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Abstract. Let X, X5,... be a sequence of independent, identically distributed(i.i.d)
random variables each taking values 0,1,a with equal probability 1/3. Let u be the
probability measure induced by S = > - 37" X,,. Let a(s) (resp.a(s),a(s)) denote
the local dimension (resp. lower, upper local dimension) of s € supp u, and let

@ = sup{a(s) : s € supp pu};a = inf{a(s) : s € supp pu}

E = {a: as) = a for some s € supp pu}.

In the case a = 3, E = [2/3,1], see [6]. It was hoped that this result holds true with
a = 3k, for any k € N. We prove that it is not the case. In fact, our result shows
that for k = 2(a = 6),@ = 1, o = 1 — B0YR-I82 & 078099 and B = [1 —
log(1+\/g)—log2 1]
2log 3 ) =l
1. Introduction

Let X1, X5, ... be a sequence of i.i.d random variables each taking values a1, as, ..., G,
with probability p1,ps, ..., pm respectively. Then the sum

S = Z p"Xn,
n=1
is well defined for 0 < p < 1. Let u be the probability measure induced by S, i.e.,
wu(A) = Prob{w : S(w) € A}.

It is known that the measure p is either purely singular or absolutely continuous. In 1996,

Lagarias and Wang|[8] showed that if m is a prime number, p; = ps = ... = p,,, = 1/m and
aiy, ..., a;y, are integers then p is absolutely if and only if {a1,as, ..., a,,} forms a complete
system(modm), i.e., a3 =0 (mod m),az =1 (mod m),... ,a;, =m —1 (mod m).

An intriguing case when m = 3,p; = pa = p3 = % and a1 = 0,a2 = 1,a3 = 3,
known as the ”(0,1,3) — Problem”, is of great interest and has been investigated since the
last decade.
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Let us recall that for s € supp u the local dimention «(s) of u at s is defined by

_ log p(Bh(s))
a(s) = hlg{ﬁ logh

(1)

provided that the limit exists, where By (s) denotes the ball centered at s with radius h. If
the limit (1) does not exist, we define the upper and lower local dimension, denoted @(s)
and a(s), by taking the upper and lower limits respectively.

Observe that the local dimension is a function defined in the supp p. Denote

a = sup{a(s) : s € supp p} ; a =inf{a(s) : s € supp p};

and
E ={a: a(s) = «a for some s € supp u}

be the attainable values of a(s), i.e., the range of a.

In [6], T. Hu, N. Nguyen and T. Wang have investigated the ”(0, 1, 3)- Problem”
and showed that E' = [2/3,1]. In this note we consider the following general problem.
Problem. Describle the local dimension for the (0,1, a)- problem, where a € N is a natural
number.

Note that the local dimension is an important characteristic of singular measures.
For a = 3k + 2 the measure p is absolutely continuous, therefore we only need to consider
the case a = 3k or a = 3k+ 1,k € N. For a = 3k it is conjectured that the local dimension
is still the same as a = 3, it means that £ = [2/3,1]. Our aim in this note is to disprove
this conjecture. In fact, our result is the following:

log(14++/5)—log 2 and E = [1 _

Main Theorem. For a = 6 we have @ = 1,0 = 1 — 51053

log(1++v/5)—log 2 1]
2log 3 ol
The proof of the Main Theorem will be given in Section 3. The next section we establish

some auxiliary results used in the proof of the Main Theorem.

2. Auxiliary Results

Let X7, Xo,... be a sequence of i.i.d random variables each taking values 0,1,6
with equal probability 1/3. Let S = > °° 37X, S, = >.i", 37"X; be the n-partial

sum of S, and let u, u,, be the probability measures induced by S, S, respectively. For any
s=3.0" 13"z, €supp p, T, € D: = {0,1,6}, let s, = > ., 37“x; be it’s n-partial sum.
It is easy to see that for any s,,s], € supp fn, |sSn — s,,| = k37" for some k € N, and for

any interval between two consecutive points in supp u, there exists at least one point in
Supp fn+t1. Let

(sn) = {(z1,22,...,2,,) € D™ : Z3‘im‘i = Sp}-
i=1

Then we have
tin(50) = #(2)37" for every n, (2)

where #A denotes the cardinality of set A.
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/

Two sequences (z1, 2, ..., Ty) and (z}, 5, ..., 2},

) in D™ are said to be equivalent,

~ (o] ] A n —i,.. 1 —i
denoted by (x1,x2,... ,xn) = (27,25, ... ,2),)if D" 37 x; = >, ; 37 'x,. Then we have
2.1.Claim. Assume that (z1,z2,... ,2,) and (2}, 25,... ,2)) in D™ If (x1,29,... ,2,) =
(), 25,...,2)) and x,, > z), then z,, = 6,2, = 0.
Proof. Since (z1,22,... ,x,) = (z},25,... ,z,), we have

3" Moy —2)) +3" 2z —xh) + ...+ 3z — 2, )+ — ), =0,

which implies z,, — ], = 0 (mod 3), and by virtue of z,, > x], we have z,, —x], = 6. Hence
xn = 6,2), = 0. The claim is proved.

Consequece 1. a) Let s,,11 € supp fin4+1 and Sp41 = Sp + 3n—1+1, Sp € Supp py. We have

#(Sn11) = #(sn) for evrery n.

b) For any s, s,, € supp W, such that s, — s, = 3%, we have

#(sn) < #(sp)-

Proof. Observe that a) is a directive consequence of Claim 2.1.
b) It is easy to see that if s, — s/, = =L, then s, = s,_1 +

1 1
n 311 )
3%, where s,,_1 € supp pi,,—1. Therefore from a) it follows that

5w and 8, = s, 1 +

#(sn) = #(sn—1) < F£(sp)-

Remark 1. Observe that from |s,, —s] | = k37", it follows that if 5,41 € Supp pn+1
and Sp4+1 = Sn + 3n_1+1 then s,41 can not be represented in the forms

6

"
Or Sp4+1 = Sy, + wa

o
Sn+1 —Sn+Wa

where s,,, 8!, s!! € supp p,. Thus, for any s,,11 € supp p,+1 has at most two representa-
tions throught points in supp p,-

2.2. Claim. Assume that s,,s] € supp pn,n > 3. Then we have

a) If s, — s/, = 3%, then there are three following cases for the representation of

/.
n-

1 . o 0
1. Sn = Sn—1+ 37 ; S, = Sn—1 1 3w,
2. Sy =Sp_9+ ot + a8 =58 o4 mer + o, or
« On — On—2 3n—1 3n 1 On — °n—2 3n—1 3n
3. 8n = Sn—2+ giT T 37 5 S = Sp_g + 3T + 3
- On — On—2 3n—1 3n Sp = Sp—2 3n—1 3n
where $,,_1 € supp pn—1 and s,_2, s, _5 € SUPD fn_2.
b) If s, — s}, = == then there are four following cases for the representation of s,,, s,
— 0 6 . o _—_ o 1 1
Sp =8p—2+ 3a—T T 37 ; Sy = Sp_2 T 3m-1T T 37,
_ 1 0 . 0 1
Sp = Sp—2+ zm-1 T 37 3 n—2 T 3a=T T 3,

s, =s,
— 6 6 . o — o 1 1
Spn =8p—2+ 3a-1 T 37} Sp = Sp_2 T 3a=1 + 3%, OT
1 0 . o
Sn =8p—2 "+ 35T T 37 S, =5

Snsy S

L

/ 6 1
n—2 T 37 + 37,
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where s,,_1 € supp pi,—1 and s,_2,5, 5 € SUPD fn_2.
Proof. Let s, = i 37 'z; and s, = >, 37 '@}, z;,x} € D.
a) If s, —s), = 3 then 3" (z1—2})+3" (2o —ah)+. . . 4+3(Tp-1—},_1)+ Ty —a], =

1, which implies s, — s, =1 (mod 3), hence z,, — z}, =1 or z,, — x| = —5.
For z,, — x|, = 1 we have z,, = 1,2/, = 0. This is the case 1.a.
For x,, — x|, = —5 we have z,, = 1,2}, = 6 and

3" 2z — )+ .+ 3(xpo— T o) F T — 2, =2,
which implies s,,—1 — s),_; =2 (mod 3), hence z,,_1 —z,,_; =5 (zp—1 =6,2],_; =1) or
Tp—1—2h_1 =—1 (zn—1 =0,2),_; = 1) are the cases 2.a, 3.a respectively.
b) The proof is similar to a).

Consequence 2. Let s, < s, < s!! be three arbitrary consecutive points in supppiy.
: / " /A 1
Then either s;, — s, or s;, — s;, Is not ;.

The following fact provides a useful formula for calculating the local dimention.

2.3. Proposition. For s € supp u, we have

provided that the limit exists. Otherwise, by taking the upper and lower limits respectively
we get the formulas for a(s) and a(s).

We first prove:

2.4. Lemma. For any two consecutive points s, and s, in supp p, we have

Mn(sn)
<
n(sh) S

Proof. By (2) it is sufficient to show that zézj‘i < n. We will prove the inequality by

induction. Clearly the inequality holds for n = 1. Suppose that it is true for all n < k.
Let sg+1 > s}, 41 be two arbitrary consecutive points in supp p,+1. Write

Ti41
Sk+1 = Sk + SEr1 Sk € supp pi, Tr+1 € D.

We consider the following cases for xy1:
Case 1. 23411 = 6. Sg41 = Sk + 3k—(11 = S + 3% Let s). € supp py be the smallest value
larger than sg.

la) If s, = s + 55 then s}, = s} + 5, hence by Consequence 1l.a, we have

#(s}, 1) = #(s},). Note that if si;1 has a other representation, s}, = s} + 5o, 5), €

supp p, then s, and s} are two consecutive points in supp py and s; < s < s}, a

contradiction. It follows that #(sk4+1) = #(sk). Therefore

#(ski1)  #{sk)

= <k<k+1.
A5 sy SR
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1.b) If s, > s, + 3% = Sg41. S0 Skp+1 has at most two representations through sy
and s)( sp+1 = sk + yﬂ% and spy1 = s), + 3,6%) It follows that

(k1) < F(sk) + #(s%)-

Since s; < s + ?)k% < Skt1 < S, Siyq € (Sk,Sk41). On the other hand sy, s) are two
consecutive points in supp fix, 50 sy, | & supp pg. It follows that
If s} + 3,6% < 8+ ?)k% for s} € supp py with s}, < si then s;_ | = s + 3;@% Therefore

#iske1) _ #{sk) + #(si)

< <k+1.
(5 ) H(sr) +

If there exists s € supp p such that s, + 3,9% < s+ Sk% < spy1(s) < si) then
Shp1 = S§ + 357 and 0 < s — s} < 357 < 3, 50 sp = ) + zr. By Consequecel.b),

#(spp1) = #(8%) = ##(sk). Therefore

#ish1) _ #{sk) + #(sp)
#(shi1) #(sk)

<k+ 1L

Case 2. 211 = 1. Sp11 = s+ # Then s, | = s+ Sk%. If there exists s}, € supp p
such that s;_ , = s} + %% then s, s are two consecutive points in supp pug(because
sk — s, = 2/3F). Therefore

#<S;c+1> _ #<8;c+1> < #(sk) +#<S;€> <k+l.

#(skpr)  Hlse) #(sk)

Case 3. zx11 = 0. Sg41 = Sk + 3,9%. Note that if spy1 has other representation,
Sky1 = S), + 3;@% then it was considered in the Case 1. So we may suppose that

6
Ski1 7 Sk + FTEs) for all s € supp k- (3)

Then we have #(sg11) = #(sk). Write

/
x
i k+1 / 6 D.

P
Sk+1 = Sk T gyt Thet

Since Sky1 = Sk + 3,9% € supp pg and x_, # 0, 2., = 1 or ¥}, = 6. Which implies

#(S)41) = #(s}). We claim that s; and s are two consecutive points in supp py.
In fact, if there exists s} € supp py such that s}, < s} < s = sg41, then

S = Spp + 37T (4)

(If it is not the case, s} = s} + 3,6% < s < Sp = Sp41, then s, and s, are not
consecutive).
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Since s}, ; and spy1 are two consecutive points, s} < sj_; = s}, + gk% =5, + 3%,
hence 1
" /

S = Sk + 3_k (5)

From Consequence 2 and (3),
6 2
(6)

1 "
5k+wzsk+37<5k:8k+l-
6 2 1 6
From (4), (5) and (6) we get s} | = 8;. + 5037 = S, T3¢ = 55, T3¢ < 5 + 3057 <
Sk = Sk+1, & contradiction to S;c-i—l and si41 are two consecutive points.

Therefore
#{sk41) _ #(sk) <h<k+l
#(sha1)  H#sk)
Proof of Proposition 2.3. We first show that for rgiven > 1 and for any s € supp u
if there exists lim M, then

n—00 log(r3—™m)
a(s) — lim lOgM(BTS:" (S)) — log,U'(Br?f”(S)). (7)
n—oo  log(r3—") n—oo log3—"

Indeed, for 0 < h < 1 take n such that 3771 < % < 37", Then

log pu(By3-n-1(s))

log (B3 —n(s)) _ log pu(Bn(s))
log(r3—")

log(r3—n-1) = log h

—n—1
log(r3 ") _ 1, we have

Since lim
nosoo log(r3—n)

log p1(Br3-n(3))
log(r3—m)

log u(Byg-n(s)) _ . logu(Brg-n-1(s)) _
n—o00 log(’/“,?)_n_l) n—oo log(’r‘?)_”) n— o0

Therefore, (7) follows. Since

1S = Su| <6> 377" =337,
=1

we have

p(Bs-n(s)) = Prob(|$ — 5| < 37")
< Prob(|S, —s| <37 +33"=43"")

= MH(BTS—” (S)),

where r = 4.
Similarly, we obtain

fin(Brz-n(8)) < p(B(ry3)3-n(5))-
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From the latter and (8) we get

log u(Byr13)3-n(5)) _ log pin(Brs-»(s)) _ log p(Bs-n(s))
log 3—" = log3—" = log3—" '

Letting n — oo, by (7) we obtain

1 IOg,U’n(Br?)—"(S))
als) = nh—>Holo log 3—n

(9)

Observe that B,3-»(s) contains s,, and at most six consecutive points in supp pu,
(because 2r = 8 and by Consequence 2). By Lemma 2.4,

1Og:un(sn> > log,un(Br?F" (8)) > 108;[6”5,%(371)]
log3—" ~— log 3—™ - log3—n

From the latter and (9) we get

_logpun(sn) . |log pn(sn)l
:1 7_1 T - .
afs) = lim = s = o3

The proposition is proved.
For each infinite sequence x = (x1,x2,...) € D> defines a point s € supp p by

s=5(x):= i 37"y,
n=1

Let
x = (x1,22,...)=(0,6,0,6,...), ie., zor_1 =0,20, =6,k =1,2,... (10)

Then we have

2.5. Claim. For z = (21, 22,...) € D™ is defined by (10), we have
a)
#(s2n) = #(s2n-1);

b)

#(S2(n+1)) = F#(52n) + #(52(n—1))> (11)
for every n > 2, where s,, denotes n- partial sum of s = S(z).
Proof. a) Observe that #(s2,) > #(s2n—1). On the other hand, let (z],5,..., x5,) €

(S2n). If 2b,, # 6, then by Claim 2.1, x4, = 0. It follows that s}, _; —S2,—1 = 5357, where
Shp_1 = 2321_1 37%z,. From Claim 2.2.b), it follows that z2, 1 = 1, a contradiction to
Zon—1 = 0. Thus x4, = 6, which implies (z}, x5, ... ,25, 1) € (S2n—1). That means

#(s2n—1) = #(52n)-

Therefore

#(s2n) = #(s2n-1)-
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b) For any element (z7,5,...,%5,, %5, 1,T,42) € (S2n42), from the proof of a) we
have (z,2%,...,2%,,1) € (S2n41). So, by Claim 2.1, z5,,; = 0 or x5, ,; = 6 (because
Ton+1 = O)

If 25,1 = 0 then (z,25,... ,25,) € (s2n).

If x5, ., = 6, since (27,25, ... ,25,,6,6) = (x1,T2,... ,T2pn_1,T2pn,0,6), s2, — 53,

35, where b, = ngl 37%zl. By Claim 2.2.b) and 2, = 6 we have x5, | = x5, = 1,
which implies (x), x5, ... ,25,_5) € (S2n—2) (because (0,6,0) =~ (1,1,6)). Let

A= {($/17x/27 ce 7wl2n72ﬂx,2n717x/2n7076> : (:L’/l,.’l:é, ce ,.’E’2n) € <32n>}7
B = {(yivyév s ’yén—2’ 1,1,6, 6) : (yllvyév cee 7yén—2) € <82n*2>}'
From the above arguments we have
AUB = (sgp42) and ANB=1.

Therefore
#(S2(nt1)) = #A+ #B = #(s2n) + #(S2(n-1))-

The lemma is proved.
Consequence 3. For s € supp i is defined as in Claim 2.5 we have

ﬁ 1+ \/5>n+1 _ (1 _ \/g)nJrl]

n) = n—1) = s 12
Hloan) = loan 1) = L[ - (12
for every n > 1.
Proof. 1t is easy to see that (12) satisfies (11).
2.6. Claim. For s € supp u is defined as in Claim 2.5 we have
log(1 —log 2
als) =1 og(1++/5) — log
2log 3

Proof. For n > 2 take k € N such that 2k <n < 2(k + 1). By (12),

V5 V5

?(alfJrl —ayt) < #(sn) < ?(CL]fJr2 —ay*?),
where a; = 1+2\/g,a2 = 1_2\/5.
It follows that

|log P (a1 — a5 )37 _ |log n(sn)| _ |log % (af™ — a3t!)3—"2|
2(k+1)log3 = nlog3 2klog 3
Since
o [log (@t — gtz log et —apth3 R logay

k=00 2(k +1)log3 s 2k log 3 2log3’
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by Proposition 2.3 we get

log(1 + v/5) — log 2

afs) =1- 210g 3

The claim is proved.

2.7. Claim. Let © = (21, 22,...) be a sequence defined by (10). Then we have

3#(san—1) < 2#(sap41) for every n,

where s = S(z) and s,, denotes n-partial sum of s.
Proof. Observe that the assertion holds for n = 1,2. For n > 3, by Claim 2.5 we have

24 (s2ny1) = 2#(s2n—1) + 2#(s2n—3)

#(san—1) — #(s2n—1) + 2#(s2n—3)

#(s2n—1) — #(52n—3) — #(S2n—5) + 2#(s2n_3)
( )+ #(

S2n—1) + #(s2n—3) — #(s2n—5) > 3#(520—1).
The claim is proved.

2.8. Claim. Assume that s,41 € supp pn+1 has two representations through points in
supp pin(n > 3). Then, either

#(sp+1) = #(sn—1) + #(sp—3) for some s, _1 € supp p,—1 and some s, _3 € SUPP fin—_3,

or
#(8p11) < 2#(sp—2) for some s,,_o € SUPP fiy—_2.
Proof. Let sp41 = sn + 3n()+1 =s + 3n+1, which implies s,, — s, 3n, so by Claim 2.2.b),
x), = 1,2, =0 or x,, = 6. We consider the case z,, = 0. The case z,, = 6 is similar. We
have 0 0 1 6
o
Sp4+1 = Sp— 1+3—n+3n+1 —8n71+3—n+w. (13)

We claim that s, has only one representation through point s,,_1 € supp pn—1. In fact, if
it is not the case, s,, = 5,1 + 3% =sr .+ 3%, then

0 0 , 6 0 1 6
Sl S g T g T S g g T S g g
which implies s,,—1 — s),_; =}, _; — SIl_; = z==7. a contradiction to Consequence 2.

Hence,

#(Snt1) = F(sn—1) + #(s},_1)-
From (13) yield s,,—1 — s/ 3n =1, by Claim 2.2.a), z,,_; = 1. So that , by Consequence

n—

l.a), #(sp—1) = #(Sn_2). herefore

#(snt1) = #(sn—2) + F#(s,_1)-
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Consider the following cases.
1. If s,_; has only one representation through some point s, _, € supp fin—2 then
#(s!,_1) = #(sl,_5). Without loss of generality we may assume that #(s,_2) > #(s),_5).

Then
#(snt1) = #(sn—2) + #(Sln—2> < 29 (sn—2)-

2. If s/, has two representations through points in supp p,—2, s,_; = Sp—2 +
= Sl,_y + 32, then

3n—1

1 0 0 0 1 6
gn—1 + 3n + gn+l Sn—2 + gn—1 + 3n + gn+1
6 1 6
3n—1 + 3_n + 3n—|—1 :

Sn41 = Sp—2 +
o
= Sp—2 +

Since (1,0,0) =~ (0,1,6), Sp—2 = sir_5, and 50 s,_2 — 5}, _ = 527. Hence, by Claim 2.2.b),
x},_y =1. Thus, s,,_, = s}, _3 + 527
We check that s, _5 has only one representation through some point s, _3 € supp p,_3.

If it is not the cases s,,_o = $,,_3 + ?m% =8l o+ 3n—6,2, then

0 1 0 0
3n—2 ' 3n—1 + 3n + 3n+1
6 1 0 0
32 T ga1 3 T3

) 1 6 1 6
3n—2 3n—1 + 3_n + 3n+17

Sp+1 = Sn—3 +

which implies s,,_3—58],_5 =8, _s—8I_5= %%3 Which is a contradiction to Consequence
2. So, #(sp—2) = #(sn—3). Therefore

#(snt1) = #(sn—3) + F#(s,_1)-

The claim is proved.

2.9. Claim. Let k£ > 3 be a natural number such that
H#(tant1) < #(s2n41) for all n < k and for every ton41 € SUpp fon+1-
Then
2#(tan) < #(son+1) + #(s2n—1) for all n < k and for every to,, € supp pan,

where s is defined as in Claim 2.5 and s,, denotes n-partial sum of s.

Proof. Observe that, if ¢35, has only one representation through point t5,,_1 € supp fon—_1
then the claim is true. Suppose that to, has two representations through points in
SUpp fi2n—1, by Claim 2.8, either #(ta,) = #(tan—2) + #(t2n—a) or F#{tan) < 24 (t2n_3)-
1. Let #(ton) = #(tan—2) + #(tan—4). Putting

0 6 0 0 6 0

tont1 =ton—2+ ooy T oo T ggqr o b1 Sl t s o o
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we have

F#(tons1) > 2#(tan—2) , #(tan—1) > 2#(tan—a)-
It follows that

2#<t2n> = 2#<t2n—2> + 2#<t2n—4>
< F#(tang1) + #(ton—1) < #(S2n+1) + F#(S2n—1)-

2. #(tan) < 2#(t2n—3). By Claims 2.5 and 2.7 we get

N

24 (tan) < A4 (tan—3) < 49 (s2n-—3)
#(s2n—3) + 39 (s2n-3)
< #(s2n-3) + 2#(s2n—1)-
#(Son+1) + #(S2n—1)-

The claim is proved.
We say that x = (21, z2,... ,z,) € D™ is a mazimal sequence if

#(t,) < #(sy,) for every t,, € supp pin,

no o
where s, = >, ;3 ;.

The following fact given an estimation for the greatest lower bound of local dimension.

2.10. Proposition. For everyn,(x1,x2,... ,2Z2n+1) = (0,6,0,6,...,0,6,0) is a maximal
sequence.

Proof. We will prove the proposition by induction. By Claim 2.8, it is straightforward to
check that the assertion holds for n = 1,2,3 (#(s3) = 2, #(s5) = 3, #(s7) = 5). Suppose
that it is true for all n < k(k > 3). We show that the proposition is true for n = k + 1.
Let ta(k4+1)+1 = t2x+3 be an arbitrary point in supp pok43- Clearly the assertion holds
if tor+3 has only one representation through some point in supp piog12. If tox13 has two
representations through points in supp psx42 then by Claim 2.8 we have two following
cases:

Case 1. #(tokr3) = F#(tog+1) + #(tak—1) for some tor11 € SUpp pogr1 and some tor_1 €
supp tok—1- Then, by Claim 2.5 we get

F#H(tort3) < F#(s2k41) + #(s26—1) = F#(S2043)-

Case 2. #(topt3) < 2#(toy) for some tor € supp por. Then, by Claims 2.5 and 2.9 we
have

H#(tor1s) < 2#(tar) < F#(S2k+1) + #(S2k—1) = #(S2k+3)-

Therefore, (z1,x2,... ,T2,+1) = (0,6,0,6,...,0,6,0) is a maximal sequence. The propo-
sition is proved.
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3. Proof of The Main Theorem

We call an infinite sequence z = (z1,2,...) € D> a prime sequence if #(s,) =1
for every n, where s, = Y 1, 37 'x;.

. —— . log(1+v5)—log2 _ log ay
3.1. Claim. a—l,g—l——2log3 _1_L210g3'

Proof. For any prime sequence x = (z1,x2,...) we have #(s,) = 1 for every n, where
Sp= >0y 3~ ‘x;. Therefore, by Proposition 2.3 we get
1 n n
a=a(s) = lim [og ptn(sn)| —1,
n—oo  nlog3
where s = S(x).
From Claim 2.6 we have

log aq
a<l- )
- 2log 3
For any ¢ € supp y, by Proposition 2.10 #(tan41) < #(s2n41) = ¥2(a}™ — a3 ™?) for
evrey n, we have
1 log X5 (q7+2 _ gnt2)3—2n-1 ]
li | 1og pant1(t2nt1)] im | log 5* (] a3 ") | _q_ 98m (14)
n—oo  (2n+1)logd — n—oo 2(n+1)log3 2log3’
where t,, be n- partial sum of ¢. On the other hand, since #(t2,,) < #(s2n+1),
1 ¢ |l ﬁ( n+2 n+2)372n| 1
li | Og:UQTL( 2n)| > 1 0og 5 ay ) 1 _ 0og aj (15)
n—soo  (2n)logd T n—ooo 2(n)log3 2log3’
Combinating (14) and (15) we get
-1 log aq
Q — .
- 2log 3
Therefore
1 log ay ) log(1 4 /5) — log 2
o= —_ — i
- 2log 3 2log3
The claim is proved.
To complete the proof of our Main Theorem it remains to show that £ = [1 —
W, 1], i.e., for any § € (1— ;Olé—‘%, 1) there exists s € supp p for which a(s) = .
Let r =2(1 — ﬁ)@%. It is easy to see that 0 < r < 1.

Fori=1,2,..., define
{ 2141 if 4 is odd;
' [M] if 7 is even,

where [z] denotes the largest integer < z.
Let n; = >7_, k; and let

Ej={i:i<jandiiseven}; O; ={i:i<jandiisodd},
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ej:Zki; szzki'
iEEj iEOj
Then n; = o; +e;.

3.2. Claim. With the above notation we have

] n;_ 0;
lim i:(); lim 2 L —1and lim —L =r.
J—00 TLj Jj—o0 nj Jj—o0 nj
Proof. The proof of the first limit is trivial. The second limit follows from the first one.

To prove the third limit, without loss of generality we may assume that j = 2k + 1. Then
we have 0; = 22?20(21' +1)+k+1=(k+1)(2k+3). Since

k koo
41 —r) , 4i(l—r), 4(1—-r) ,
r ZZ —ks ; [ r I< r ZZ’
=1 =1 =1
2(1 — 2(1 —
A=)+ 1) — k < e < A=) b+ 1).
r r
Hence
(k+1)(2k + 3) S0 (k+1)(2k + 3)
(k+1)2k+3)+ 220k (k+1) " (k+1)(2k+3)+ 2 Dk(k+1) — &
Therefore o0
lim = =
J—o0 nj

The claim is proved.
We define s € supp p by s = S(z), where

z=(0,6,0,1,1,...,1,0,6,0,6,0,1,1,...,1,...). (16)
~——
k1=3 ko k3=5 ks

Note that, for ¢ € O;, from (12),

#<Skz> = (al 2= Qg ? ) = k43 (17)
5 VG 3+l
<%ty .

For s € supp p is defined (16) and for nj_1 < n < n; we have

T #sn) < #s0) < I #s).

1€0;_1 1€0;
Hence, by (17) yield

VB i1 2izlizizi
(F) T o™ T <) <
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which implies

S

=1 2d-1435-1 g1 Syt
logl(£)7 ay T T log#(sa) _ logl(P)F a P
njlog3 = nlog3 nj_1log3 ’

From Claim 3.1 we get
log #(sn) _ rlogas

lim = .
n—oo  nlog3 2 log3
Therefore
n—o00 nlog3 n—oo  nlog3d
r log a;
2 log3 g

The Main Theorem is proved.
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