,y,y) - w+ fyle,y,y) w, a<zbh,
w(a) =0, w'(a)=1,

(2.10)

véi fy, fy la cdc dao ham rieng theo y va y' cta ham f(x,y,y’). Khi ham w

duge xac dinh nhu trén thi cong thic lip Newton 1' tré thanh

(k1)) _
(k) _ (k—1) _ y(b, s )-8
(2.11) sW=s Wb &)

i < < N ~ A -z - (0) __ B— A <
V6i phuong phép lip nay, ta ciing nén chon gia tri s(©) = . Thuat toan nhu

Sau:

Thuat toan 2.1. Phuong phap ban don véi phép lip Newton

1. Nhap gia tri ban dau 2" va sai s6 cho phép TOL.

2. O budc lap thit i, gidi cac bai toan (2.8), (2.10]) vdi cac diéu kien ban dau

lan luot 1a

Nhan dugc cac gia tri y,u(b) va w(b).

3. Tinh
[+l — 0 Yol — 5

y w(b)

4. Kiém tra diéu kién |y,i+ — 3| < TOL. Néu théa man, dimng thuat toan.

Néu khong, tiang i, quay lai lap tir budc 2.
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2.1.3 Kho khan khi thuc hién phuong phap ban don

Phuong phap ban don kha hitu hiéu trong da s6 cac bai toan bién. Tuy nhién,

phuong phap nay c6 nhiing kho khan nhat dinh. Ta xét bai toan

(2.12) y'=100-y,  y(0)=1, y@B) ="

Dé thiy nghiém chinh x4c ctia bai toan c¢6 dang y(z) = c1 - €% + ¢y - 7192 véi

cac dieu kien bién da cho thi nghiém chinh xac 1a

Khi thyc hien phuong phap ban don, ta can xét bai toan gia tri ban dau tuong

ting, do la
(2.13) y'=100-y, y(0)=1, y'(0)=s.

Nghiém ctia (2.13) 1a

y(x,s) = 50 € 50 €

Budc tiép theo 1a tim khong diém ctia ham F(s) = y(3,5) — e, Ta ¢6

M 30 b -30 —30

F(s) = 50 + 55 (¢ ¢
20 20
10
= ),

Do d6, khong diém chinh xac ctia F(s) 1a s = —10 (that ra ta c¢6 thé tinh dugc

gid tri nay rat nhanh gon: s = ¢/(1) = —10).
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Bay gio gid st trong phuong phap ban don ta c6 mot gia tri 5 ~ s, 5 =
s(1+1071%) = —10(1 + 1071Y). Khi d6

0+5 5, 10-5 3 3

y(3,5) = 50 —I-T-e —e
107 4 1077) g

—534.3237265.

Q

Nhu vay 1a v6i sai s6 rat nho ctia s = /(0), gid tri clia nghiem s6 tai diém bien

r = 3 rat xa gia tri dung. Vi thé, phuong phap ban don khong hoi tu dugc.

Nhan xét 2.1. Bién b cang lon thi phuong phdp ban don cang khé khdn hon.

Chang han vdi vi du gidi bai todan bién
y'=100-y,  y(0)=1, y(3)=10.

Néu thuc hién tinh todn vdi 10 chit so trén Maple thi phuong phdp bdan don
hoan toan vé hiéu, nhung tang lén tinh todn vdi 15 chit s6 thi phuong phdp nay
lai hoi tu binh thuong, dé tao ra khé khan trong truong hop nay, ching toi thay

bién b = 4, tic la di gidi bai toan
y" =100 -y, y(0) =1, y(4) = 10.

Khi dé, du tinh todn vdi 15 chit s6 nhung phuong phdp bian don vin khong thé
hoi tu. Trong khi dé phuong phdp ban boi van hoi tu binh thuong khi thuc hién

tinh todn vdi 10 chit so.

Mot khé khin khéc ctia phuong phap ban don 1a khi giip bai toan cé diém ki
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di, xét bai toan bién thit hai sau:
(2.14) y" = X - sinh Ay, y(0)=0, y(l)=1

(A 1a mot tham s6 ¢6 dinh).

Mubdn st dung phuong phap ban don thi ta can chon y'(0) = s. Khi xét bai
toan gia tri ban dau tuong tng vdi voi A = 5,9(0) = 0,4/(0) = s, thi
nghiém y(x, s) tim dugc phu thuoc rat nhiéu vao s. Vi s = 0.1,0.2, . .. thi viéc
tinh toan bi gian doan trudc khi diéu kién bien phéi (z = 1) dat duge, thuc té

13 y(z,s) c6 mot diem ki di z, < 1 (phuy thuoc vao s). Tit
y” = X\ -sinh \y

lay tich phan hai vé ta dugc

(v')?
2

(2.15) = cosh A\y + C.

Cac dieu kien y(0) = 0,%/(0) = s xac dinh hang s6 clia nguyén ham

=2 1
¢=3

Lay tich phan (2.15) ta dugc

1 Ay dn
X Jo /s2+2coshy—2

X

Khi d6 diém ki di cho béi

1 /OO dn
X Jo /s2+2coshn—2

Ls
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Dé tinh xap xi tich phan nay, ta phan tich

/ :/ +/, v6i £ bat k¥,
0 0 €

va xap ti ting tich phan bo phan riéng ré. Ta dudgc

dn

/6 _/E dn </€ dn
0 \/32+2cosh17—2_ 0 \/52+772+774/12+...— 0 /52+_772

2
=1In i—|— 1+8— ,
5] s?

e /82 +2coshn—2 Jo /s2+4sinh(n/2) ~ Je

2sinh(n/2)
= —In(tanh(e/4)).

Vay ta co

| GHy/1+5
n

1
A tanh(e/4) | H(e,s).

Ty <

Véi moi € > 0, gia tri H(e, s) 1a mot can trén cta xg, do d6 trong trudng hop
riéng ta co

zs < H(q/]s|,s), Vs#O.

Ta ¢6 thé xac dinh giéi han ctia H(v/[s], s) khi s — 0. Khi |s| nho, ta c6

tanh_(lﬁkj> Vsl 1 1 2

, bl ==
4 4 |s]

sl V/Is

do do, khi s — 0 thi ta dugc

(2.16) %SHM@$=

1.111(2/@):1.@
A V]sl/4 A s
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Véi phuong phép ban don, ta can dat dude dicu kién bién phai = 1, khi d6

|s| can duge chon dii 16n sao cho 1 < 1 -In-2, tigc 1a |s| < 8¢™*. Chang han

|s|”

véi A = b, ta co

(2.17) |s| < 0.05.

Nhu vay, véi A = 5, ta can chon céc gia tri s ban dau théa man (2.17) thi méi
khong gap diém ki di trong [0, 1] (ngusi ta da tinh duge rang trong trusng hop
nay, tim dugc s = 4.57504614 x 1072 va diem ki di 1a z, ~ 1.0326. . ..

2.2 Phuong phap ban béi

2.2.1 Mo ta thuat toan
Trong phan nay, ching toi trinh bay cach gidi bai toan bién dang

(2.18) y'=flz,y,y),  yla)=«a, yb)=20

bang phuong phap ban boi.

Trude hét, ta dua phuong trinh vi phan cap hai trén vé dang hé hai phuong
trinh cap mot, véi cach diat 2 = ¢/, ta c6 he

/

- Y z 7
(2.19) y = = = f(z,9).
z fx,y,2)
Tiép theo, ta chia nhé doan [a,b] bdi cac diém a = 21 < T3 < --+ < 2, = b,
thong thuong ta sé chia déu, tiic la z; = a+ 2% - (i — 1). Chon mot xap x{ ban

2Xem trong muc 7.3.4, [6].

39



R2m><1 N

dau s° cho s. Liic nay s € va,

(220) 52i—1,1 = y(.CCZ), 321"1 = Z(.CUZ), (Z = 1, C. ,m)

trong tat ca cdc lan ban. Bdi cac diéu kien bien trong (2.18) nén s, = a,

$9m_11 = 0, cac gia tri s con lai chon ngau nhién (khong qua xa cac gia tri

bién a, ().

Khi da c6 ma tran s” ban dau, ta tién hanh gidi m — 1 bai toan gia tri ban
dau , tren cac doan [z, z;1], ¢ = 1,...,m — 1 va lap dugc ma
tran cot F(s) theo cong thite (1.20). Dé tim duge s méi nhd cong thitc Newton
(1.21), ta can tinh them ma tran Jacobian & (1.22) v6i cdc ma tran Jacobian
A, B,Gy (k=1,...,m—1) cho béi cong thiic . V6i bai toan bién cu thé
dang thi ta lap dugc cac ma tran

1 0 0 0
A — R B —=
00 1 0
Céac ma tran Gy (k=1,...,m — 1) 1a gia tri tai x;y clia nghiém cac bai toan

gia tri ban dau trén cac doan [z, ). 1] sau:

(2.21) G.(x) = J(z,7) - Gp(x), Grlzg) =1, x € [zg,xp41],
voi J(z,7g) = %:;,y) la ma tran Jacobian ctia ham f trong (2.19)), tic la

) 0 1
J(z,y) = T
3 oz
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That vay, ta co

oy Jy
GZ(I') _ 0s2i—1,1 052i,1 :
0z 0z
Os2;—1,1 05241
do do
9%y 5%y 0z 0z
G;(l’) Oxdszi—1,1  Oxdszin | _ | Os2i-1,1  Os2in
8%z 9z of of
| Ox0s2;-11  0x0s2;1 O0s2i—1,1 05241
Oy oy
_ 0 1 0s2i—1,1  0s2i1
af of 0z 0z
B By 0z 8821‘,171 8821‘71
ngoai ra
Ay(x;)  Oy(xs) 0s2i—11  0s2i—1,1 10
G(1:) = 0s2i—1,1 08241 _ | 9s2,-11  Os2i1 _ — 7
z( z) - - - I
0z(x;)  0z(x;) 0s2i,1 0s2i,1 0 1
O0s2i—1,1 0521 0s2i—1,1 052i.1

Do dé, cac ma tran Gy hoan toan tinh duge nhs phuong phap Runge-Kutta.

Thuat toan phuong phap ban boi trong truong hgp nay nhu sau:

Thuat toan 2.2. Phuong phap ban boi

1. Nhap gia tri ban dau s° va cac diém chiaa =11 < Ty < -+ < Xy = b.

2. Cho bién [ chay dén khi hoi tu (hodc dén mot gia tri cho trudc), thuc hién
(a) Choi=1,2,...,m — 1 lan lugt, giai cdc bai to4n gia trj ban dau

gz('xla Si) = Sia

Gi(x) = J(z,5) - Gi(w), T € [xi, i)

Tinh cdc gid tri §i(vit1; 57), Gi(ipn)-

41



(b) Lap cac ma tran F(s) va DF(s).
(¢) Tim ma tran s™' mdi tir he tuyén tinh s'*! = & — [DF(s)] " - F(s).

(d) Tang l, quay lai lap tir (a).

3. Ding.

2.2.2 Ki thuat chon diém chia

Nhu da dé cap trong cac muc trude, thong thuong trong mot phuong phap ban
boi, ta chia doan [a,b] thanh cdc doan bing nhau - tity theo s6 diém chia. Tuy
nhién, khi gap nhitng bai toan ¢6 nghiém tang gidm manh, khong déu (trén
[a, b]) theo cac ham mii thi van dé chon diém chia khong con theo ¥ muén chi
quan ciia ta nita. Viec chia déu nhu thuong 1é ¢6 thé dan dén syt phan ky trong

cac phép lap.
Khi gip nhitng truong hop nhu vay, ta c6 thé thic hién theo cach sau.

Chon mot qui dao ban dau n(z), tic 14 mot ham théa man cac dieu kién bien

Viéc chon cac diém chia xj, k = 1,...,m cho bai toan bién dang {) duoc

tién hanh theo thuat toan nhu sau:

Thuat toan 2.3. Chon diém chia trong phuong phap bin boi
1. Dit x1 := a. Chon tham s6 ¢.
2. Khi da c6 diém chia x; (v; < b), gidi bai toan gia tri ban dau

y' = flxy), ) =n@), y(r)=1n'(x)
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trén doan [z;,b]. Néu tim duogc gid tri x = ¢ dau tién, sao cho

(&) > e n(&)]

thi chuyén sang budc 3, néu khong tim dugc thi chuyén sang buéc 4.
3. Tang i, dat x; := &. Quay lai lap tir budc 2.

4. Tang i, dat x; := b. Ding.

Thuat toan trén dimg khi diém chia cudi cting duge chon 1a b va s6 cac diem
chia (tinh c4 hai dau bién a, b) 1a m = i. Tham s6 ¢ trong thuat toan 1a hing
s6 chon trude (¢ > 1), nham muc dich giéi han sy gia ting clia nghiém so vdi
qui dao 7(z). Thong thudng ta chon € = 1.5 hodc £ = 2. D& hoi tu t6t hon, ta
chon ma tran s” ban dau c6 cac thanh phan tuong tng la cac gia tri tai cac

diém chia z;, ctia n(z) va n'(z).

Nhan xét 2.2. Vi cich chon diém chia nhu trong Thudt todn thi ta khong
biét trude dugc s6 diém chia x (6 day la i diém). Do do, cé thé dan dén viéc

phdi tinh todn cic ma tran s, F(s), DF(s) vdi so chieu rat ldn.

Vi du cu thé cho cach chon diém chia nay duge trinh bay trong Chuong 3.
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Chuong 3

Th nghiém sé

Trong chuong nay, ching toi sé trinh bay két qua ctia cac vi du cu thé cho céc
phuong phap trong Chuong 2. Cac thuat toan duge viét véi Maple 13 va chay
trén may tinh v6i he dieu hanh Window 7 RMT, bo xtt 1i Intel Core Duo T2450
(2.0GHz, 533MHz FSB, 2MB L2 cache), 1GB DDR2. Ngoai ra, ching t6i luon
diing ki hieu Ay dé chi sai so gitta nghiém s6 tim dugde va nghiém chinh xac tai

gia tri bién b va viéc tinh toan trong Maple déu dudc thuyc hién véi 15 chit sb.

3.1 Phuong phap ban don

3.1.1 Phuong phap ban don giai bai toan bién tuyén tinh

BAI1 TOAN 3.1. Giai bai toan bién

Theo Dinh 1i [1.3] bai toan bién tuyén tinh nay c6 nghiem duy nhat. May tinh
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dé dang dua ra nghiém chinh xéc
(o2 2 (42 ()
YRS cos 5 n 3% sin 5 n2 | cos 5 n T
2 4 1 2 12 1 1 1
+ —6——-008(—-1112) ——-sin(—-1n2>-cos(—-ln2) C—
35 35 2 35 2 2 2
1 1 23 /1 1 1
——=-.cos|=—+-Inz) —=-sin|{=-lnz)-cos|=-lnz |+ —.
5 5) 2 2 10

Ma giai bai todn dugc trinh bay chi tiét trong phan Phu luc. Gia tri khuyén

y(x) =

(]

khich sit dung cho s 1a g:—g‘ = 0, tuy nhién, trong chuong trinh, ching t6i chon
hai gia tri dydxl = s; = —10., dydx2 = so = 1000 (tic la kha xa gié tri trén)
cho hai lan ban dau. Lan ban thtt nhat tim duge 7(2) ~ —4.368 612 273 02981,
lan thit hai tim duge (2) &~ 584.798 054 393 566. T hai gia tri nay, lap theo

cong thic , ta tim dugc

dydxr3 =5 = —.796 664 67480.
Gia tri dang cta /(1) khi gidi bang Maple 13

/(1) = —.796 664 67480 4881,

tidc 1a sai s6 ¢ day khoang 4.881 x 1072, Két qua ctia lan ban thi ba, ciing
1a nghiém s6 ctia bai toan cling su so sanh véi nghiém chinh xac thé hién béi

bang va hinh vé sau day:
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x y(x) y(x) 9(x) — y(z)|
1. |1 1. 0.
1.1 | 0.936312887619932 | 0.936312887619427 | 5.051 x 10713
1.2 | 0.898195951595713 | 0.898195951594798 | 9.159 x 10713
1.3 | 0.878648636269740 | 0.878648636268479 | 1.2608 x 10~'2
1.4 | 0.872991141202922 | 0.872991141201360 | 1.5626 x 102
1.5 | 0.877984813827041 | 0.877984813825210 | 1.831 x 10~'2
1.6 | 0.891321032187032 | 0.891321032184951 | 2.081 x 10~'2
1.7 1 0.911311539591083 | 0.911311539588767 | 2.316 x 10~
1.8 | 0.936693949106570 | 0.936693949104028 | 2.542 x 10712
1.9 | 0.966505686499255 | 0.966505686496498 | 2.757 x 10712
2. | 1.00000000000296 | 1. 2.960 x 10712

1.00+

095+

096+

094+

052+

0.90+

0.88+

Phuong Phap Ban Don

| O Cac diem hien

Lanba.nthu3|

Hinh 3.1: Nghiém s6 ctia Bai toan
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3.1.2 Phuong phap bin don giai bai toan bién tong quat

BAI TOAN 3.2. Giai bai toan bién

3
(3.1) v =50 w0) =4, y(0)=s

Bang mot thuat toan don gié ta c6 thé vé duge (gan ding) do thi ham
F(s) =y(1,s) — 1 nhu sau:

Fhuonig Phap Ban Don
20 4
0
al
0K
Aol
30
20
04
T T T T 1
-0 -6l -40 =20 0 20
| o Khonxg diem ——— Ham F{s) |

Hinh 3.2: Do thi ham F(s) = y(1,s) — 1.

Dua vao do thi ham F(s) ta thay ham nay c6 hai khong diém: 5; ndm trong
khoang (—10,0) va 5o ndm trong khodng (—40, —30). Do d6, bai toan nay c6

hai nghiém va viéc chon gia tri s ban dau cho phép lap sé quyét dinh su hoi

1Cho s nhan cac gia tri nguyén tit —100 dén 20, gidi bai toan 1' tim duge F(s) = y(1,s) — 1.
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tu ctia phuong phap ciing nhu nghiém ctia bai toan. Gia tri duge khuyén khich
stt dung 1a 50 = [Z_;z‘ = —1 gan 5; hon, tat nhién sé lam phuong phap hoi tu
dén nghiem ting véi 5. Chiing toi da thit (véi cac gia tri s© nguyen) va thay
ring khi s nhan céc gia tri trong [—13, 8] va [—189, —17] thi phép lap sé lan
lugt dua s t6i gia tri 5; va 55 sau khong qué 20 budc véi sai s6 Ay < 1072 (doi
v6i nghiém tha nhé, ngoai cac gia tri trén thi phuong phap ban don khong

hoi tu.

Ma giai bai toan dugc trinh bay chi tiét trong phan Phu lyc. Nghiém chinh

xac thit nhat clia bai toan 1a y(z) = ﬁ. Dé thu dugc nghiém s6 thit nhat

71 (z), ching toi da chon gia tri dydr = s = [Z:S = —1, sau 14 buéc lap thu
duge gia tri dydz = —8.000 000 000 00429 (gia tri dung 1a 5, = —8.) vdi sai s6

Ay =1. x 107, Két qua nhu sau:

x 71 () y(z) [y1(x) — y(x)|
0. |4. 4. 0.

0.1 ] 3.30578512396740 | 3.30578512396694 4.6 x 10713

0.2 | 22.77777777777837 | 2.77TTTTTT777778 5.9 x 10713

0.3 | 2.36686390532608 | 2.36686390532544 6.4 x 10713

0.4 | 2.04081632653115 | 2.04081632653061 5.4 x 10713

0.5 | L7777r7i7777826 | 7777777777778 4.8 x 10713

0.6 | 1.56250000000037 | 1.56250000000000 3.7x 10713

0.7 | 1.38408304498297 | 1.38408304498270 2.7 x 10713

0.8 ] 1.23456790123476 | 1.23456790123457 1.9 x 10713

0.9 | 1.10803324099733 | 1.10803324099723 1.0 x 10713

1. | 1.00000000000001 | 1. 1.x 1071

2Do diéu kién, ching t6i chua tim dugc nghiem chinh xac tht 2 dé so sanh.
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Nghiem s6 dugc thé hien béi do thi: Nghiem thi hai tim dude véi thuat toan

Phuong Phap Ban Don

0 0z 04 o 0% 1
X

| ©  Cac diem hien Mghiern so thy 1 |

Hinh 3.3: Nghiém s6 thit nhat v6i cach chon dydx = —1.

tuong tur khi chon tham s6 dydr = —189, sau 12 budc lap thu dude dydx =
—35.858 548 825 1651 (gié tri ding la 5o = —35.858 548 727 va nghiém s6

véi xap xi Ay = 1.221 x 1071, cu thé nhu sau:

x ya() x ya()
0.1 | 0.47890945888243 | 0.6 | -10.4101929312365

0.2 | -3.00811455179185 | 0.7 | -8.69758286532646

0.3 | -6.33099864039525 | 0.8 | -5.86089534467250

0.4 | -9.03857176759085 | 0.9 | -2.49161417087611

0.5 | -10.5362262087227 | 1. | 1.00000000001221

D6 thi ctia nghiém s6 thit hai duge thé hien trong Hinh 3.4.

3Gia tri nay ching toi tham khao trong [6].

49



Phuong Phap Ban Don

D\ I

‘ O Cac diem bien Nghiem so thu ha.i|

Hinh 3.4: Nghiém s6 thit hai v6i cach chon dydz = —189.
3.2 Phuong phap ban béi

3.2.1 Phuong phap ban boi giai bai toan bién tuyén tinh
BA1 TOAN 3.3. Giai bai toan bién

y'=100-y,  y(0)=1, y(4)=10.

Bai toan nay da duge dé cap dén trong Nhan xét [2.1] trong khi phuong phap
ban don khong hoi tu thi phuong phap ban boi lai kha thi.

Véi bai todn nay va cdc diém bieén nhu trén thi chi can chia [0,4] thanh hai
doan
O=r1 <1y =2<ux3=4.

Chiing toi da thit gidi bai toan v6i m 1an lugt bang 3, 5 va 11, tiic 1a chia [0, 4]
lan lugt thanh 2 doan, 4 doan va 10 doan (déu nhau). Ma tran s ban dau c6
cac thanh phan déu bang 0 (ngoai trir hai vi tri nhan gia tri 1a « va 8 da trinh
bay trong Chuong 2). Véi ca ba cach chia thi thuat toan déu hoi tu sau 3 budc
lap, thoi gian tinh toan lan lugt 1a 62.260, 62.275 va 19.734 giay, thu dudc cac
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ma tran F(s) tuong tung la

m=3, F(s)ecR6*! m=>5, F(s)eR™ | m=11, F(s) € R?*!
[—2.06115362584580 x 10~9] [—1.0345512 x 10712 [-2.3 x 10719
[—2.06115362584589 x 10~7] [—8.594004 x 10712 [-2.4 x 1071

[—2. x 10713] [7.548485 x 10716] [—1.281 x 10719]
[—2. x 10712] | [~7.082534227036 x 10~7] [—1.283 x 10714]
[0.] [—1.8 x 10717] [1.1699 x 10719]

[5. x 10713] [—7.0785446 x 10~19] [1.1718 x 10719]
[~1. x 10714] [2.38 x 10719]

[~7.2571 x 1077] [2.42 x 107 18]

[0.] [4.49 x 10720]

[1. x 10714] [4.49 x 10719]

[-1.4 x 1071

[—1.4 x 10718

[—4.8 x 10718

[—4.7 x 10717]

[-3.0 x 10719]

[-3.0 x 10719

[0.]

[0.]

[—1. x 1071]

3. x 10713

[0.]

[—1. x 10714]

Trong phan Phu luc, ching toi trinh bay ma gidi bai toan véi cach chia [0, 4]
thanh 4 doan bang nhau. Sai s6 clia cdc nghiém s6 thu dugc so véi nghiem
chinh x4c (sau 3 budc lap doi véi ca 3 cach chia) duge thé hién bdi bang sau:
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x m=3 m=2>5 m =11

0. 0. 0. 0.
0.2 2.2745 x 1071 | 2.27446860867208 x 101! 2.2745 x 10711
0.4 6.1545 x 10712 | 6.15448047716976 x 10~12 6.1568 x 10712
0.6 1.23271 x 10712 | 1.23271091568458 x 10~ '2 1.24966 x 1012
0.8 9.8877 x 1014 |  9.8877344509058 x 10~ 14 2.25528 x 10713
1. 8.976102 x 10713 | 1.36941003115983 x 10~1'3 3.81681 x 10714
1.2 6.90820413 x 1012 9.705495694021 x 10~ 14 6.19626 x 10715
1.4 5.1089912001 x 10~ 1! 8.747103396334 x 1013 9.78449 x 1016
1.6 3.77513303120 x 10710 | 6.485621867910 x 10~'2 1.52063 x 1016
1.8 | 2.7894680698319 x 10~ 4.792578456932 x 10~ 2.81148 x 10717
2. 3.753654 x 1017 3.541275152328 x 10~10 3.752514 x 1017
2.2 2.27082108 x 10~16 4.7937375649 x 10~ 2.27020108 x 10716
2.4 1.4881672090 x 10~1° 6.57224386 x 1012 1.4878272090 x 10715
2.6 9.62115193668 x 101 1.51610842 x 10712 9.61867193668 x 10~15
2.8 | 6.0935289305980 x 1014 4.8455193 x 10712 | 6.0922289305980 x 10~
3. | 3.75218770311598 x 1013 3.5017138 x 10~ | 3.75116770311598 x 10~ '3
3.2 | 2.21812583445091 x 1012 2.57186 x 10712 | 2.21758583445091 x 10~12
3.4 | 1.22928860915685 x 10~ 1.16428 x 10~ | 1.22912860915685 x 10~ 1!
3.6 | 6.05607680477170 x 10~ 6.0462 x 10~ | 6.05447680477170 x 10~
3.8 | 2.23779968608672 x 1010 2.2369 x 10719 | 2.23689968608672 x 1010
4. | 4.99995751645745 x 10713 1. x 107 | 1.00042483542553 x 1014

Ta thay rang sai s6 thu duge khong hon kém nhau nhiéu, tidc 14 nghiem sé

v6i cach chia thanh hai khoang cting da du t6t. Nghiem s6 thu duge (ting voi

trudng hop chia 2 doan) duge vé trong Hinh 3.5.

3.2.2 Chon diém chia trong phuong phap bin boi

Dé minh hoa cho phan nay, ta tim cac diém chia cho bai toan sau:
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Phuong Phap Ban Boi

A

T T T 1
il 1 2 3 4
x

0

| o (Cac diem bien Nahiem so|

Hinh 3.5: Nghiem s6 ctia Bai toan (3.3 khi m = 3.
BAI TOAN 3.4. Giai bai toan bién

y" =5 - sinh 5y, y(0) =0, y(1)=1.
Mot qui dao ban dau rat don gidn ma ta c6 thé chon la n(z) := x (d& thay
n(0) = 0 va (1) = 1). Qua trinh lip tim cac diém chia duge thie hién theo

Thuat todn [2.3) v6i tham s6 ¢ = 1.5. Két qua thu duge s6 diém chia m = 10,

bao gom céac diém
0., 0.30, 0.46, 0.59, 0.69, 0.77, 0.84, 090, 0.96, 1..

Do thi ctia y(z) khi thie hien thuat todn duge thé hién trong Hinh 3.6.

Nhu vay, v6i 10 diém chia nhu trén thi ta can chia [0, 1] thanh 9 doan nhé. Tuy
nhién, ta c6 thé chon mot qui dao ban dau thuan lgi hon, d6 1a nghiém ctia bai

toan bién tuyén tinh hoa tuong ting

y'=5-5y, y(0)=0, y(1)=1,
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Phuong Phap Ban Boi
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Hinh 3.6: Tim diém chia véi n(z) = z, ¢ = 1.5.

tic la chon qui dao

(z) sinh bz
T) = —r.
" sinh 5

Khi do6, thuc hién theo Thuat toan v6i tham s6 € = 1.5 ta thu duge 4 diém
chia

0., 0.01, 093, 1.,
v6i do thi nhu sau

Phuong Fhap Ban Boi

0.2
0.6
0.4

0.2

0 T T T T 1
0 02 04 0d ns 1

X
©  Cac diem hien Nhiem khi tim diem chia |

Hinh 3.7: Tim diém chia v6i n(z) = S22 ¢ — 1.5,
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Vay ta chi can chia [0, 1] thanh 3 doan tuong tng. Ma chuong trinh chon
diém chia duge trinh bay cu thé trong phan Phu luc cho truong hop n(z) = =,
e =1.5.

3.2.3 Phuong phap ban boi giai bai toan bién phi tuyén

O muc nay, ching toi trinh bay cic két qua khi giai Bai toan [3.4;

y" =5 - sinh 5y, y(0) =0, y(1)=1.

Nhu da trinh bay trong Chuong 2, ta gap kho khin khi gidi bai toan nay bang
phuong phéap ban don do gip cac diém ki di khi chon tham s6 ban dau khong
thich hop. Ching toi da thit v6i cac tham s6 ban dau khac nhau va thay ring

phuong phap ban don van kha thi véi cach chon
0.0273 < dydzr < 0.0555,

(cha ¥ réng dydz 1a tham s6 ban dau cho 3/(0) va ching toi chi thit dén 4 chit

s6 thap phan), ngoai doan trén thi phuong phap ban don phan ki.

Phuong phap bin boi duge tién hanh véi cd hai cach chon diém chia nhu da
trinh bay ¢ muc truéec. Ma tran s° ban dau nhan cac gia tri cho bdi cac ham
n(z) va n'(z) tai cdc diém z; tuong tng. Luu ¥ ring, cdc ham n(x) trong hai

truong hop 1a khac nhau. Két qua so bo nhu sau:

e V6i phuong phap ban don, chting t6i chon tham sé ban dau dzdy = 0.0555,
sau 20 phép lip thu dugce sai s6 Ay = 1. x 107, Thai gian tinh toan 1
2.590 gidy.
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e V6i phuong phap ban bai khi m = 10, sau 9 lan lap vé6i thoi gian 55.459

giay, thu ducdc sai s6 Ay = 1. x 10712,

e V6i phuong phap ban boi khi m = 4, sau 9 lan lap v6i thoi gian 124.255

giay, thu dudc sai s6 Ay = 0.

Két qua cu thé ctia cd 3 trudng hop, ciing nhu dd thi ctia nghiem s6 duge the

hién béi bang va hinh duéif]

T PP bén don véi PP ban boi véi PP bén boi véi
dydx = 0.0555 m = 10 m =4
0. |0. 0. —1.0423518 x 10~2¢
0.1 ] 0.0047681444029047 | 0.0047680693588778 | 0.0047680754650201
0.2 | 0.0107535620203101 | 0.0107533928862528 | 0.0107534066579327
0.3 | 0.0194855622849382 | 0.0194852560869635 | 0.0194852810460201
0.4 | 0.0332009698298467 | 0.0332004489367797 | 0.0332004910264379
0.5 | 0.0554381960244252 | 0.554373274986313 | 0.554373963204647
0.6 | 0.0920457049193030 | 0.0920442618892492 | 0.0920443723803809
0.7 ] 0.153163639469341 | 0.153161226918596 | 0.153161393186859
0.8 | 0.258220428541319 | 0.258216276280155 | 0.258216487705740
0.9 | 0.455067867731265 | 0.455059828892592 | 0.455060028158277
1. | 1.00000000000001 0.999999999999999 | 1.

4Chiing t6i khong tim dudc nghiém chinh xac clia bai toan bién phi tuyén nay dé so sanh

cd Maple 13 cing chua giai dugc.
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Phuong Phap Ban Don

03

06

04+

02

0 Cac diem hien Nghiem so |

Hinh 3.8: Nghiém cta Bai toan v6i PP ban don.

Phuong Phap Ban Boi
I
08~
06+
0.4+
02+
0 T T T T 1
0 0z 0.4 06 0z 1

x

| ©  Cac diem bien Mghiem so|

Hinh 3.9: Nghiém ctia Bai toan [3.4] v6i PP b&n boi khi m = 10.
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Két luan

Qué trinh nghién citu dé tai ching toi da thu duge cac két qua nhat dinh. Cu
thé, chiing t6i da dua ra dugce cai nhin khai quéat vé bai toan bien ciing nhu céc
phuong phap giai bai toin bién, tap chung vao cac phuong phap ban: phuong
phap ban don va phuong phap ban boi. Véi hai phuong phap nay, ching toi
da néu lén dugce thuat toan, cling nhu xay dung thanh céng cac thuat toan va

chuong trinh gidi mot s6 bai toan bién cu thé trong moi trudng Maple.

Chiing toi tin rang nhitng két qua nghién ctu clia luan van 14 mot tai lieu tham
khao b6 ich cho sinh vién, hoc vién - nhing ai tim hiéu vé bai toan bien. Do
diéu kién vé thoi gian ciing nhu su hiéu biét ciia tac gia con c¢é han, nén luan
van con nhiéu han ché. Tac gid mong mudn nhan duge nhing ¥ kién déng gop,
nhan xét, phé binh ctia cac thay co, cac ban dong nghiép va nhitng ngudi quan

tam dé bd sung hoan thién dé tai ciing nhu nhan thic clia tac gia.
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Phu luc:

Ma giai cac vi du trong luan van

Phuong phap ban don tuyén tinh

Ma giai Bai toan nhu sau:

1 > restart;
> /x Tinh toan wvoi 15 chu so x/
Digits:=15:
+ > /x Giai bai toan bang Maple 13 boi lenh dsolve x/
ode:=diff(g(x),x,x)=—2/xx(diff(g(x),x))+2/x"2xg(x)
+sin (In(x))/x"2:
7 bes:=g(l)=1,g(2)=1:
exact:=unapply (rhs(dsolve({bcs,ode})),x);
dexact:=unapply (diff (exact(x),x),x):
10 /% Tinh gia tri cua dao ham nghiem chinh zac
tai bien a x/
evalf(dexact (1));
13 > /% Cac dieu kien bien x/
a:=1.: alpha:=1.:
b:=2.: beta:=1.:
16 > /+ Cac xzap xi cho y’(1) trong 2 lan ban dau x/
dydx1:=—10: dydx2:=1000:
> /x Cac ham f1,f2 la cac thanh phan cua f(z,y,y’) %/

19 fl:=(x,y,z)—>z:
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22

25

28

31

34

37

40

43

46

49

52

f2:=(x,y,z)—

>—2/x%z+2/x"2xy+sin (In(x))/x"2:

> /x Buoc nhay trong thuat toan Runge Kutta x/

h:=

0.001:

ii:=round ((b—a)/h):

> x1[0]:

=a:

yl[0]:=alpha:

z1[0]:=dydx1:

> /x Giai bai toan GTBD bang PP Runge Kutta x/

for i from 0 to ii—-1 do
x1[i+1]:=x1[i]+h;

Kly=f1(x1[i], yi[i], 21[i]);
Klz=f2(x1[i], yi[i], 21[i]);
k2y:=f1(x1[i]+(1/2)*h,y1[i]+(1/2)*klyxh,z1[i]+(1/2)xklzxh);
k2z:=12 (x1[i]+(1/2)xh,y1[i]+(1/2)*klyxh,z1[i]+(1/2)*klzxh);
k3y:=f1(x1[i]+(1/2)*h,y1[i]+(1/2)*xk2yxh,z1[i]+(1/2)xk2zxh);
k3z:=12 (x1[i]+(1/2)*h,yl1[i]+(1/2)*k2y*h,z1[i]+(1/2)*k2zxh);
kdy:=f1(x1[i]+h,yl[i]+k3y*h,z]1[i]+k3z*h);
kdz:=f2 (x1[i]+h,yl[i]+k3y*h,z1[i]+k3zxh);
y1[i+1]:=y1[1]+(1/6%(kly+2¢k2y+2+k3y+kdy))*h;
z1[i4+1]:=21[1]4(1/6x(klz+2xk2z+2+xk3z+k4z))*h;

end do:

> /% Tap hop so lieu thu duoc x/
],[b,beta]]:

datal:=[[a,alpha

data2:=[seq ([x1[i],y1[i]]

0.

Y 1 =

Sii )]

> /% The hien lan ban thu nhat tren do thi x/

plot ([datal ,data2],

style =[POINT,LINE]

symbol=CIRCLE, legend =["Cac_diem_bien"

x=a..b, color =[BLACK,GREEN] ,

,thickness=2,symbolsize=15,

title ="Phuong_Phap_Ban_Don");

/* Lan ban thu 2 x/

,"Lan_ban_thu_1"],

> x2[0]:=a:

> for

y2[0]:=alpha:

i from 0 to ii—1 do

2[i+1]:=x2[i]+h;

z2[0]:=dydx2:
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55

58

61

64

67

70

73

76

79

82

85

kly:=f1(x2[i],y2[i],22[i]);
klz:=f2(x2[i],y2[i],22[i]);
k2y:=f1(x2[i]+(1/2)*h,y2[1]+(1/2)*klyxh,z2[1]+(1/2
k2z:=12 (x2[i]+(1/2)*h,y2[i]+(1/2)*klyxh,z2[1]+(1/2
k3y:=11(x2[i]+(1/2)*h,y2[1]+(1/2)*k2yxh,z2[1]+(1/2
k3z:=12 (x2[i]+(1/2)*h,y2[i]+(1/2)*k2yxh,z2[1]+(1/2
kdy:=1f1(x2[i]+h,y2[i]+k3y*h,z2[i]+k3zxh);

kdz: =12 (x2[i]+h,y2[i]+k3y*h,z2[i]+k3zxh);

y2[i+1]:=y2[i]+(1/6x(kly+2xk2y+2xk3y+kdy))x*
z2[i+1]:=22[1]4+(1/6*(klz+2xk2z+2xk3z+kdz))*
end do;

h;
h

> /x Tap hop so lieu thu duoc */
datald:=[seq ([x2[i],y2[1]],i=0..11)];

> /% The hien 2 lan ban x/

plot ([datal ,data2,data3],x=a..b,

color =[BLACK, GREEN, YELLOW] ,

style=[POINT,LINE, LINE] ,

thickness=2,symbolsize=15,symbol=CIRCLE,

xklzxh);
xklzxh);
xk2zxh);
xk2zxh);

legend=["Cac_diem_bien" ,"Lan_ban_thu_1","Lan_ban_thu_2"],

title="Phuong_Phap_Ban_Don");

> /% Lap y’(1) cho lan ban thu 8 x/
dydx3:=(dydxl—dydx2)«(beta—y2[ii])/(yl[ii]—y2[ii])
+dydx2;

/* Lan ban thu 3 x/
> x3[0]:=a: y3[0]:=alpha: 2z3[0]:=dydx3:
> for i from 0 to ii—1 do

x3[i+1]:=x3[1i]+h;

kly:=f1(x3[i],y3[i],2z3[1]);
klz:=f2(x3[1],y3[i],23[i]);
k2y:=f1(x3[i]+(1/2)*h,y3[i]+(1/2)xkly*h,z3[i]+(1/
k2z:=f2 (x3[i]+(1/2)*h,y3[i]+(1/2)*klyxh,z3[i]+(1/

62

2)xklzxh);
2)xklzxh);



88 k3y:=f1(x3[i]+(1/2)*h,y3[i]+(1/2)*xk2yx*h,z3[i]+(1/2)*k2zxh);
k3z:=12 (x3[i]+(1/2)*h,y3[i]+(1/2)*k2y*h,z3[i]+(1/2)*k2zxh);
kdy:=f1(x3[i]+h,y3[i]+k3y*h,z3[i]+k3z*h);

91 kd4z:=f2 (x3[i]+h,y3[i]+k3y+*h,z3[i]+k3zxh);

y3[i+1]:=y3[i]+(1/6x(kly+2+xk2y+2+xk3y+kdy))*h;
94 z3[i+1]:=2z3[1]4+(1/6%(klz+2xk2z4+2xk3z+kdz))«h;
end do;

or > /% Tap hop so lieu thu duoc */
datad:=[seq ([x3[i],y3[i]],i=0..1ii)];
> /x The hien ca 3 lan ban x/

wo plot ([datal ,data2 ,6data3d , datad],x=a..b,
color =[BLACK, GREEN, YELLOW,RED] ,
style=[POINT,LINE, LINE, LINE] ,

103 thickness=2,symbolsize=15,symbol=CIRCLE,
legend=["Cac_diem_bien" ,"Lan_ban_thu_1",
"Lan_ban_thu_2" ,"Lan_ban_thu_3"],

16 title="Phuong_Phap_Ban_Don");

/% So sanh ket qua thu duoc wvoi nghiem chinh zac x/
109 > for i from 0 by 100 to ii do
print (x3[i],evalf(y3[i]),evalf(exact(x3[i]),
evalf (abs(exact (x3[i])—y3[i]))):

112 end do;

Phuong phap bin don téong quat

Ma giai Bai toan nhu sau:

> restart;
2 > /x Tinh toan wvoi 15 chu so x/
Digits:=15:
> /% Tim nghiem chinh zac bang lenh dsolve x/
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11

14

17

20

23

26

29

32

35

38

ode:=diff (q(x),x,x)=(3/2)*q(x)"2:
bes:=q(0)=4,q(1)=1:
g:=unapply (rhs(dsolve({bcs,ode})),x):
dg:=unapply (diff(g(x),x),x):
> /x Cac gia tri bien x/
a:=0: alpha:=4:
b:=1: beta:=1:
> /x Lap ham f(z,y) gom 2 thanh phan f1,f2 x/
fl:=(x,y,z—>z:
f2:=(x,y,2)—>(3/2)xy " 2:
> /x Lap ham tinh w, chu y: [ yxwtf y 'sw'=3kyxw */
f3:=(x,yi,w,u)—>u:
f4:=(x,yi,w,u)—>3*yi*w:
> /x Buoc nhay trong PP Runge Kutta */
h:=0.001:
ii:=round ((b—a)/h): /x Chu y: 1i=1000 %/
> /% Xap zi ban dau cho y’'(a) x/
dydx:=(beta—alpha)/(b—a):
> /% Bien k dem so lan lap x/
k:=0:
epsilon:=1:
> /% Bat dau vong lap tim dydzr x/
/% Phep lap se dung khi sai so epsilon dat 10°(—15) hoac
so buoc lap k dat 20 %/
while epsilon >10"(—15) and k<20 do
x[0]:=a: y[0]:=alpha: z[0]:=dydx;
w[0]:=0: u[0]:=1:

for i from 0 to ii—1 do

[
Klys=f1(x[i],v[i].2[i]):
klz:=f2(x[i],y[i],z[i]);
k2y:=f1(x[i]+(1/2)*h,y[1]+(1/2)*klyxh,z[i]+(1/2)xklzxh);
k2z:=f2 (x[i]+(1/2)«h,y[i]+(1/2)*kly«h,z[i]+(1/2)*klzxh);
k3y:=f1(x[i]+(1/2)*h,y[1]+(1/2)*xk2yxh,z[i]+(1/2)xk2zxh);
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k3z:=f2 (x[i]+(1/2)*h,y[i]+(1/2)xk2yxh,z[i]+(1/2)*k2zxh);
kdy:=fl(x[i]+h,y[i]+k3y*h,z[i]+k3zxh);

a1 kdz:=f2 (x[i]+h,y[i]+k3yx*h,z[i]+k3zxh);
vii+1l]:=y[i]+(1/6%(kly+2+k2y+2xk3y+kdy))«h;
z[i+1]:=z[1]+(1/6%(klz+2xk2z+2xk3z+kdz))*h;
klw:=f3 (x[i], y[i], w[i], u[i]);
klu:=f4 (x[i], y[i], w[i], ul[i]);

a7 k2w:=1f3 (x[i]+(1/2)«h,y[i] ,w[i]4+(1/2)«klwsh,u[i]+(1/2)*kluxh);
k2u:=f4 (x[i1]+(1/2)*h,y[i],w[i]+(1/2)*klwxh,u[i]+(1/2)*kluxh);
k3w:=13 (x[i]+(1/2)«h,y[i],w[i]+(1/2)*«k2wxh,u[i]+(1/2)xk2uxh);

50 k3u:=14 (x[i]+(1/2)*h,y[i],w[i]+(1/2)*k2wxh,u[i]+(1/2)*k2uxh);
kdw:=f3 (x[i]+h,y[i],w[i]+k3wxh,u[i]+k3ux*h);
kdu:=f4 (x[i]+h,y[i],w[i]+k3w*h,u[i]+k3uxh);

53 wli+1]:=w[i]+(1/6%(klw+2xk2w+2xk3w+kdw ))«h;
uli+1]:=u[i]+(1/6%(klut+2+k2u+2xk3ut+kdu))«h;

end do;
56 /x Tinh sai so epsilon va lap dydx moi bang

Phuong phap lap Newton x/
epsilon:=|y[ii]—beta]|;
59 dydx:=dydx—(y[ii]—beta)/w][ii];
k:=k+1:
end do: /x Ket thuc vong lap, da tim duoc dydx dung */
62 > /% Tap hop so lieu thu duoc */
datal:=[[a,alpha] ,[b, beta]];
data2:=[seq ([x[i],y[1]],1=0..11)];
6s > /+* The hien nghiem so thu nhat tren do thi x/
plot ([datal ,data2],x=a..b, color =[BLACK,GREEN] ,
style=[POINT,LINE] , thickness=2,symbolsize =15,symbol=CIRCLE,
68 legend=["Cac_diem_bien" ,"Nghiem_so_thu_nhat"],
title="Phuong_Phap_Ban_Don");
> /x Lap bang so sanh x/
71 for i from 0 by 100 to ii do
print (x[i],evalf(y[i]),evalf(g(x[i])),
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evalf (abs(y[i]-g(x[i])))):

74 end do;

Phuong phap ban boi

Ma giai Bai toan nhu sau:

1 > restart;
>/+ Tinh toan wvoi 15 chu so x/
Digits:=15:
1+ > /x Tim nghiem chinh zac bang lenh dsolve x/
ode:=diff (r(x),x,x)=100%r(x):
bes:=r(0)=1,r(4)=10:
7 exact:=unapply (rhs(dsolve({bcs,ode})),x):
> /x Dat ham tinh thoi gian chay x/
tg:=time ();
1w > /+x Cac dieu kien bien %/
a:= 0.:alpha:=1.:b:=4.:beta:=10.:

> /x Lap cac ma tran x/

13 A:=Matrix ([[1,0],[0,0]]):
B:=Matrix ([[0,0] ,[1,0]]):
K:=Matrix ([[—-1,0],[0, —1]]):

16 L:=Matrix ([[0,0] ,[0,0]]):
DF:=Matrix (10):

/¥ Ma tran F ban dau co cac phan tu deu bang 1 */
19 F:=Matrix (10,1, fill =1):
s:=Matrix (10,1):
s(1,1):=alpha: s(9,1):=beta:
22 > /x Cac diem chia */
t[1]:=0.:t[2]:=1.:t[3]:=2.:t[4]:=3.:t[5]:=4.:
> /% Buoc nhay trong PP Runge Kutta x/
25 h := 0.001:
> /% Lap cac ham cua y va w x/
fl:=(x,y,z)—>z:
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f2:=(x,y,z)—>100xy:
f3:=(x,yi,w,u)—>u:
f4:=(x,yi,w,u)—>100%w:

> /x Dem so buoc lap x/
1 := 0:
> /x Bat dau vong lap x/
while 1 < 3 do
for j from 1 to 4 do
k[j]:=0;
epsilon:=1;
dydx[j]:=s(2x%j,1);
while epsilon >10"(—
[il=
x[ii]:=t[j]; y[i
:=0;

15) and k[j]<20 do
t[1])/h);
]:

ulii]:=1;

ii:=round ((t

w[ii]
for 1

t[1])/h) to

from round ((t[j]—
) 1 do

round ((t [j+1]=t[1])/h)=-
x[i+1]:=x[i]+h
kly:=f1
klz:=f2

(
(

i]
i]
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wli]+

J:=dydx[]];

+k3y«h,z[i]+k3zxh);
+k3yxh,z[i]+k3zxh);

+(1/2)xklwxh,

(1/2)*klwxh,



64

67

70

73

76

79

82

85

88

91

94

ul[i]+(1/2)+xkluxh);

k3w:=f3 (x[i]+(1/2)«h,y[i],w[i]+(1/2)*xk2wx*h,

ul[i]+(1/2)*xk2ux*h);
k3u:="f4 (x[1]+

uli]+(1/2)*xk2uxh);
kdw:=1£3 (x [1
kdu:=14 (x
wli+1]):=
u[i+1]:=

1

i|l+h,y

il+h,y

i)+
I+

1

[
[
w|
uli

(1/2)xh,y[i],w[i]+(1/2)*k2wxh,

|, w[i]+k3wsxh u[i]+k3uxh);
[i],w][i]+k3wxh, u[i]+k3uxh);
(1/6%(klw+2xk2w+2xk3w+k4dw ) )« h;
(1/6%(klu+2xk2u+2*xk3ut+k4u))*h;

end do: /+x Ket thuc vong lap FOR doi wvoi bien i x/

jir=round ((t[j+1]-t[1])/h);
epsilon:=abs(y[jj]—s(2xj+1,1));

dydx[j]:=dydx[j]=(y[jj]=s(2%j+1,1))/w[]jj];

K[j]i=k[j]+1
end do: /x Ket thuc vong lap WHILE %/
/% Lap ham F x/

F(2§ —1,1)i=y [ §7]—s (2] +1,1);
F(2%),1):=2[jj]—s(2%] +2,1);
F(9,1):=y[0] —alpha;
F(10,1):=y[jj]-beta;

/x Gan lai cac gia tri cho ma tran s x/

s(2%j,1):=dydx[j]:

/% Tim cac ma tran G[k] nho PP Runge Kutta */

gl:=(x,a,b,c d)—>c
g2:=(x,a,b,c,d)—>
g3:=(x,a,b,c,d)—>100%a:
)—
]

gd:=(x,a,b,c,d)—>100%b:
iii:=round(t[j]/h);
x[iii]:=t[j]:a[iii]:=1:b[iii]:=0:c[iii]:=

for i from round((t[j]—t[1])/h) to
round ((t[j+1]—t[1])/h)—1 do
x[i4+1):=x[1]+h;

68

0:d[iii]:=
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100

103

106

109

112

115

118

121

124

127

Kla=gl (x[i],a[1],b[i],e[i],d[i]);
Kibi=g2(x[1],a[i],b[i],e[i],d[i]);
Klei=g(x[i],a(i],b[i],c[i],d[i]);
Kldi=gd (x[1],a[1],b[i],e[i],d[i]);
k2a:=gl (x[i]+(1/2)*h,a[i]+(1/2)xklaxh,b[i]+
(1/2)xklbxh,c[i]+(1/2)xklexh,d[i]+(1/2)*xkld*h);
k2b:=g2(x[i]+(1/2)*h,a[i]+(1/2)xklaxh,b[i]+
(1/2)xklbxh,c[i]+(1/2)xklexh,d[i]+(1/2)*xkld*h);
k2c:=g3(x[i]+(1/2)xh,a[i]+(1/2)*klaxh b[i]+
(1/2)xklbxh,c[i]+(1/2)xklexh,d[i]+(1/2)*xkld*h);
k2d:=g4 (x[i]+(1/2)*h,a[i]+(1/2)«xklaxh,b[i]+
(1/2)xklbxh,c[i]+(1/2)xklexh,d[i]+(1/2)*xkld*h);
k3a:=gl (x[i]+(1/2)«h,a[i]+(1/2)xk2axh ,b[i]+
(1/2)*k2bxh,c[i]+(1/2)xk2c*h,d[i]+(1/2)«k2dxh);
k3b:=g2(x[i]+(1/2)*h,a[i]+(1/2)*k2a*h,b[i]+
(1/2)*k2bxh,c[i]+(1/2)xk2cxh,d[i]+(1/2)xk2dxh);
k3c:=g3(x[i]+(1/2)xh,a[i]+(1/2)*k2axh,b[i]+
(1/2)*k2bsxh,c[i]+(1/2)*k2cx*h,d[i]+(1/2)xk2d*h);
k3d:=gd (x[i]+(1/2)«h,a[i]+(1/2)*k2axh,b[i]+
(1/2)*k2bxh,c[i]+(1/2)xk2c*h,d[i]+(1/2)xk2dxh);

kda:=gl(x[i]+h,a[i]+k3axh,b[i]+k3bxh,
c[i]+k3cxh,d[i]+k3dxh);
kdb:=g2(x[i]+h,a[i]+k3axh,b[i]+k3bxh,
c[i]+k3cxh,d[i]+k3d*h);
k4c:=g3(x[i]+h,a[i]+k3axh,b[i]+k3bxh,
c[i]+k3cxh,d[i]+k3d*h);
kdd:=g4 (x[i]+h,a[i]+k3axh,b[i]+k3bx*h,
c[i]+k3cxh,d[i]+k3d*h);

ali+1]:=ali]+(1/6%(kla+2xk2a+2xk3at+kda))xh;
b[i+1]:=b[i]4+(1/6%(klb+2xk2b+2xk3b+kdb))xh;
c[i+1):i=c[i]+(1/6%(klc+2xk2c+2xk3ct+kdc))«h;
dli+1]:=d[i]+(1/6%(kld+2xk2d+2xk3d+k4d))*h;
do: /x Ket thuc vong lap FOR doi voi bien i x/
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133

136

142

145

148

151

154

157

jjj=round ((t[j+1]—t [1])/h);
GLjJi=Matrix ([[al§5j1,b137i 1] [eliiil a[iij1]]):
end do: /x Ket thuc vong lap FOR doi wvoi bien j %/
/* Lap ma tran DF x/
DF:=Matrix ([[G[1] ,K,L,L,L],[L,G[2] ,K,L,L],
[L,L,G[3] K,L],[L,L,L,G[4] K] ,[A,L,L,L,B]]);
/* Lap theo cong thuc Newton tim s moi %/
s:=s—(DF)~(—-1).F:
/* Gan lai gia tri cho s %/
s(9,1):=beta;
l:=1+1
end do: /x Ket thuc vong lap WHILE doi wvoi bien 1| x/
> /x Xem cac ket qua thu duoc x/
DF;
s, F;
> /% Xem thoi gian chay %/
time()—tg;
> /% Tao ket qua va so sanh wvoi nghiem chinh zac %/
for i from 0 by 200 to 4000 do
print (x[i],evalf(y[i]),evalf(abs(y[i]—exact(x[i])))):
end do;
> /% Tap hop so lieu thu duoc x/
datal:=[[0,1],[4,10]];
data2:=[seq ([x[50xi],y[60*i]],i=0..80)];
> /x Ve nghiem so thu duoc tren do thi x/
plot ([datal ,data2],x=0..4,color =[BLACK,RED] ,
style=[POINT,LINE] , thickness=2,symbolsize=15,
symbol=CIRCLE, legend =["Cac_diem_bien" ,"Nghiem_so" ],
title="Phuong_Phap_Ban_Boi");

K¥ thuat chon diém chia

Ma chuong trinh chon diém chia cho Bai todn [3.4 nhu sau:
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> restart;

> /x Cac diem bien x/

a:=0.: alpha:=0.:
b:=1.: beta:=1.:

> /x Lap cac ham [ x/
fl:=(x,y,z)—>z:
f2:=(x,y,z)—>b*sinh (bxy):

> /x Buoc nhay khi chon diem x/
h = 0.01:

> /x Qui dao ban dau x/
eta:=x—>x:
deta:=unapply (diff (eta(x),x),x):

> /x Cac tham so ban dau */

x[0]:=a:y[0]:=alpha:z[0]:=(beta—alpha)/(b—a):

k:=0:
epsilon:=1.5:
i:=0:
j:=0:
tlj]i=a:
> /% Lap tim cac diem chia x/
while ixh < b do

=x[1
kly::fl(X[ILY[i]vZ[i]);
klz:=f2 (x[i],y[i],z[1i]);
k2y:=f1(x[i]+(1/2)*h,y[i]4+(1/2)*kly*h,z[1]+(1/2)xklzxh);
k2z:=f2 (x[i]+(1/2)«h,y[1]+(1/2)*kly«h,z[i]+(1/2)*klzxh);
k3y:=f1(x[i]+(1/2)*h,y[1]+(1/2)xk2yx«h,z[i]+(1/2)*xk2zxh);
k3z:=f2 (x[i]+(1/2)«h,y[1]+(1/2)*k2y«h,z[i]+(1/2)*k2zxh);
kdy:=f1 (x[i]+h,y[i]+k3y*h,z[i]+k3zxh);
kdz:=f2 (x[i]+h,y[i]+k3y=*h,z[i]+k3zxh);
vii+1l]:=y[i]+(1/6%(kly+2+xk2y+2xk3y+kdy))«h;
z[i+1]:=z[1]+(1/6%(klz+2xk2z+2xk3z+kdz))*h;
if abs(y[i+1]) >= epsilonxabs(eta(x[i+1])) then
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J=i+L
6[j]i=x[i+1];
yli+l]:=eta(x[i+1]);
z[i+1]:=deta(x[i+1]);
end if:
i=141;

end do: /x Ket thuc qua trinh lap */
t[j+1]:=b: /x Diem chia cuoi cung */
> /% So cac diem chia x/

J+2;
> /x In ra cac diem chia */

for k from 0 to j+1 do

print (t[k]);

end do;
> /x Tap hop so lieu va ve tren do thi x/
datal:=[[a,alpha], [b,beta]]:
data2:=[seq ([x[i],y[1]],1=0..100)]:
plot ([datal ,data2] ,x=a..b, color =[BLACK,BLACK] ,
style=[POINT,LINE] , thickness=2,symbolsize=15,
symbol=CIRCLE, legend =["Cac_diem_bien" ,
"Nghiem_khi_tim_diem_chia"], title="Phuong_Phap_Ban_Boi");
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