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Trong tu nhién sy van hanh va phat trién ctia van vat déu c6 thé
qui dugce ve hai van dé co ban sau:
1) Ton tai hay khong ton tai? Theo ngon ngit toan hoc: ¢ ton tai

hay khong nghiém ctua phuong trinh
flx)=0,z€D (1)

2) Ton tai nhu thé nao? Theo ngon ngit toan hoc: Tim nghiém t6i

uu cua bai toan

min f(z) (2)

Chinh vi vay toan hoc néi chung luon 1a cong cu hitu hiéu giai quyét
cic bai toan ndy sinh tir thuc té sinh dong. Ly thuyét téi wu néi rieng
trong thoi dai ngay nay dang duge st dung mot cach kha triét dé trong
moi linh vuc ciia cudc song.

Hai bai toan trén ciing c6 lien quan véi nhau. Dai khi dé giai quyét
bai todn (1) ta chi can giai bai toan (2) va ngugc lai. Bai toan (2) dong
vai tro chinh trong 1y thuyét t6i wu. Dé nghién cttu, chitng minh su ton
tai nghiém va tim phuong phap giai ra nghiém ctia bai toan nay, nguci
ta thuong phan loai theo cau tric ctia tap hop D va tinh chat ciia ham
sO f. Néu D la tap md va f 1a ham s6 kha vi thi (2) dugce goi 1a bai toan
t6i uu tron. D61 véi bai toan nay, ta da c¢6 dip lam quen trong chuong
trinh pho thong. Su ton tai nghiem ctia né duge qui vé xét cac dieu kien
ctia cac dao ham cap 1, 2. Néu f 1a ham s6 khong c6 dao ham, bai toan
(2) dugce goi 1a bai toan t6i uu khong tron. Muc dich ctia luan van nay
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1a trinh bay mot sbé cach tiép can dé nghien citu cac diéu kién can va du
cho viéc ton tai nghiém ctia bai toan (2). Nhu ching ta da biét trong
gido trinh giai tich co dién, ngay ca trong R! nhiéu ham f 16i khong kha
vi tai diém 2 nao d6 thuoc (a;b), vi vay rat khé xap xi cac ham sb nay
tai lan can clia x béi mot ham tuyén tinh. Khi d6 ta khong c6 dudc cac
dieu kién can va du t6i wu cho bai toan t6i wu nhu déi véi cac ham kha
vi. Nhitng nam 60 ctia thé ky XX, Rockafellar da xay dung 1y thuyét
duéi vi phan cho 16p ham 16i va ¥ tudng co ban cia 1y thuyét nay 1a
xap xi ham 16i tai diém cho trude bing ca mot tap hop c6 tinh chat kha
dep duoc goi 1a tap dudi vi phan thay vi chi ¢c6 mot ham tuyén tinh nhu
trong truong hop kha vi. Cac tap dudi vi phan chia cac thong tin vé
cac dieu kién can va di t6i wu cho cac bai toan téi uu lien quan dén cac
ham nay. Day 14 mot van dé khé nhung c6 nhieu ting dung trong thuec
té. Chinh vi 16 d6 ma tac gid da chon dé tai: " Dudi vi phan ctia ham
16i va ting dung trong tdi uu hoa khéng tron" .

Luan van dudgc chia lam 2 chuong.

Chuong I: Duéi vi phan. Trong chuong I, tac gia trinh bay cac kién
thiic co ban vé dudi vi phan nhu: dinh nghia, cac tinh chat va cac phép
toan vé dudi vi phan.

Chuong II: Diéu kién ton tai nghiém téi wu. Trong chuong II, tac
gia trinh bay mot cach chi tiét cac dieu kién t6i wu cap 1 va cap 2 déi
v6i hai loai bai toan t6i wu khong tron 1a bai toan t6i wu khong rang
buodc va bai toan toi wu c6 rang budc va cb su so sanh v6i bai toan toi
uu tron.

Ban luan van dugc hoan thanh duéi sy huéng dan tan tinh cia
GS.TS Tran Vit Thieu. Tac gid hi vong rang mot phan kién thic nhd

3



trong luan van sé la tai lieu tham khao cho cac ban sinh vién dai hoc,
cao dang, nhitng ngudi lam toan quan tam va yeéu thich dé tai nay.
Mic du tac gid da cd6 gang hét stc nhung két qua dat dugde trong
luan van con rat khiém tén vad khong tranh khoi nhitng thiéu sot, téc
gid mong nhan dugdce nhiéu ¥ kién dong gép quy bau cia cac thay co va
dong nghiep.
Ha Noi, thang 11 nam 2009



Chuong 1

Duéi vi phan

1.1 Dinh nghia va ki hiéu
Dinh nghia 1.1. Cho f : R" — R la mot ham 10i. Mot vécto g € R" la
dudi gradient cia f tai v € R" néu

flx+08)> f(x) +067g, Vo +6 € R". (1.1)

Dinh nghia 1.2. Tdp tat cd dudi gradient cia f tai x dude goi la dudi

vi phan cia ham f tai x, ki hieu la Of (x), tic la:
of(x)={g: flx+0)> f(x)+d'g, Vz+5cR"} (1.2)
Ki hiéu:
of® =of@W), fM = ra®).
Vi du 1.1. Cho f(z) = |z|. Khi d6

af(0) = [-1,1],

of(z) = {1} néuz>0

{—1} néuzx <0.
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Vi du 1.2. Cho f(z) =e” — 1. Khi d6

df(0) = [0,1],

{e*} néux >0

{0} néux<0.

0f (x) =

Dinh nghia 1.3. Ham f duoc goi la khd dudi vi phan tei x néu tap
of(x) # 0.

1.2 Mot sé tinh chat co ban cta dudi vi phan

B6 dé 1.1. Dudi vi phan Of(x) la mot tap dong, tic la: néu ta co day
e — o/ g™ = ¢ g™ e of ) thy ¢ € OFf.

Ching minh. Lay y € K, vi ¢ € 9f® neén v6i moi k ta co

Fly) > ¥ 4 (y — ™) g™, (1.3)

Trong (1.3) cho k — oo ta duge

fy)>f+wy—ag VyekK
suy ra ¢’ € 9f’. O]

Bo6 dé 1.2. 0f(x) la tap bi chan vdi moi v € B C Int(K) trong dé
K C R" va B la tap compact.

Chaing minh. Gia stt ngudc lai, khi d6 ton tai day ¢ € of (2®) va day

2®) € B sao cho ||¢g ||y — co. Do tinh compact nén ton tai z*) — 2.
Dinh nghia

k

o

lg™ 113



Khi d6 2 4+ 6®) e K v6i k di 16n va theo (1.1) ta c6
Fa®) 4 50y > ) 4 g®T 5k — k) 4 q
Nhung qua gi6i han thi
AN (RN}
Vi vay f(z® 4 §*)) — f/. Mau thuén. O]

Nhan xét 1.1.
i) T hai bo dé trén suy ra 0f(x) 1A mot tap compact.
ii) Néu f kha vi tai x thi

flw+8) = f(x) +8"Vf(x)) +0(lld])

ma

flx+0)> f(z)+d7yg

0" (g =V f(x)) < 0([|8])-
Chon § = 0(g — Vf(x)), 6 | 0 sao cho g = Vf. Tu day ta c¢6 df(x) 1a
vectd V f(x).

B6 dé 1.3. Xét ham da tri
of . K —2% (K cR"
7 Of (x)

Khi dé ham da tri Of don diéu, tic la vdi moi 1,29 € K luon ton tai

g1 € 0f(x1), go € Of (x9) sao cho

(g2 — g1)" (w9 — 21) > 0.
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Chiing minh. Lay x1,20 € K, g1 € 0f(x1), g2 € Of(xs). Theo dinh
nghia ctia dudi vi phan ta co
f(z2) > f(x1) + gi (w2 — 21)
fx1) > f(za) + go (21 — 22).

Cong hai bat dang thic trén ta dudc
(92 — g1)" (w2 — 1) > 0. 0
Xét 16p cac ham 16i da dien h : R™ — R! h(c) duge dinh nghia béi
h(c) = maxc’ h; + b; (1.4)

trong do6 h; 1a cac cot ciia ma tran hitu han H cho trude. Dinh nghia
A=Ac)={i: Thi+b = h(c) } (1.5)

1a tap cac siéu phang tua tai ¢ va do d6 dat gia tri 16n nhat. Khi d6 dé
dang nhan thiy céc siéu phang nay xac dinh dudi vi phan dh(c). Diéu

nay duge néu trong bo dé sau:

B6 dé 1.4. 0h(c) = convich;
Ching manh. Ta c6
Oh(c) = { X : h(c+6) > h(c) + 6\, V6 } (1.6)
Lay A € convicahi, ta c6 X = >, hipi v6i p; >0, >, p; = 1. Khi
d6 v6i moi § ta cod
h(c) + 6"\ = max(c'h; + b)) + Z(SThZ,uZ

icA
ieA
maAX(cThi +b;) + max 6T h;

IA

= mzitx(c 4+ 8) hi +b; < h(c+6).
1€
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Do d6 A € 9(h(c)) nén conviesh; C Oh(c).
Ngudc lai gia st A € Oh(c), X € convic4h;. Khi d6 theo B6 dé 1.5 ¢ phan
dudi sé ton tai s £ 0, sTA > sTpu, Y € conviehi.
Lay 0 = as va tit h; € convie 4h; ta co
h(c) + 6T\ = mZaX(CThi +b;) +as’ A
> 'hi+ b, +asTh;, Vie A
= max(c+ as) h; + b;

ieA

> max(c+ as)Th; +b; = h(c+6)

h(c) + 6T X > h(c+6).

V6i o di nhé, khi d6 max dat duge trén mot tap con cia A, mau thuan
v6i A € Oh(c).
Do d6 v6i A € convic gh; thi Oh(c) C convic h;.

Vay h(c) = convie 4h;. O

Bo dé 1.5. (B6 dé vé siéu phang tach cac tap 16i)

Néu K la mot tap loi, déng, N\ € K. Khi dé ton tai mot siéu ph(fng tach
A va K.

Chatng minh. Lay zo € K. Khi d6 tap

{:]lz = All2 < [l = All2 }
14 mot tap bi chan. Do d6 ton tai diém cuc tieu 7 déi v6i bai toan
min ||z — Al|2, z € K.
Khi d6 véi bat ki € K ta co

(1= 0)7 + b2 — All3 > [T — Allz.
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Cho 8 — 0 ta dugc
(z—7)'(V\=7) <0, Vz € K.
Tt d6 vécto s = A — T # 0 va thod man dong thoi

s"AN=7)>0, s'(x —7T) <0, Vs € K

neén
sSTA> sz > sTx
do do
sTA > sz, Vo € K.
Vay siéu phang s (x —Z) = 0 tach K va \. ]

Bb6 dé 1.6. Cho f(x) zdc dinh trén mot tap loi K C R™ 2’ € int(K).
Néu ¥ — o la day dinh hudng bat ki vdi 6% | 0 va s — s
(¢ day 2™ — o' = §W ) VEk ) thi

L
i T = maxs g, (17)

Chatng minh. Ta c6 zF) =z 4+ §F) 5(F).

Néu ¢ € 9f®) thi v6i moi k di 16n ta cé

f'=f@a) = fla*+a’ —a")

va
) > ¢4 sR g0 g g e af.
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Tu do

k) _ pr
BT k) I =T
50 = geap s I (18)

Vi 9% 1a mot tap bi chin trong mot lan can cia 2’ (theo Bo dé 1.2)
nén ton tai day g™ € 9f® ma ¢* — ¢ va ¢’ € 9f' (theo Bé dé 1.1).
Néu (1.8) khong dung thi (1.9) chi ra mau thudn tai gidi han cia day

con néu trén. ]

Nhan xét 1.2.
i) Néu 2* 1a cic tiéu dia phuong ctia ham f(z) thi f*® > f* véi k dn
16n va tur (1.8) ta c6

max sTg >0, Vs:|s|| = 1. (1.9)
Do d¢6 diéu kién can déi vé6i cuc tiéu dia phuong la dao ham theo moi

huéng phai khong am. T do6
f'(g;8) = 0.
Diéu nay tuong duong véi
0edf”. (1.10)

D6 13 diéu kién tong quat ctia doi héi ¢* = 0 d6i v6i cac ham tron.
ii) Néu 0 ¢ Of' thi theo Bo dé 1.5 (véi A =0, K = df" ), ton tai vécto

sao cho sTg < 0, Vg € 9f' v6i g 1a vécto cuc ticu cta ||g|o.

s =—

912
Tu két qué nay tai z* thi (1.10) va (1.11) 1a tuong duong. Ta thay rang
ca (1.10) va (1.11) ciing la diéu kien di ddi véi cuc tiéu toan cuc tai o*.

That vay, néu 0 € 9f(z*) thi

f(@*+8) > f(a*)+6"0
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hay
f(z"+0) > f(z), V" + 0 € K,

do d6 x* 1a cuc tiéu toan cuc.
Cudi cting dé nghién ctu su ton tai va duy nhat cta diém cuec tieu,

ching ta c6 két qua sau day:

Meénh dé 1.1. Cho [ : R® — R la mot ham loi va C la mot tap con 1o
dong khdc rong cia R™. Khi dé
i) Néu f 10i chat thi f c6 nhiéu nhdt mot cuc tiéu trén C.

i) Néu f 10i manh thi f cé duy nhat diém cuc tiéu tren C.

1.3 Phép toan ve duéi vi phan

Bo6 dé 1.7. Cho A va B la hai tap con 16i compact khdc rong ciia R".
Khi do

i)ACB&T,<Ip

ii) A=B<T4=1Ip
trong dé T' 4 la ham tua cia tap loi A duge dinh nghia bdi

La(z) = suply, 2)
yeA
Chiing minh.
i) Theo dinh nghia clia ham tya ta thay ngay néu A C B thi I'y < I'p.
Dé chiing minh chiéu ngugc lai ta gia st A € B, tic la ton tai a € A va
a ¢ B. Vi B la tap 16i dong khac rdng nén tit dinh 1y tach cac tap 10i, a

va B ¢6 thé duce tach ngat bdéi mot sieu phéng, nghia 1a ton tai s € R”
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va v € R sao cho
(s,b) <y < (s,a), Vbe B

Cp(s) < v < (s,a) <T4(s)

trai véi gia thiét 'y < T'p. Vay A C B.
ii) Suy ra tu (i). O

Truée hét ta xét dudi vi phan ctia mot to6 hop duong cac ham 16i:
Meénh dé 1.2. Cho fi, f» : R® — R la cic ham 10i va ti,ty > 0. Khi do
Otrf1 + t2f2)(x) = 10 fi(x) + 120 fo(x) Vo € R™.

Chitng minh. Lay z € R" va dit
A=0(t1f1 + taf2)(z)

va
B = tlafl(l') -+ t28f2($).

Ca hai tap nay deu la cac tap 16i, khac rong va compact. Theo Bo dé
1.7,néul’y =T'p thi A = B.

Ta co

La=(t1fi +tafo) (z,.)

g =t1lop ) + tolopw = tifi(z,.) +tafo(z, ).
Mit khac, theo tinh chat ctia dao ham theo huéng thi
(tfi +tafo) (z,.) = tifi(w,.) + tafs(z, )

nén 'y =I'g, do d6 A = B. Il
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Sau day ta sé kiém tra duéi vi phan clia can trén diang cltia cac
ham 16i. Cho {f;};es 1a tap hop céc ham 1oi tit R” vao R. Ta xét ham
f:R" - RU{+o00} duge dinh nghia béi

f(x) =sup fj(x), Va
jeT
§ day ta gid st rang f nhan gia tri hitu han. Dé thay f 14 ham 10i va
lien tuc trén R”. Lay € R™. Mot cau héi dit ra 1a lam thé nao dé tinh

duge Of (x) tit cac Of;(x),j € J. Dé gidi quyét cau héi d6 ta dua ra tap

J(x) =17 € JIfj(x) = flx) },

J(z) 6 thé réng. Vi du néu J = Ny va néu f;(x) = —= v6i moi x va j

J
thi f(z) = 0,Vz va J(x) = 0.
Meénh dé 1.3. Vdi moi v € R” ta c6
0f (x) 2 comm { LD (a)lj € J() }

trong dé conv ki hiéu cho bao 107 déng.
Chiing minh. Néu J(z) = (), ménh dé luon ding.
Vi vay ta gia su J(z) # 0. Tu df(x) 161, dong, ta chiing minh

0fi(x) € 0f(x), Vj € J(x).
Lay j € J(x) va s € 9f;j(x). Khi d6
fly) > fily) > fi(x) + (s,y — z), Vy € R™.

Tu fi(x) = f(x) suy ra s € df(x). Ménh dé duge chiing minh. O
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Dé dat dugc dau dang thiic, ta gid sit J 1a tap hitu han, J(x) # 0.

Ta co:
Meénh dé 1.4. Néu J = {1,....,m} thi
0f (x) = conv { UOf;(z)|j € J(x) }, Vo € R™.

Chiing minh. Theo Ménh dé 1.3 ta chiing minh dugc bao ham thic C .

Dé ching minh phan con lai ta xét

S = {Udf;(a)lj € I(@) }.

Tu J la hittu han va 0f;(z) la compact véi moi j € J(x), ta c6 S la

compact va do d6 c¢6 convS. Theo Bo dé 1.7 ta ching minh dugc

F@f(x) < 1ﬂconv(S)

tac 1a

f'(z;d) < sup fi(z;d), Vd € R".
JjeJ(z)

That vay v6i moi d thi
Leonv(s)(d) = T's(d) = sup(s,d) = sup sup (s;,d) = sup fi(z;d).
s€S jed(x) s;€df,(x) je(z)
Cho d € R", d # 0 va xét day tx — 0, & > 0 v6i moi k. Khi d6 véi
moi k, ldy mot phan ti j, trong tap J(z + tpd). T {jx}r 1a mot day
ma cac phan tit thudc vao tap hitu han { 1,...,m }, ton tai mot day con
cia {jr} ma ta van ki hiéu la {j;} sao cho j, = j* v6i moi k. Hon nita

j* € J(x). That vay v6i moi k ta co

va cho k — +o00 ta dugc



tic la j* € J(x) (6 day ta da st dung tinh lién tuc ctia f;- va f tai z).
Cudi clting v6i moi k ta c6

T (73 (73 '

Cho k — 400 ta dugc

f(x;d) < fio(2;d) < sup fi(w;d)
JjeJ ()

béi vi j* € J(x). Menh dé dugc chiing minh. O
Hé qua 1.1. Néu f1, ..., fn la cdc ham 107 khd vi th
df(x) = conv { Vf;(z)|j € J(x) }, Vo € R™.

Vi du 1.3. Xét ham f(z) = max { fi(z), fo(2), f5(z) }
v6i
fi(z) = =21 — 29, folx) = —21 + 29, f3(T) = 21
va cho diém (4, 8).
T J((4,8)) = {2,3} va V£2(4,8) = (=1, 1)T, Vf3(4,8) = (1,0)T ta co
Of(4,8) = conv { (—1,1)T,(1,0)" }.

Trong truong hop khi tap J vo han, ta c6 thé ching minh két qua

sau.:

Ménh dé 1.5. Gid st J la tip compact ( trong khong gian métric ) sao

cho vdi mor x € R™ ham

flx): J—R

j— fi(x)
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la nia lien tuc trén (tic la j, — j* dan tdi limsup f; (x) < fi(x) ).

Khi do voi mot x € R" ta co

8f (x) = conv { Vf;(@)]j € J(x) }.
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Chuong 2
Diéu kién ton tai nghiém t6i uvu

2.1 Su ton tai nghiém t6i vu

Trong thuc té ta thay, dé tim mot thi gi do trude hét ta phai xem
xét n6 c6 ton tai hay khong da. Mudn san xuat ra mot loai hang hoa
nao do, trude hét phai xem cé phuong an hay cach thiic nao dé dé san
xuat hay khong? Mudn xay duyng mot trung tam thuong mai ¢ khu dan
cu sao cho t61 wu, trude hét phai tinh toan xem c6 cach nao dé dat dugc
khong ?... N6i tém lai, muon tim duge 10i gidi clia mot bai toan toi uu,
trude hét ta phai c6 cach nao dé nhan biét dudgc xem nghiém ay c6 ton
tai hay khong da rdéi méi dua ra cach dé tim no. Ta biét trong bai toan
t61 wu ¢6 hai déi tuong quan trong: Tap rang buoc va ham muc tiéu xac
dinh trén tap dé6. Vi thé khi ta xét dén diéu kieén dé ton tai nghiém téi
uu, ta phai quan tam dén cac diéu kién, tinh chat ciia hai ddi tugng ay.
Vi du, trong giai tich c¢o dién, dinh 1y Weierstrass khang dinh rang mot
ham lién tuc trén mot tap compact hay mdé rong la mot ham niia lién tuc
dudi trén mot tap compact khéc rong bao gid cing dat trén tap compact
gia tri 16n nhat va gia tri nhé nhat . No6i cach khac, mot bai toan t6i uu
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c6 dit kien nhu vay bao gid cling c6 nghiém t6i wu. D6i v6i bai toan toi
wu tron, néu mot diém nado d6 thudc phan trong ctia mién nghiém toi
uu thi dao ham ciia ham s6 tai diém ay phai bang khong. Diéu kién nhu
vay dugc goi 1a diéu kién can t6i vu. Vay mudn tim nghiém toi vu cia
bai todn nay, ta chi can tim trén tap con clia mién rang budc ma trén
d6 dao ham clia ham sb triét tieu. Tai nhitng diem nay ma ta st dung
nhitng diéu kién lien quan t6i dao ham bac nhat dé suy ra ham dat gia
tri toi wu thi nhiing diéu kien d6 dugc goi 1a dieu kien du téi uu cap
mot. Tiép theo, néu ham s6 c6 dao ham bac hai va tai nhiing diém ctia
tap con nay, dao ham bac hai duong chit (hosic am chit) thi diem ay
chinh 13 nghiém t6i wu clia bai toan. Dieu kién nay dude goi 1a diéu kien
dt t6i wu cap hai.

Muc dich ctia chuong nay la tim cac diéu kién can va da dé bai
toan to6i vu khong tron c6 nghiém dua trén cac thong tin vé cac tap dudi
vi phan va ma tran Hesian. Truéc hét ta nhac lai khai niem vé cac loai
nghiém ctia bai toan t6i uu.

Cho X 1a khong gian topo tuyén tinh 16i dia phuong Hausdorff va D € X
1& tap hop khac rong. Xét ham f: D — R, ta c6

Dinh nghia 2.1.

i) xo C D la diém cuc tiéu ( cuc tiéu chat ) cia f trén D néu

f(@o) < f(x), Vo € D ( f(zo) < f(x), Vo € D, x # x0 ).

ii) o € D duge goi la diem cuc tieu dia phuong néu ton tai lan can U

chia o dé cac bat dang thic trén thod man vdi moi x € U N D.
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Nhiéu khi ta st dung ki hiéu

f(xg) = min f(x) (P)

zeD

chung cho cac loai t6i uu trén.
Bai toan tim cyc dai cia mot ham trén tap cho trude ciing duge phat

biéu mot cach tuong tw. Nhung dé ¥

min f(z) = — max(—f(z))

ta suy ra bai toan cuc dai hoan toan cé thé quy vé bai toan cuc tieu. Do

do6 trong 1y thuyét téi wu, noéi chung ta chi can xay dung 1y thuyét giai

cho mot trong hai loai: cuc tiéu hoic cuc dai. Trong chuong nay ta chi

quan tam t6i bai toan cuc tieu.

Cha thich:

Néu zg € D la cuc tiéu ciia f trén D thi xy con dugc goi la cuc tiéu toan

cuc ctia f trén D. Khi ay bai todn (P) dugc goi la bai todn toi wu toan

cuc. Trdi lai, bai toan (P) duge goi la bai todn toi wu dija phuong.
Meénh dé va dinh I sau day cho ta nhitng diéu kién tong quat nhat

ve sif ton tai nghiém t6i uu clia cac bai toan dang trén.

Meénh dé 2.1. Diéu kien can va di dé ton tai nghiém cuc tiéu ciia ham
[ la tap hop

fD)y ={teR|f(z) <t,xeD}
dong va c6 mot can dudi hiu han.

Chitng minh. Gia st xy 1a nghiém t6i wu ctia bai toan (P). Khi do ta co

f(xo) = min f(x),  f(D)y = [f(x0), +00).

xeD
Hién nhién f(D), 1a tap déng va nhan f(z) 13 mot can dudi.
Ngugc lai, néu tap f(D), c6 mot can dudi hitu han thi can dudi 16n nhat
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( hay infimum ) ctia tap nay 1a httu han va ta ky hiéu né 1a t;. Theo dinh
nghia ctia infimum, ¢ > ¢y v6i moi t € f(D), va ton tai {t,} C f(D),
hoi tu dén ty. Vi f(D), latap dong nén ty € f(D).. Theo dinh nghia ctia
tap f(D), ton tai zy € D sao cho tg > f(x). Hién nhién f(z0) € f(D),
va vi ty 14 can dudi 16n nhat cta tap f(D). nén ta c6 f(xg) > ty. Suy

ra tg = f(xp). Dicu d6 ching t6 g 14 nghiém t6i wu ctia bai toan (P).0]

Dinh 1y 2.1. Cho D la tdp compact khdc rong. Khi dé néu f nia lien
tuc dudi tren D thi f dat cuc tiéu trén D.

Chitng minh. Theo Ménh dé 2.1, ta chi can chi ra f(D), la tap déng va
bi chan dué6i. That vay gid st tap nay khong bi chin dudi tic 1 ton tai

day diém {z,} C D sao cho

lim f(x,) = —o0.

n—oo

Vi D la tap compact, khong mét tinh tong quat ta co thé gia thiét

lim z, =2y € D.

n—od
Ta thay rang gia tri cia ham f tai z¢ 14 hitu han vd ham f 1a nia lién

tuc dudi, do dé khong thé cé

f(zg) < lim f(x,) = —oc.

n—00
Vay f(D), bi chan dudi. Dat ¢ bang can dudi clia tap nay. Theo dinh
nghia clia infimum, ¢ ciing 13 infimum ctia ham f trén D. Do vay ton tai
{z,} C D sao cho

lim f(x,) =t

n—oo

Vi D compact nén lim,, .o x, = xg € D. Do f nita lién tuc duédi kéo theo

t= lim f(z,) > f(zo).
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Tt day ta suy ra t = f(xg) va 2 1 cuc tiéu ctia ham f trén tap D. O

2.2 Cac bai toan tbi vu

Cho ham f : D — R. Bai toan

min f(z) (P)

zeD
dugde goi 1a bai toan t6i wu khong rang budc.

Cho cac ham hq,...,hi : D — R, ¢q,...,9m : D — R. Bai toan

min f(z) (CP)

xeDy

ducce goi 1a bai toan t6i wu c6 rang buodc. Tap Dy dude goi 1a tap chap

nhan dugc.

Dinh nghia 2.2. Diém zy € D dugc goi la nghiém toi wu cia bai todn
(CP) néu né la cuc tiéu ciia ham f trén tap chap nhan duoe Dy. Khi do

f(zo) duge goi la gid tri toi wu ciia bai todn.

Dinh 1y 2.2. Cho D la tip compact trong khong gian X, f, g1, ..., gm la
cac ham nia lién tuc dudi va hq, ..., hy la cdc ham lién tuc trong D. Khi
dé bai todan (CP) c6 nghiém néu D # (.

Ching minh. Dinh 1§ duge chiing minh nhd tinh ntta lién tuc dudi cua
cac ham s6 g;, tinh lien tuc cla cdc ham h; dé dam bao tinh compact

cua tap Dy va Dinh 1y 2.1. ]
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2.3 Bai toan t6i wu khéng rang buéc

Trong phan nay, ching ta sé nghién citu cac dieu kién t6i wu doi véi ham

hop

¢(x) = f(x) + h(c(x)) (2.1)

v6i f(x) : R" — R, ¢(z) : R" — R™ la cdc ham tron thuoc l6p C!, con
h(c) : R™ — R! 14 cdc ham 16i nhung khong tron thuoc 16p CY va & day

ta nghién cttu ham h(c) c¢6 dang

h(c) = maxc’ h; + b; (2.2)

i
VGi cac vécto h; va cac sO b; cho trude.

Nhu vay h(c) 1a mot ham 161 da dien va do thi ctia né duge tao béi mot
s6 hitu han céc siéu phang tua ¢’ h; + b;. Hau hét s quan tam huéng ve
ba truong hgp dac biét sau day ma trong dé b; = 0 v6i moi ¢

Truong hop 1 : h(c) = max; ¢

Truong hop 2 : h(c) = ||¢]|«

Truong hop 3 : h(c) = ||c[|1

Khi d6 duéi vi phan ctia cac ham trén lan luot 1a:

@maxci:{)\:Z)\izl,)\ZO, c; <maxc; = N\ =0},

Ilc)|oo = { A c#OﬁZAi:1
|Ci| < HCZHOO =)\, =0
lci| = lleilloo = Aici >0
c=0=) AN<1}
Olelly={ A= N <1, ¢ #0= A = signe; }.
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2.3.1 Diéu kién t6i uwu cap 1

Cho ™ — 2/ 1a day dinh huéng véi 6 | 0 va s®) — s (tic la
Theo khai trién Taylor ta c6
R = 1 50 T ) 4 (sR))

trong d6 ¢’ = V f(2). Tu do6

va,
M) = +6WATsH o5k,
véi A’ 1a ma tran c6 cot i 1a Ve (2'). Vi thé " — ¢ 1a day dinh huéng

trong R véi

(k) _
C C T
Tt B dé 1.6 véi h(c) ta cd
. ¢(k) B ¢/ _ T/ 1 !
o = g AN 23

va diéu nay dan t6i dao ham theo huéng tai 2’ 14 theo huéng s doi véi
ham ¢(zx) trong (2.1).
Tit (2.3) néu z* la cuc tidu dia phuong ciia ¢(z) thi %) > ¢* v6i moi k

du 16n va do do

T/ * *
A*XN) > . = 1.
max s~ (g + AA) 20, Vs : ||s]]

Day 1a diéu kieén can cap 1 doi véi cuc tieu dia phuong va ciing giéng
nhu (1.10), né c¢6 thé duge hiéu 14 dao ham theo moi huéng 1a khong

am. Mot lan nita ta dua ra két qua tuong tu 1a

0€0p(z")={~v:v=9g+ A\ VA EOh },—y-. (2.4)
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Do d6 tap 0¢* xac dinh, 1a tap 16i, compact nhung khong kha duéi vi
phan vi ¢ c6 thé khong 1a ham 16i.
Dé phat bicu diéu kien (2.4) theo mot cach khac, ta dua ra ham
Lagrange
L(z,\) = f(z) + Me(x).

Khi d6 mot phat biéu tuong tu (2.4) 1a

Dinh 1y 2.3. (Diéu kién can cap mot)

Néu x* la cuc tiéu cia ¢(x) thi ton tai mot véctd \* € Oh* thod man
VL(*\) = g* + A\ =0, (2.5)

Chiing minh. Dinh 1y dé dang ching minh dua vao gia thiét 0¢* 1a tap
cac vécto VL(z*, ) v6i moi A € Oh*. O
Trong trudng hop tong quat, ham ¢(z) c6 thé khong 16i. Khi dé diéu

kién ctia Dinh 1y 2.3 khong phai 1a diéu kién du.

2.3.2 Diéu kién t6i vu cap hai

Cho A\* 14 mot vécto bat ki ton tai trong Dinh 1y 2.3 va xét
X ={z:h(c(x) = hc(x*)) + (c(z) — e(a™)" A" }. (2.6)

Dinh nghia 2.3. G* la tap cdc phuong tiép ziic chap nhan dude cia X
tai x* (tic la néu lay s € G* thi ton tai mot day dinh hudng ) — g
voi 2% € X sao cho s%) — s trong dé ||s]l, =1 ).

Nhan thay cac phuong nay lién quan chat ché t6i tap G* 1a tap cac huéng

tiép xtc c6 do doc 0, tic 1a

G*={s:maxs' (¢ + A\) =0, |s|. =11} (2.7)
A€o
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Bé dé 2.1. G* c G*.

Chatng minh. Lay s € G*, vi vay ton tai mot day dinh huéng trong X 1a
s s slla = 1.

Tit (2.1), (2.3) va (2.6) ta c6

(k) _ *
T/ x * _ : ¢ ¢
o st (g7 + AN = i
Y b))
. f(k) . f* + (C(k) . C*)T)\*

Khai trién Taylor ta c6

FR = 4 5R g sk 4 ()

) = ¢ 4 §W A ) 4 o(6H).

Do dé6

f(k:) . f* 4+ (C(k:) . C*)T)\*
§(k)

Q(5(k)) 0(5(’6))
sH T T5m

A (2.8)
Trong (2.8) chuyén qua gi6i han khi & — oo ta dugc

T/ x * _ T % * ) *
max s (g"+ A" X)) =5 (g" + A" \)

ma z* 1a ciyc tieu dia phuong nén g* + A*\* = 0, do d6

T/ * *
A*A) =0
s g+ AN =0,

suy ra s € G*. Vay G* C G*. ]

Néu G* = G* thi diéu kién nay dugdc goi 1a diéu kién chinh quy.
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Dinh 1y 2.4. (Diéu kién can cap hai)
Néu z* la cuc tieu cia ¢(x) thod mdan Dinh lj 2.3 va ton tei \* dé

G = G* xzdy ra thi
sTV2L(x*, \)s > 0, Vs € G*.

Chiing minh. V6i s € G* thi s € G*. Do d6 ton tai mot day dinh hudéng
chip nhan duge 2% — 2%, tite 1a 2® = 2% + s®5H vai s — s,

St dung khai trién Taylor déi v6i L(z, \*) tai 2* ta c6

F@®) £ X e(z®) = L™, A

T T ]_ T
= [+ N+ B VL2, N +§e(k) V2L(z*, X)e®™ 4+ 0(|[e™]?)
1 T
= L(2*,\) + 5(5“@)23(’@ V2L(x*, A)s®) 4 0((65)?) (2.9)

k)

voi e®) =z — 2% va vi [|sW]| = 1, 6*) 1a mot vo huéng.

Tit gia thiét 2®) 1a chap nhan duge (2 € X ) va tir (2.9) ta c6
o) = ) 4 h(c(k))

oW —¢" = fO — 4 h(c™) —n(c")
= f_ ey (C(/f) — )T
= L(z® \) — LRI ORI
— LW\ — o Y
— %5(k)25(k)Tv2L(x*7 /\*)S(k) 4 0((5(k))2).

Vi z* 1a cuc tiéu dia phuong nén ¢*) > ¢* véi k da 16n. Do d6

o — ¢ 0(6™")

< _ T2y (e e 00)
< %5(1:)2 s VEL(x*, A7) s\ + %5(1@)2
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Cho k — 400 ta dugc
sTV2L(z*, \*)s > 0, Vs € G*. O

Dinh 1y 2.5. (Diéu kién du cap hai)

Néu ton tai \* € Oh* thod man VL(z*,\*) = g* + A*\* = 0 va néu
sTV2L(x*, \)s > 0,Vs € G* thi 2* la cuc tiéu dia phuong chit cia
H(a).

Chitng manh. Gia st ngude lai, khi d6 sé ton tai mot day dinh huéng
z®) — z* ma o) < ¢*.

Ta co

0< T(g" + A\ = p.
< max s” (g + A\ = p

Néu g > 0 thi tir giéi han (2.3)

Jm g =

dan t6i mau thudn véi ¢*) < ¢*, suy ra p = 0. Vay s € G*.
Xét

L(z® X" — L(z*, \Y)

_ f(k) + C(k)T)\* . f* . C*T)\*

— 6 — ¢ — [h(c®) — B(e*) — () = )TN

<o — ¢,
St dung bat dang thic dudi gradient, do A* € Oh* nén

h(c" +6) > h(c*) + 67 \*.

Chon § = ¢® — ¢*, suy ra

h(c®) > h(c) + (¥ — ) TAx.
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T (2.9) ta c6

0> ¢" — ¢ > 20 W G2L (2, A)s®) 4 0(60)7)

N | —

() _ g
0> ¢

> (k)T 2 x y*\ (k)
= TI507 > s\ NVEL(x*, N) sV +

Chuyén qua giéi han khi k — oo ta dugc
0> s V2L(2*, \*)s,

mau thuan véi gia thiét 1a

sTV2L(x*, X*)s > 0 Vs € G*. O

Ta biét rang trong diéu kién can cap hai thi mot gid thiét rat quan
trong dat ra do 1a diéu kien chinh quy phai duge thod man, tic 1a
G* = G*. Vay khi ndo thi diéu kién chinh quy xay ra? Bo dé sau day sé

lam sang to dieu do.

B6 dé 2.2. (Diéu kién chinh quy)

Cho h(c) = max;(cl h; +b;) va p} la cdc nhan ti thod man

(
Yk =1
>oiki(g"+Ah) =0
| Hi 20

7\

néu ton tai chi s6 p ma o, > 0 va cac vécto
A*(h, — h;), i€ A\ p
la doc lap tuyén tinh thy G* = G*, trong dé
A ={i:h(c)=c"hi+b}.
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Chimg minh. Cho \* = . u*h; la cac vécto tuong tng trong Oh* va xét

={i:p >0}

Lay s € G* sao cho
max sT(g" + A*)) =
A ={i:sT(g" + A\ =0,ic A"}
1a ki hiéu tap hop céac vécto h; ( phu thudc vao s ) ma dat max. Theo
(2.5) thi A* thod méan
g+ AN =0
nen
g+ A*(Z wihi) = g* + Z WA R = 0
Do do:
Zu g*+z/j‘A*h = Zul 4 A'h) =
Néu pf > 0 (tic la ¢ € A% ) thi ¢g* + A*h; = 0, suy ra ¢ € A% Do do6
AL C AL C A*. Vay néu p € A% thi
sTA*(hy, — h;) =0, i € A%\ p
sTA*(h, — h;) >0, i € A"\ A~
That vay: ta c6 dang thiic

Yoiti(gt+Ah) =0
pi =0

(2.10)

Véi i € A3\ p, suy ra py, > 0, pi = 0 v6i moi i € A"\ p. Vay tit (2.10) ta
c6 g + A*h, = 0 hay A*h, = —g".
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Véi i € A% thi

sT(g" + A*hy)) =0
hay

sTA*h; = —s'g* = sT A*h,
Vay
sTA*(hy — hi) =0V i€ A%\ p.

Néu i € A*\ A% thii ¢ A% do do

sT(g" 4+ A*h;) < 0
hay

sTA*h; < sT(—g").

Vipe A nén py > 0 dan t6i g* + A*h, = 0

hay
—g" = A"h,
do do
sTA*h; < st A*h,
Vay

sTA*(hy, — hy) > 0, i € A*\ A~
Néu A*(h, — h;), i € A*\ p doc 1ap tuyén tinh thi A%\ p chida it hon n
phan tit (vi néu chita ding n phan ti thi s7 = s véi moi i = 1, n,
mau thudn véi ||s|| = 1). Vi vay ton tai z(9) véi z* = z(0), z(0) = s

xac dinh véi 8 > 0 di nho sao cho véi 6 > 0 thi

hgc(x(ﬁ)) +b, = hic(z(0)) +b;, i € A\ p
hhc(z(8)) + by > h c(x(8)) + b;, i € A"\ AL
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Do do v6i 6 da nhé thi

diéu nay dan t6i
h(c(x(0))) — h* = hl (c(z(f) — c*), Vi € A’
[

Hé qua 2.1. Néu trong tap A* chita n+ 1 phan tid va A% = A* thi G*
la 0.
Ching minh. Tu gid thiét ta c6 A%\ p phai ¢6 n phan tit. Khi d6 néu

T

G* # () thi ton tai s sao cho s7 = s = 0,Vi = 1,n, mau thudn véi

|s]| = 1. Do d6 G* = () O

Vi du 2.1. Xét bai toan

min ||e(x)]]

trong do

c1(x) = o1 — a2 + 523 — 229 — 12

co(x) = a1 + T5 + 23 — 1429 — 29

Chitng minh: z* = (6.4638, —0.8968)7 1a cuyc tic¢u dia phuong ciia bai
toan.

Gidi. Tt gid thiét ta c6: f(z) =0 va h(z) = |le(x)|;

Vi f(z) =0mnén g* =0

Mat khac:

¢ =c(z*) =0.9999 > 0

ey = co(r*) = —9.898 < 0
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Nen oh* = { (1, —1)T } dan t6i A* = (1, —1)T.
Lai co:
1 1

Vei(x) = , Veo(x) =
—373 + 1029 — 2 373 + 21y — 14

T 1 1
A* = vc* —_=
—13.38 —13.38
VLX) =g"+ A"\ =0.
Vay z* thod man diéu kién can cap 1.
Ta co:
G* = {s:maxs (¢" +A*N) =0,|sll. =1}
AeOh*
= {s:|sl2 =1}
Xét ham Lagrange:
Lz, \) = Aa(z) + Aaco(x)

= /\1([61 — .I% + 5.17% — 2[62 — 12) + )\2(331 + ZC% + .CL’% — 14%2 — 29)

Ta c6:
A+ A
VIi(z,\) = Lo
—3)\117% + 10A1$2 — 2)\1 + 3)\2[13% + 25172)\2 — 14/\2
va
) 0
VeL(xz,\) =
0 )\1(—61'2 + 10) + )\2(6%‘2 + 2)
Do d6
) 0 0
V2L(z*, \) =
0 18.76
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Xét
0 0 S1
0 18.76 59

sTV2L(z*, \")s = (s1, 52) = 18.76 55 > 0, Vs € G*.

Vay z* thoa méan dieu kien da cap 2 nén z* la cuc tiéu dia phuong ctia

bai toan.

Vi du 2.2. Xét bai toan

min ||¢|| s
trong do

cl(x) =T — .Ig + 5.?(7% — 2[62 — 13
co(r) = 21 + 23 + 23 — 14y — 29

cs3(x) = 0.433624

Chitng minh: o* = (11.4128, —0.8968)7 13 cyc tiéu dia phuong clia bai
toan.
Gidi. Tt gia thiét ta c6: f(x) =0 va h(z) = ||c(x)]|oo
Vi f(x) =0nén g* =0
Mat khac:
¢t = c(z*) = (4.949, —4.949, 4.949)
Do d6 |[|c*||oo = 4.949.
Vay Oh* = { (A, Ao, A3)T i A, A3 > 0,00 <0, | M| + [ Ao + N3] =1 1.
V6i A\ € Oh* thi A = (A1, A, A3)T trong d6 A, A3 > 0,0 < 0 va
[Au] 4 [Ao] + [As] = 1.
Ta c6
1 1

Vei(x) = : Veo(x) =
—373 + 1029 — 2 323 + 219 — 19
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0.4336
Ves(x) =

T 0.4336 1 1
A* _= VC* _=
0 —13.38 —13.38

Ham Lagrange cho bai toan:

_L(m,A) = Al(xl«—-x%-+—5x§-—-2x2<—-13)

+Xo(21 4+ 23 + 23 — 1day — 29) + 0.4336\373.
Khi d6

VLX) =¢g"+ A"\ =0

A1
0.4336 1 1
o N | =0
0 —13.38 —13.38
A3

0.4336A; + Ao+ A3 =0
~

A+ A3 =0

Két hop vai dicu kien Aj, A3 > 0, A2 < 0, |A| + [Xo] + [A3] = 1 ta duge
A =0, Ay=—05 A\3=05
= \* = (0,-0.5,0.5)".
Do d6 v6i \* = (0,—0.5,0.5) thi 2* thod man diéu kién can cap 1.
Tiép theo ta sé xac dinh tap
G*={s5:]|s]o =1, max s (g* + A*\) =0}

A€oh*

Ta co

T/ x *
A*\) =0
igg§8(g+ )
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Hay

)I\l’lgi( 51(05664)\1 + Ao + 1) — 133832(1 + Ay — )\1) =0
6 *

Diéu nay chi xdy ra khi

81507 3220

Tu do suy ra

G '={s:|s]la=1,51<0, $5>0}.

Lai c6
A1+ A2 + 0.4336A
VL(z,\) = Lo ’
3()\2 — )\1):133 + 2()\2 + 5)\1)%’2 — 2()\1 + 7)\2)
va
5 0
VoL(z,\) =
0 6(/\2 — /\1)[132 + 2(/\2 + 5)\1)
Do do6
2 x| % 0 0
VoL(z*, ) =
0 1.6904
Xét

sTV2L(z*, \*)s = 1.6904s3 > 0, Vs € G*.

Vay z* thod man diéu kien dua cap 2 nén z* la cuc tiéu dia phuong ctia

bai toan.

T két qud trén ta c6 thé dua ra mot su so sanh gitta bai toan toi
uu ctia ham hop khong tron véi bai toan quy hoach phi tuyén.

Ro rang ham ¢(z) xac dinh theo cong thitc (2.1) c6 thé viét dudi dang

o(z) = max(f(z) + c(z) h; + b)) (2.11)

]
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va tuong duong véi
o(z) = minv : v > f(x) + c(x) hy + by, Vi (2.12)

Do d6 z* 1a cue tieu dia phuong ctia ¢() khi va chf khi 2*, v* 14 nghiém

dia phuong ciia bai toan quy hoach phi tuyén

min v
T,
véi dieu kien
v — f(x) —c(x)Th; > b;, Vi (2.13)
Vi vay diéu kien t6i uu cap mot va cap hai c6 thé 4p dung két qua tuong
tu trong phan quy hoach phi tuyén cho bai toan (2.13).
Tiép theo ta nhac lai cac diéu kién tdi wu ctia bai toan quy hoach

phi tuyén. Xét bai toan quy hoach phi tuyén c6 rang budc
min f(x),z € R"
ci(x)=0,ie E

(2.14)
ci(x) >0, i€l

Xét ham s6 Lagrange

L(z,\) = f(z) — Z Nici(z).

Ki hiéu
W* = ViL(z*, X)) = V2 f(2") = Y AV2e(a)

la ma tran Hessan ctia ham Lagrange theo x va
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af = V(")
A =A(z*)={i:¢(z*)=0}
AL ={i]i€e Ehoac \ >0}
G*={s]s#0,(a}))'s=0,ie€ A%, (a})Ts>0,i€ A"\ A% }
G* 1a tap cac huéng chap nhan dugc tai z*.
Khi d6 ta c6 cac dieu kién t6i vu sau ciia bai toan quy hoach phi tuyén
c6 rang budc
Dinh 1y 1 (Diéu kién cip mot)
Néu z* la cuce tiéu dia phuong ctia bai todn (2.14) va néu G* = G* dugc
thod man tai x* thi ton tai nhan t¢ Lagrange \* sao cho x* va \* thod

man hé thic sau

V.L(z,A\) =0
ci(x) =0, 1€k
ci(x) >0, iel (2.15)
N0 el
Aici(x) =0, Vi.
Dinh 1y 2 (Diéu kién cap hai)

Néu tai x* ton tai nhan td \* thod man (2.15) va néu
sTW*s > 0, Vs € G*

thy * la cuc tiéu dia phuong chdt clia bai todn (2.14).
Bay gio trd lai bai toan (2.13). Ham Lagrange thich hgp cho Dinh
Iy 1 1a
Lz, v,p) = v =Y (v — f(x) = c(z) hi = by)
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va n6 thod man tai z*,v* néu ton tai pu* sao cho

(0
Hp L@ v,u7) =0 hay >, pi = 1;
V.L(z*,v*, 1i*) =0 h (" + A*hy) =0

J CNTY ay > 1; (9" + A™hi) (2.16)
pr =0

ku;ﬂ>0;»v*:f*+c*Thi+bZ-

Khi d6 moi lien heé gitta bai toan tdi wu khong tron va bai toan quy hoach

phi tuyén dudc dua ra trong bd dé sau

B6 dé 2.3. Vdi x* cho trude, cho p* thod man (2.16) va \* = H.u* (H
la ma tran cé cac cot la h; ). Khi do dieu kién cap hai ctia Dinh ly 2 doi
vdi bai todn (2.13) la tuong duong vdi cac diéu kién trong Dinh lij 2.5.
Chiing minh. Trong ca hai truong hgp nay, cac diéu kién cap mot thoa
man.
Lay 37 = (s, 5,41). Diéu kién cap hai ctia Dinh 1y 2 déi véi bai toan
(2.13) lien quan dén tap

M={3:5#0, s,1=5(¢"+Ah), ic A,

Sne1 = 8 (g 4+ A'hy), i€ AN\ AL L

Lay s € M. Khi d6 mot tich trong v6i p; dan dén s, = 0. That vay,

ta co

D snap =Y st (g7 + Ah)u
1 )

snﬂz,uz —STZ 4+ A*h;

Vay spp1 =01 3o =1va 3 (9" + A™hi)pi = 0.
V6i A € Oh* tuy ¥, cho A = Hp.

hay
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Khi d6 mot tich trong véi p; dan téi sT(g* + A*A\) <0, do d6

— e G*.
IE ||2

T
Hon nita H | = (H Hz) (g* + A*)) < 0 nén

max (( i )T(g* + A*A)) = 0.
Is][2
Bay gio cho s € G*,p € A’ va dinh nghia
_ T/ * *
Spr1 =5 (g"+ A"hy).

Theo B6 dé 2.2 ta c6

Sni1 = s (g"+ A*hy), i € A?

SnJrlZS( +A* )726"4\"4*

Tu Ay D A% tacos e M.
Ngoai ra viéc chuan hoa cac vécto trong tap M va trong G* la tuong
duong. Do do céac diéu kien cap hai s”W*s > 0,Vs € M hoiic s € G* 1a

tuong duong. Vay bo dé dude chitng minh. O

2.4 Bai toan t6i uu cé rang budc

Xét bai toan t6i wu khong tron cé rang buodc ciia ham hop sau day

min ¢(z) = f(x) + h(c(z)) (2.17)

zeR”
vai diéu kien ¢(r(x)) <0
trong d6 ham muc tiéu 13 ham hop da duge deé cap td6i trong muc (2.3),
r(z) : R — RP 1a ham tron thuoc 16p C!, #(r) : R? — R la ham 1oi
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nhung khong tron thuoc 16p C°.
Truéc hét ta dua ra khai niem vé tap cac huéng chap nhan dugc tai diém

chap nhan dugc 2’ nhu sau:

Fl={s:5#0:3 ™} t(r(")) <o,

a®) = 2 s®) 5 68 |0} (2.18)

trong d6 2F) = g’ 4 §*)sk),

Tap nay lien quan dén tap sau day

Fl={s5:540t=0=maxs' Ru<0} (2.19)

ueot!
v6i R = VrT t' =t(r(2')).
Khi do6 tap F’ c6 thé duge xem nhu tap cac huéng chap nhan duge doi
v6i cac rang budc tuyén tinh tai 2’ va sé rat thuan lgi néu cac tap F' va
F’ trung nhau. Vi thé viéc xem xét danh gia nay rat quan trong. Trudc

S P 2 X s ~ A ~ .~ N
hét ta c6 bo de sau ndi lén moi quan hé gita F’ va F.

Bo de 2.4. F' CF'
Chitng minh. Lay s € F', khi d6 sé ton tai mot day dinh huéng z*) — 2/

sao cho s*) — s. Stt dung khai trién Taylor tai 2’ ta c6
r®) = 4 6B R s 1 (™).

Vi thé r®) — ¢/ 13 mot day dinh hudéng trong R véi

k) — T’/ T

(
! — R s.

5(k)

Do dé6 ap dung Bo dé 1.6 v6i ham ¢(r) thi

A
T ! — 1 <
gé%i/(s Ru = lim S S 0

41



néut' =0. Vay s € F.
Bay gio ta xem xét diéu kien dé F' = F’ tai diém chap nhan dugc
2. Gi& st Ot' c6 s6 chiu 1a ¢’ va v’ € Ot tuy §. Goi H' € RP*? 1a ma
tran c6 cac cot la fli=1,2,...,¢ trong d6 f/ la co s6 ctia Ot' — /.
Khi d6 ot' c6 thé biéu dién dudi dang
o ={u:u=u+Huv,veV CcR’} (2.20)

Diéu kien dé F' = F' tai diem chap nhan duge 2’ dugc néu trong bo dé

duéi day:

Bo dé 2.5. Diéu kien di dé F' = F' tai diém chap nhan duoc «' 1o
i)t <0

i) Néu t' = 0 va ham t(r) la tuyén tinh dia phuong theo r' ( tic la ton
tai mot lan cin md Q cia r' sao cho t(r) = t(r") + maxycop(r — )TN )
thi rank( R'[v' : H'] ) = ¢ 4+ 1 hodc ham r(zx) la affine.

Chiing minh.

i) Néu ¢ < 0 thi 7' = R™\0, do d6 F' = F'.

ii) Gia thiét ¢ = 0. Vi F' C F’ nén ta chi can chiing minh F’ C F'.
Lay s € F.

Néu max,ecgr sT R'u < 0 thi lay 2 = 2/ + 6®s véi day 6 | 0 bat ki,
diéu nay dan t6i t*) < 0 v6i k dit 16n va do d6 s € F' ( vi néu khong sé
ton tai mot day con t*) > 0, st dung khai trién Taylor va B6 dé 1.6 sé
dan t6i max,coy sT R'u > 0, mau thuin ).

Néu maxycgr 5T R'u = 0, lay o/ € Ot 1a vécto bat ki sao cho s” R’/ = 0.
Khong méat tinh tong quat «’ c¢6 thé xem nhu 1a mot vécto tuy y trong

(2.20). Ta cing dinh nghia
ot ={uecot:s"Ru =0}
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Cho s6 chiéu ctia 9t 1a ¢, ( ¢, < ¢’ ) va khong mat tong quét cho f! véi

i=1,2,...,4, 14 mot co sé cua Ot — . Tu do

arpl = 0,i=1,2..4q
<0,i=q.+1,...,¢.
Néu ¢, +1=nthi s"R[u : H ] =07 va do d6 s = 0 vi theo gia thiét
rank( R'[v : H']) = ¢ + 1, mau thuan véi s € F".
Néu ¢, +1 < n thi sé ton tai mot ham tron arc z(0), 6 € [0,0] véi
z(0) =2/, 2(0) = s va
(r(x(0)) —r")u' = 0sTR'u' = 0,
(rwl0)) — )T f =0T R g T A
<0,i=q +1,..q.

Diéu nay dan t6i

gé%?;(r(x(ﬁ)) —rTu = 0. (2.21)
Stt dung diéu kién ¢(r) 13 tuyén tinh dia phuong vé6i v’ thi sé ton tai mot
lan can clia 7’ sao cho t(r(x(0))) = 0 va lay bat ki day 6% | 0 s& cho
duge mot day dinh huéng véi s € F'.

Cudi cuing néu r(x) 1a ham affine thi tia

z(0) =1’ + s

r(z(0)) = +0RTs.
Do d6 c6 thé suy ra hé thiic (2.21) & trén triyc tiép tit max,cop s7 R'u = 0.
Diéu nay mot lan ntta dan t6i s € F'.
Vay F' C F', do d6 F' = F'. O
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2.4.1 Diéu kién t6i wu cap mot

Xét tap cac hudng giam tai x*

D(z*) =D" = {s: max sT(g" + A*)\) < 0}.

Khi d6 ta ¢6 bo dé sau

Bo6 dé 2.6. Néu z* la cuc tiéu dia phuong thi F* N D* = ().
Chiing minh. Lay s € F*, khi d6 ton tai mot day dinh huéng chap nhan
duge 2% — 2* véi s — s,

St dung khai trién Taylor tai x*
R = x4 sR g gk 4 ()
) = ¢ §W A ) 4 o(sk).

Theo tinh chit t6i wu dia phuong nén ¢*) > ¢* véi k du 16n va do d6

oM — ¢t _ f0 —pt hE) — h(e)
J(k) J(k) §(k) '

Chuyén qua giéi han khi & — oo va stt dung Bo dé 1.6 cuing véi thuc té

1a ¢®) — ¢* 1a mot day dinh hudng véi huéng 1a A* s 6 dan t6i

0< Tig* 1 A*)N).
< max s (9" + A™X)

Diéu nay mau thudn véi s € D*. Vay bo dé duge chitng minh. O

Bo dé 2.7. Néu trong R™, C la mot nén loi dong, B la mot tap loi
compact khdc rong va BNC = 0, khi dé ton tai mot siéu phing s'x = 0
tach B wva C.

Chiing minh. Vi B 1a tap compact nén ton tai cac diem be B,geC
lam cue tiéu ham [|b — gz, Vb € B,g € C. Tit d6 v6i bat ki b € B, do
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tinh 161 clia B ma
(1-6)b+6be B, 6cl0,1].
Do dé
[6=G+06(0—b)l3=11-0)b+0b—3lI; > [[b—3lI5
Chuyén qua giéi han khi 6 | 0 ta dugc
(b=0)"G-b <0.

Néus:ﬁ—/l;thi stz >0, Vo € C va sTh < 0.

S

T d6 s7h < 0, Vb € B. Bb dé dugc chitng minh. O

Bay gio ta thiét 1ap ham Lagrange d6i vé6i bai toan (2.17)

L(z, M\ u,m) = f(z) + N e(x) + mulr(z).

Dinh ly 2.6. (Diéu kién can cip mot)

Néu z* la cuc tiéu dia phuong ciia bai todn (2.17) va diéu kién chinh quy
F*ND* = F*N'D* dudc thod man thi ton tai cdc nhan tié \* € Oh*,u* €
ot*, ™ >0 sao cho

" <0
Tt =0
va
0=VL(z" \,u",7") =g "+ AN + 7" R'u". (2.22)
Chitng minh. Gia stt x* 1 cic tiéu dia phuong clia bai toan (2.17). Dé
chiing minh dinh 1y, ta sé chiing minh rang F* N D* = () khi v& chi khi
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cac dieu kien ctia dinh 1§ duge thod man.
Néu cac dieu kién ctia dinh 1y duge thod man thi khi d6 lay s € F* ta
co

Néu t* < 0 thi 7* = 0, suy ra g* + A*\* =0 ( theo (2.22) ).

Néu t* = 0 thi s’ R*u* < 0 ( theo (2.19) ), suy ra

r—g"— A" <

S 0

-
( theo (2.22) ), do d6

sT(g" + A*\*) > 0.
Trong hai truong hgp trén néu s € D* thi sé mau thuan. Vay F*ND* = ()
Ngugc lai néu cac diéu kién ctia dinh 1y khong dude thod man thi ta sé
chi ra c6 mot huéng s € F* N D*. Cac diéu kién nay cla dinh 1y tuong

duong v6i phéat biéu: Nén 16i déng
C={y:t"<0=y=0;t"=0=>y=—7Ru,Vr >0,u € 0t" }
va tap 101 compac
B={b:b=g" + A\ VA€ dh*}

c6 mot diém chung.

Do d6 néu cac diéu kién ctia dinh 1y khong duge thod man tic 1a khong
c6 diém chung gitta hai tap hop trén thi theo B6 dé 2.6, ton tai mot
huéng s sao cho

T/ * *
A\ < 0.
gggS(ng )

Diéu nay dan dén s € D* va t* = 0. Do d6

max s’ R*u < 0
ueot*
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titc 1a s € F*. Nhu vay s € F* 0 D*.
Khi d6 dinh 1y chinh 1a két qua ctia Bd dé 2.6 va gia thiét F* N D* =
F*N D",

2.4.2 Diéu kién t6i wu cap hai

Dé nghién citu diéu kién tdi wtu cap hai, ta phai gia thiét them rang c(x)
va r(z) 1a cAc ham thuoc 16p C? nhung h(c) va t(r) van 1a cac ham 16
thuoc 16p C°.
Cho z*, \*, u*, 7* thod méan cac diéu kién ctia Dinh 1y 2.6 va xét tap

X ={2:h(c(x)) =h+ (c(z) — )N\,

t(r(z)) < 0,7 (r(z) —r)'u* =0} (2.23)

Dinh nghia G* 1 tap cac dinh huéng chap nhan dugc da dugc chuan hoa
lay trén tap X va xét tai x*
G* = {s:]|s]2=1,3{z"™}, 2™ € X,

) — g% s 5 50 | 0} (2.24)
Tap nay lien quan mat thiét véi tap
G*={s:|s]a=1,5 € F*, max s’ (¢* + A*\) = 0,
AeOh*

mmaxs’ R'u=0} (2.25)

ueot*
G* c6 thé dugce hiéu nhu 1a tap cac huéng chap nhan duge déi véi cac
rang budc tuyén tinh tai z* ¢6 do doc 0 va lien quan t6i cd ham ¢(x) va

t(r(z)) (néu 7 >0).

Bo dé 2.8. G*CG*
Chitng minh. Lay s € G*, suy ra s € F* vi do d6 s € F*. Theo Bo dé
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2.1 thi maxegp- 87 (g* + A*A) = 0.
Béng 1ap luan tuong tw néu 7* > 0 ( va t* = 0) thi

(’l"(k) _ T*)T'LL*
5 (k)

— sT R*u*.

0 = lim
Vi s € F* nén tit (2.19) ta c6 7" max,epp s R*u = 0. Vay s € G*. O

Nhan xét 2.1. Mot cach tong quat thi khong phai bao gio ciing c¢6 hé
thic nguoc lai ma noé chi xay ra trong mot s6 truong hop dic biet lien
quan t6i cac ham tuyén tinh dia phuong. Dieu kien G* = G* dudc goi 1a
diéu kien chinh quy.

B6 dé sau day sé cho biét khi nao diéu kién chinh quy xay ra:

B6 dé 2.9. (Diéu kién chinh quy)
Néu x* thod man cac dieu kién cap mot cia Dinh Iy 2.6, néu h(c), t(r)
tuyén tinh dia phuong tai c* va r*, va

rank( [A*D*: R*u" : R"H"] ) =1"+q¢" +1 (2.26)

thy G* = G*. Gid thiét vé hang co thé dugc thay thé bdi gid thiét ring cdc

ham c(z) va r(x) la cic ham affine, ¢ day D* la ma tran cé cdc cot la

di i = 1,1* vdi df la co sd ciha Oh(c*) — \*, con I* la s6 chiéu ciia Oh(c*).
Chiing minh. Theo Bo dé 2.8 thi G* C G*. Ta sé chitng minh chiéu ngudc
lai.
Lay s € G*, ta dinh nghia tap

Oht={ e oh* s (g + A*\) =0}
va gid si 80 chiéu ctia Oh% 1A IX (1X < 1).

Néu t* < 0 hodc t* = 0,7* = 0 v max,egr ' R*u < 0 thi sé xay

48



dung duge mot ham tron arc z(#), 6 € [0,0) sao cho x(0) = z* v&

(0) = s. Do d6 ta co

—0,i=1,2..0"

(c(x(0)) — ) dr = 0s" A*d;
<0,i=04+1,.,0

va do do
=0, A € Oh}

<0, A € On*\Oh?

(c(2(0)) — )" (A= X")

hay
0)) — (A= A*) =0.
max (c(z(6)) — )" ( )=0
St dung gia thiét h(c) 1a tuyén tinh dia phuong tai ¢* nén ton tai mot
lan can cua ¢* sao cho
h(c(x(6))) = h(c") + (c(x(8)) — )N
va lay bat ki day #%) | 0 sé cho ta mot day dinh huéng chidp nhan dugce
va do d6 s € G*.
Néu 7 = 0 vA maxyeg SL R*u = 0 thi khéng mat tinh tong quat
gid st v* 1a phan ti dat max, do dé sT R*u* = 0.
Dinh nghia:
Oht={ A€ oh* s (g +A*\) =0}
ot ={uecot' . s"R'u=0}
phu thuoc vao s. Bay gio s € G* va st dung dieu kién cap mot dan tdi
sT(g" + AN = 1T R*u* = 0.
Do do6
sSTA*(A=X)=0 V\eoh!
sTR*u =0 Yu € Ot
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VALt (2.25) ta co
sTA*(A=X) <0 Y\ €Oh\on!
sTR*u < 0 Yu € 0t"\Ot:.
S6 chiéu ctia OhF va Ot lan lugt 1a ¥, ¢ va lay u* 1a vécto tuy ¥ giong

nhu ' trong (2.20). Khong mat tinh téng quat gid st rang cac vécto

di,i=1,1r va f',7 =1, ¢ 1ap thanh co s6 ctia Oh — \* va 0t7 —u*. Khi
do

=0,1=1,2,..,1[}
sTA*dy

<0, e=0+1,..,10%
sTR*u* =0,

=0,1=1,2,...,q;
STR*fZ‘*

<0,i=gq;+1,...,q"
Néu I¥ + ¢* + 1 = n thi tir gid thiét vé hang ctia ma tran dan t6i s = 0
mau thuan véi s € G*. V6i I} + ¢ + 1 < n thi ta sé xay dung dugc mot

ham tron

va
(c(z(9)) — c*)Tdf = OsT A i =1,2, ..,
6)) — r*)Tu* = 0s' R*u* (2.27)

~
<
~
8
~~

(r(x(@)) — T*)Tf* =0T R fFi=1,2,....q".

7

Tw d6 dan t6i

max (c(z(0) =) A=X)=0 (2.28)
max (r(=(0)) — r*)Tu =0, (2.29)
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tir gid thiét vé tinh tuyén tinh dia phuong ta c6
h(c(z(0))) = h* + (c(x(0)) — &) A"
t(r(x(0))) = 0.
Cong vao (2.27) phuong trinh
™ (r(=(0)) — ")

dan t6i x(f) € X trong (2.28) va do d6 bang cach lay mot day bat ki

u* =0 (2.30)

6% | 0, s 1a mot huéng chap nhan duge trong G*.
Cubdi cling néu gia thiét c(x) va r(x) 1a affine thi arc z(0) = z* + 0s
co
c(z(0) = + A" s
r(z(6)) =" + R* s
va dé dang suy ra (2.28), (2.29), (2.30) truc tiép tit phuong trinh

max sT A*(A — \*) =0

AEOh*
T p*, .
maxs R'u=20
uegt*
sTR*u* = 0.
B6 dé duge ching minh xong. O

Bay gio ta sé nghién cttu cac dieu kién can va du cap hai cho bai
toan t6i wu khong tron c¢6 rang buoc (2.17) § trén
Dinh ly 2.7. (Diéu kién can cap hai)
Néu z* la cuc tiéu dia phuong cia bai todn (2.17) va F*(\D* = F*ND*
thy Dinh ly 2.6 dugc thod mdn. Khi dé vdi moi bo ba \*,u*,7*, néu
G =G" thi
sTV2L(x*, N, ut, m)s > 0, Vs € G~ (2.31)

51



Chaing minh. Lay s € G*. Khi d6 s € G* va ton tai mot day dinh huéng
chap nhan dugc trong tap X duge xac dinh & (2.23). Khai trién Taylor
ham L(z, \*, u*, 1) tai 2* ta dugc

L(z™ X u*, %)
= L(z", N\, u*, 7)) + e(k)TVL(a:*, A ut, )
1
+§e(k)TV2L(x*, A, ) e®™ 4 0(]]e™]?) (2.32)
v6i e®) = () — z* Theo dinh nghia ctia L thi
L(:U(k), A ut, ) — L™, N u®, ")
_ f(k) _ f* + (C(k) . C*)T)\* + 7_(_>z<(7n(k) . ’I“*)TU* (233)
= [ = f 4 (M) =
= —¢".
Vi z* 1a cuc tiéu dia phuong ciia ham ¢ va e = 2®) — z* = §#) () pen
ta co

1 2 2
0<o® — ¢t = §5<k> sWIP2L (2% N u, 7) s 4 0(8H.

7 Z 2 1 2 Z o« 4 .
Chia ci hai vé clia bat dang thic trén cho 55%) va lay giéi han khi

k — oo ta duge (2.31). O

Dinh 1y 2.8. (Diéu kién du cap hai)
Néu tai z* ma t* < 0 va ton tai \* € Oh*,u* € Ot*,m* > 0 sao cho

T*t* = 0 dong thoi (2.22) thod mdn. Khi dé néu
sTN2L(x*, \*,u*, m)s > 0, Vs € G* (2.34)

thy x* la cuc tiéu dia phuong chat cia bai toan (2.17).
Chiing minh. Gia st ngudce lai «* khong 1a cuc tiéu dia phuong chat, khi
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d6 ton tai mot day chap nhan duge va do d6 ton tai mot day dinh huéng

chap nhan duge 2 — 2%, s*) — s ||Is|]; = 1 sao cho ¢ < ¢*. Lay

s € F*, suy ra s € F*. Stt dung (2.22) ta c6
F<0=r1"=0=g¢"+A"\"=0

vati s € F* ¢co
t* =0 = max s’ R'u <0.
uceot*

Do d6 trong ca hai truong hop déu dan t6i

0< T(g* + A*N) = L.
< maxs (g" + AA) = p

Néu g > 0 thi theo B dé 1.6 c¢6
=upu>0.
Do d6 ¢*) > ¢*, mau thuan véi ¢o®) < ¢*. Vay u = 0.
Lay sT(g* + A*\*) < 0. Khi d6 diéu kién cap mot dan t6i 7* > 0,¢* =0
va sTR*u* > 0 mau thudn v6i s € F*. Do d6 sT(g* + A*)*) = 0 va
s R*u* = 0.
T s € F* dan t6i 7* max,eco L R*u* = 0 vav do do s € G*.
Bay gio tir (2.23) ta co
L(z™ N u¥, 7)) — L(x*, N, u*, 1)
_ ¢(k) . ¢* . (h(k:) _ R — (C(k) - C*)T)\*)
Fr (t0) — ¢ — (1)~ — () — ) Ty))
<ot =gt =) <o — ¢
(St dung bat dang thiic dudi vi phan va tinh chap nhan duge)
Tit (2.32) va (2.22) ta dugc
0> " — ¢ > %5(]“)25(’“)TV2L($*, 2wt ) s 4 0(5(k)2).
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) 1 .
Chia ca hai ve cho 55(’“)2 va chuyén qua giéi han thi
STV L(2*, N, u*, m)s < 0

mau thuan véi (2.34). Vay diéu gia st 1a sai.

Dinh 1y dugce chiing minh. [
Hé qua 2.2. Néu dao ham theo hudng

T/ x *
A\
max s (9" +A"N)

duong vdi moi hudng chap nhan dudc trong F* hay mot cdach tuong duong
la néu G* = 0 thy dieu kién cap mot la du dé dan tdi x* la cuc tieu dia
phuong chat cia bai todn (14.6.1)

Chatng minh. He qua nay dude suy ra tryc tiép tit Dinh 1y 2.8. O
Sau day ta sé dua ra mot sd6 vi du minh hoa cho bai toan téi wu khong
tron c6 rang buoc (2.17)

Vi du 2.3. Xét bai toan

min [l2]
v6i dieu kién
Ir ()]l 0.5 (2.35)
trong dé6 r : R — R* duge dinh nghia béi

r = x% + :C% —1
To = 12 — 0.5
1
ry =1 + 5(a:;% —1) (2.36)

ry = —x1 + x% + 0.54
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Bai toan nay la mot vi du ctia bai toan (2.17) véi
f(@) =0, c(z) =z, h(c) = [|c[|oc, t(r) = [|r[[y = 0.5
Tai z* = (0.6, 0.8, 0)T, r* = (0, —0.02, 0.42, —0.06)7, ta c6
|2*||c = 0.8 = Oh* = {(0,1,0)"}

do d6 néu A* € 9h* thi A* = (0,1,0)7.

Ta co
217 To
Vri(z) = |2z, |, Vry(z) = | x4
0 0
1 —1
Vrs(z) = |2y |, Vrgx)=1 0
0 213

Diéu nay dan téi
1.2 08 1 -1

R=Vr" =116 06 08 0

0O 0 0 O
A =1,

Khi d6
t" =t(a") = |r]| + |r3| + |r3| + ]3] —0.5=0
ot" ={ (a,—1,1,-1) : o] <1 }.
Bay gio ta phai tim u* € Jt*, 7* > 0 thoa man
gG+AN+ 1T Ru =0
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tuc 1a

0 1.2 0.8 1 -1
—1
1|{+7" |16 06 08 0 =0
1
0 0O 0 0 O

(120 +1.2)7* =0

=
(1.6 4+0.2)7*+1=0
a=—1
~ . 5
T _— —
7
Khi d6
w = (-1,-1,1,-1T.
Vay v6i
5
M =(0,1,0", v =(-1,-1,1,-1D)", n* = -

thi z* thod man diéu kién can cap 1.

Tiép theo ta sé& xac dinh tap

G*={s:|s]a=1,5€ F*, maxs'(¢°+A\) =0
A€oh*
m*maxs’ R'u=0}
ueot*
Véi A € Oh*,u € Ot* thi
sT(g" + A*)\) = (51, 59,53)(0,1,0)" = s
sTR*u = s1(1.200 4 1.2) + s9(1.6 + 0.2).

Do dé
G ={s:||s]la=1,80=0,5 <0}.

56



S6 chieu ctia Oh* va Ot* tuong tng 1a ¥ = 0,¢* = 1, co s6 clia Ot* —u* =

(@ —1,0,0,0)7 1a H* = (1,0,0,0)7. Do dé ma tran

0 1.2
[R'u": R'H" ] = | —14 1.6
0 0

c6 hang 14 2 = [* +¢* + 1, vi vay diéu kién chinh quy G* = G* dugc thoa
man.

Xét ham Lagrange cho bai toan:
Lz, N\ u,m) = f(z)+ Z Aici(x) +m Z u;r;(x)
= M1+ Ao + A3x3 + [ul(x% + 22— 1)
1
+ug (19 — 0.5) + ug(z1 + §(x§ — 1))

+ug(—21 + 25 + 0.54)]

Ta co
A1+ 2muixy + TUTo + TU3 — TU4
VL(x,\u,m)= Ao + 2mu e + TULX + TUITY
A3 + 2mugxs
va

27TU1 U9 0

V2L(I,)\,u,ﬂ') = Tuy 27u; + Tus 0

0 0 27Uy
Diéu nay dan t6i
-2 -1 0
VAL(x* M u, 7)) = | =1 =1 0
0O 0 -2
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Do do6

210
STV s = _TST 110]s
00 2
-5 2 2 2 *
— 7(251+23152+52+53)<0, Vs e G

Diéu nay ching t6 z* khong thod méan diéu kién can cap hai, do d6 z*
khong phai la nghiém.

Tren thyc té, 101 gidi ctia bai nay 1a

1 6
r] =5 = +5\/_, ry = /] — 0.54 = 0.387167.

Nhan tit \* = (0.4367, 0.563299)7, u* = (—1,—1,1,0)T, 7* = 0.408247

thod man diéu kién cap mot. Vi \* vi u* lien quan t6i phan trong cia
Oh* va ot*, I* + ¢* + 1 = 3 va vi diéu kién vé hang trong (2.26) dugc
thod man. Do d6 G* = G* = () va diéu kien cap mot du dé chi ra z* 1a

nghiém.

Vi du 2.4. Xét bai toan

min [|c(x)][1
v6i didu kien ||zl < 0.8 trong d6 ¢ : R? — R* duge dinh nghia baéi

o= +a5—1
02:$1$2—0.5

1
03:$1+§($%—1)

cy = —T1 + x% + 0.54
Chitng minh z* = (0.6,0.8,0)1 thod man diéu kién cip 1 nhung khong
thod man dicu kién can cap 2.
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Glidi. T gid thiét ta co
f(z) =0, h(c) = |||,
r(z)=r, t(r) = ||r||c — 0.8
St dung két qua tinh toan tu vi du (2.3) ta dugc

12 08 1 -1
A*=ve' =16 06 08 0

0O 0 0 O
R =1.

T
¢ =c(z") = (0,—-0.02,0.42, —0.06)
dan téi
Or" =0l ={ (A, -1,1,-1): [A[ <1}
Mt khac ||z*]|o = 0.8 nén
ot" = 9||7*]|oe = {(0,1,0)} vat* =0
Do dé néu u* € Ot* thi u* = (0,1,0)7 va néu \* € Oh* thi \* =

(A, —1,1,—1)T trong dé |\ < 1.

Xét dieu kien cap 1:

g+ AN L TR =0

Hay
(2
12 08 1 -1 0
160608 0| |1l =0
o 0 0 o) 0

\-1)
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Diéu nay dan t6i
1200 +1) =0
1.6A4+ 02+ 7 =0

Dodo A= -1, n* =

SARIEN|

Vay véiu* = (0,1,0)T, M = (=1,-1,1,-1D)T var* = g thi z* thod man
diéu kien cap 1.
Bay gio ta kiém tra diéu kién can cap hai doéi véi «*. Tuong tu nhu vi
du 2.3 thi
G '={s:|s]la=1,80=0,8 <0 }.

S6 chiéu ctia Oh* va Ot* tuong tng 1a [* = 1,¢* = 0, co s§ cia Oh* — \*
1a D* = (1,0,0,0)". Do d6 ma tran

1.2 0

A*D*: Rul = | 1.6 —1.4

0 0
c6 hang 14 2 = [* +¢* + 1, vi vay dieu kién chinh quy G* = G* dugc thoa
man.

Xeét ham Lagrange cho bai toan:
L(z, A\, u, )

1
= M (22 + 23 — 1) + X225 — 0.5) + A3(z1 + 5(:1:3 —1))

+ Ay (1 + :c§ + 0.54) + m(urx1 + usws + u3T3)

Ta co
2/\1.%1 + )\Q.IQ + )\3 — )\4 + UL
VL(z, A\u,m) = 2X\z9+ Noxy + A\3x9 + Ty

2 4T3 + TU3
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va

2\ A9 0
VQL(xa /\7 u, 7T) = Ao 2X1+ A3 O

0 0 24
Do dé
-2 -1 0
VEL(z*, M u* 7)) = | =1 —1 0
0 0 =2
Vay
210
s'V2L's = _?ST 1 10]|s
00 2

—7
= — (253 + 25189 + 55 4+ 53) < 0, Vs € G*.

Diéu nay chitng té 2* khong thod méan diéu kién can cap 2 nén z* khong

la nghiém cua bai toan.
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Két luan

Luan van "Dudi vi phan ciia ham 16i v tng dung trong t6i uu hoéa

khong tron" da tap trung nghién cttu mot s6 van dé sau day:

1. Trinh bay khai niém duéi vi phan ciing v6i mot s6 tinh chat co

ban va cac phép toan cua no.

2. Phat biéu hai bai toan toi wu khong tron: bai toan khong rang

budc va co6 rang budc.

3. Ching minh chi tiét cac dieu kién téi wu cap 1 va cap 2 cho hai

loai bai toan trén va dua ra moi lien hé v6i bai toan t6i wu tron.
4. Xay dung cac vi du minh hoa cho cac bai toan t6i wu khong tron.

Do khuon kho luan van thac si c6 han va diéu kién thoi gian khong
cho phép nén con nhiéu ¥ tudng hay ma téc gia chua thé thuc hién dugc
mot cach day du. Chac chan rang, trong thoi gian t6i, tac gid sé tap

trung tim hicu ki luéng hon nhitng van dé con chua duge thyuc hién.

Luan van nay dugc hoan thanh duéi sy huéng dan cua GS. TS.
Tran Vil Thiéu va sy nghién citu, lam viéc nghiém ttc ctia ban than. Tac
gid xin bay té long biét on sau sic dén sy quan tam hudéng dan nhiét

tinh nhung hét siic nghiém khac ctia thay.

Tac gia xin chan thanh cdm on Ban giam hiéu, Phong NCKH-
DTSDH, Khoa Toan - Co - Tin Truong Dai hoc Khoa hoc Ty nhién -
Dai hoc Qudc gia Ha Noi da giap ds, dong vién, tao moi diéu kién thuan

loi cho tac gia trong qua trinh hoc tap va hoan thanh ban luan van nay.
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