Loi néi dau

Theo Harker va Pang, bai toan bat dang thic bién phan dudc gidi thiéu lan
dau tién vao nam 1966 béi Hartman va Stampacchia. Nhitng nghién ctu dau
tién vé bat déng thitc bién phan lién quan t6i viéc giai cac bai toan bién phén,
bai toan diéu khién tb6i uu va céc bai toan bién c6 dang ctia phuong trinh dao
ham riéng. Bai toan bat dang thiic bién phan trong khéng gian hitu han chiéu va
cac tng dung cta né dude gidi thiéu trong cudn sach "An introduction to varia-
tional inequalities and their application" ctia Kinderlehrer va Stampacchia xuat
ban nam 1980 va trong cudn sach "Variational and quasivariational inequali-
ties: Application to free boundary problems" ctia Baiocchi va Capelo xuat ban
nam 1984.

Nim 1979 Michael J. Smith dua ra bai todn can bing mang giao théng va
nam 1980 Defermos chi ra réng: Piém can bang ctia bai toan nay 1a nghiém cua
bai toan bat dang thic bién phan. Tu dé bai toan bat dang thiic bién phan dude
phat trién va tré thanh mot cong cu hitu hiéu dé nghién ciiu va giai cac bai toan
can bang trong kinh té tai chinh, van tai, Iy thuyét tro choi va nhiéu bai toan
khac.

Bai toan bat dang thiic bién phan da tri c6 quan hé mat thiét véi cac bai toan
t61 wu khac. Bai toan bu phi tuyén, xuat hién viao ndm 1964 trong luin an tién
si caa Cottle, 12 mot truong hop dic biét ciia bai toan bat déng thic bién phan
da tri. Gan day, bai toan bat dang thic bién phan da tri ciing 12 mét dé tai dugc
nhiéu ngudi quan tam nghién citu vi vai tro cia né trong ly thuyét toan hoc va

trong cac tng dung thuc té (xem [6]).

Moét trong cac huéng nghién citu quan trong ctia bai toan bat dang thiic bién

phéan da tri la xay dung phuong phap giai. Thong thuong cac phuong phap giai



dudc chia thanh cac loai sau: Loai thi nhat 1a cac phuong phap chuyén bai toan
vé hé phuong trinh va dung cac phuong phap théng dung nhu phuong phap
Newton, phuong phap diém trong dé giai hé phuong trinh nay. Loai thi hai la
phuong phap c6 tinh chat kiéu don diéu. Pién hinh ctia phuong phép nay la cac
phuong phap gradient, sau nay dudc tong quat béi Cohen thanh ly thuyét bai
toan phu, phuong phap diém gan ké ctia Rockafellar, phuong phap hiéu chinh
Tikhonov,... Cac phuong phap nay kha hiéu qua, dé thuc thi trén mdy tinh nhung
cac diéu kién hoi tu chi dude dam bao dudi cac gia thiét khac nhau vé tinh chat
don diéu. Loai thi ba 1a cac phuong phéap dude dua trén ky thuat ham chin. Noi
dung chinh ctia phuong phap nay l1a chuyén bai toan bat déng thitc bién phan da
tri vé cuc tiéu ciia ham chén va sau dé st dung k¥ thuat téi vu tron hodc khong
tron d€ tim cuc tiu cia ham chan. Phuong phap nay cé thé giai dudc cac bai
toan voi gia thiét rat nhe. Tuy nhién, téc d6 hoi tu ctia thuit toan dude dé xuat la
cham. Loai thi tu 14 cac phuong phap dua trén diém bat dong. Noi dung chinh
cta phuong phép nay 1a chuyén bai toan bat déng thic bién phan da tri vé tim

diém bat dong ctia anh xa nghiém.

Luan van nay trinh bay phuong phéap giai bat déng thic bién phan da tri
thong qua tim diém bat dong ctia anh xa nghiém dudc viét trong bai bao "P.
N. Anh, L. D. Muu, V. H. Nguyen and J. J. Strodiot (2005), Using the Banach
contraction principle to implement the proximal point method for multivalued

monotone variational inequalities, J. Optim. Theory Appl, 124, pp. 285-306".

Ngoai 16i néi dau va phan tai liéu tham khao, luan van dudc chia lam 4
chuong. Chuong 1 nhic lai mét sb kién thic co ban vé giai tich 16i, tinh Lips-
chitz ctia 4nh xa da tri dua trén khoang cach Hausdorff. Trong phan anh xa da
tri don diéu, tim hiéu vé 4nh xa don diéu cuc dai, don diéu manh, déng bitc. Bén
canh d6 ta dua ra tinh don diéu két hop véi ham 16i va tham s6 Minty ctia 4nh xa
da tri. Chuong 2 dé cap dén bai toan bat dang thic bién phan da tri MVIP, dua
ra mot s6 vi du dién hinh, su ton tai nghiém ciing nhu tinh chat cta tap nghiém.
Trong hai chuong con lai trinh bay phuong phap lap Banach giai bai toan MVIP.
Chuong 3 xét trong truong hdp ham gia la don diéu manh con chuong 4 xét khi
ham gia 1a dong bic. Khi d6, anh xa nghiém chi 14 khong gian va viéc tim diém
bat dong ciia anh xa khong gidn dude tim theo kiéu diém bat dong ctia Nadler.

Qua day, toi xin gt 161 cAm on sau sic dén nguvi thay, ngusi huéng dan khoa
hoc ctia minh, T'S. Pham Ngoc Anh (Hoc vién Cong nghé Buu chinh Vién Théng).
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Thay da danh nhiéu thsi gian huéng din ciing nhu giai dap cac thic mac cta toi
trong sudt qué trinh lam luan van. Téi xin cam on Truong THPT Xuan Trudng -
noi t6i dang coéng tac, da giup do tao diéu kién rat nhiéu cho téi hoan thanh khoa
hoc nay. Tbi cling xin cdAm on nhém seminar cta t6 Giai Tich - khoa Toan-Co-Tin
hoc, truong Pai hoc Khoa Hoc Tu nhién - Pai hoc Quéc gia Ha Noi da giup toi
b6 sung, ciing cb cac kién thiic vé Ly thuyét da tri va t6i vu. Qua day, t6i xin gui
t6i cac thay co6 Khoa Toan-Co-Tin hoc, truong Pai hoc Khoa hoc Tu nhién - Pai
hoc Qubc gia Ha Noi, ciing nhu cac thay c6 da tham gia giang day khéa cao hoc
2007-2009, 161 cAm on sau sac nhat d6i véi cong lao day db trong subt qua trinh
gigo duc dao tao ctia Nha trudng. T6i xin cam on gia dinh, ban be va dong nghiép
da quan tam, tao diéu kién, déng vién c6 vii toi dé toi c6 thé hoan thanh Luan

van nay.

Ha Noi, ngay 15 thang 11 nam 2009
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Mot s6 ky hiéu va chir viét tat

dom f

epi f

F*
argmin{f(x)}

xeC
V£ (x) hodic f'(x)
Pc
Ne(x)
C*
C+
dc
intC
riC

aff C

tap so6 thuc

tap s6 thue mé rong (R = R U {—o0, +c0})
tap s6 tu nhién

khong gian Euclide n-chiéu

tri tuyét doi cta s6 thuc x

chuén Euclide cua x

tich vo huéng cta hai vec to x va y
x dudc dinh nghia bang y

do thi ctia anh xa S

duéi vi phan cua f tai x

mién hitu hiéu ctia ham f

trén do thi ctia ham f

ham lién hgp cta f

tap cac diém cuc tiéu cia ham f trén C

dao ham cua f tai x

phép chiéu lén tap C

noén phap tuyén ngoai ciia C tai x
noén doi cuc

nén doéi ngau

ham chi caa tap C

phan trong ctia tap C

phan trong tuong doi ctia tap C
bao dong ciia C

bao affine cua C



d(x,C)
p(A, B)
Vx

dx

I

At
rank A
xk— x
VI
MVIP

khoang céach tit x dén tap C

khoang cach Hausdorff gitta hai tap A va B
v6i moi x

ton tai x

anh xa dong nhat

ma tran chuyén vi ciia ma tran A

hang cta ma tran A

day {x*} hoi tu téi x

bai toan bat dang thic bién phan

bai toan bat dang thic bién phan da tri.



CHUONG ].

Anh xa da tri don diéu

Mot cong cu httu ich giup ta nghién cttu anh xa dudi gradient va gradient,
anh xa nghiém, va dac biét 1a déng vai tro quan trong trong giai tich bién phan,
ddi véi ca truong hop don tri va truong hop da tri, 1a dnh xa don diéu. Trong
chuong nay, ta sé dinh nghia anh xa da tri don diéu, trinh bay mét s6 khai niém
va tinh chat co ban ctia 4nh xa don diéu cuc dai, don diéu manh, dong bic, ham

161, duéi vi phan ctia ham 16i,... Tai liéu tham khao chinh ctia phan nay 1a [1], [5].

1.1. Mot s6 khai niém va tinh chat co ban

Trong toan b6 ban luan van nay, chung ta sé lam viéc trén khong gian Euclide
n-chiéu R”. Mot phan t& x = (x1,...,x,)T € R" 12 mot vec-to c6t cia R”. Ta nhic

lai rang, v6i hai vec-to x = (x1,...,x:,)T, v = (y1,...,y)T thudc R”
n
(x,y) ==Y xyi
i—1

goi 12 tich v6 hudng cta hai vec-to. Chudn Euclide cta phan ti x va khodng cdch
Euclide gitta hai phan ti x, y dude dinh nghia bai

[1x[] =/ (%, x),

d(x,y) =[x —yll.
Ta goi R := [—o00, +00] = RU {00} U {+oo} 1 tdp s thuc md rong.
Trude hét ta nhic lai mét s6 khai niém va tinh chit co ban caa giai tich 16

nhu: Tap 16i, ham 16i, duéi vi phan,...



1.1.1. Tap 16i va ham 16i

Pinh nghia 1.1.1 e Cho C C R", bao affine cia C, ky hiéu la aff C dugc xac dinh
béi

. m
affC= {Mx' + -+ A" | e C Y A =11}
i=1

e Mot diém a € C dudc goi la diém trong tuong dobi ctia C néu né 1a diém trong

cua C theo t0 p6 cam sinh béi aff C, ky hiéu la ri C.
Vay theo dinh nghia ta c6
riC:={ae€C|3B:(a+B)naffC C C},
trong d6 B 1a mot 1an can md cta goc.
DPinh nghia 1.1.2 e Mot tap C C R” dudc goi 1a mot tdp 16i, néu
Vx,y € C,VA € [0,1] = Ax+(1—-A)y € C.
e Mot tap C C R" dudc goi 1a nén néu

VA>0,Vxe C= Ax € C.
Mot nén dudc goi 1a nén 16i néu né dong thoi 1a mot tap 16i. Nhu vay, mét tap C
1a nén 16i khi va chi khi né ¢6 céc tinh chat sau:

W ACCCVA>0,
(i) C+CcCcC.

Pinh nghia 1.1.3 Cho C C R" 1a mot tap 16i va x € C. Ky hiéu

Ne(x) :={w e R" | (w,y —x) <0,Vy € C},
C':={weR"| (w,x) <0,Vx € C},
CT:={weR"| (w,x)>0VxeC},

theo thi tu goi 1a nén phdp tuyén ngoai cta C tai x, non doi cuc va non dbi ngau

cua C.
Cho C C R" va f : C — R. Ta ky hiéu

epif:={(x,n) € CXR| f(x) < pj.
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Tap epi f dudc goi la trén dé6 thi cia ham f. Tap
dom f :={x € C | f(x) < o0}
dudc goi 1a mién hitu hiéu caa f.
Pinh nghia 1.1.4 Ham f dudc goi la chinh thuong néu
dom f # @ va f(x) > —co Vx € C.

DPinh nghia 1.1.5 ¢ Ham f dudc goi 1a ham 16i trén C néu epi f 16i trong R" 1.
Mot cach tuong duong ta c6, ham f 16i trén C khi va chi khi

fAx+ (A =Ay) <Af(x) + (A =A)f(y) YxyeCVAc(01).
e Ham f : R" — R U {+co} dudc goi 1a [6i ngdt trén C néu
fAx+ (1 —=ANy) <Af(x)+ (1 —-A)f(y) Vx,yeCx#yVAe (0;1).

e Ham f : R" — RU {+oco} dudc goi 1a l6i manh trén C véi hé s6 7 > 0, néu
Vx,y € C,VA € (0;1).

fAx+ (1 =A)y) <Af(x) + (1 -A)f(y) - %'7?\(1 = Mllx —yl*

1.1.2. Dudi vi phan

Trong muc nay ta luén gia sit f : C — R 12 mét ham 16i véi C 12 mét tap con

16i ctia R”. Ta c6 dinh nghia duéi vi phan ctia ham 16i nhu sau:

Pinh nghia 1.1.6 Vec-to x* € R"” dudc goi 1a dudi gradient cia ham f tai x € R”
neu
fy) —fx) = &y —x) VyeR"
Tap tat ca dudi gradient cua f tai x dudc goi la dudi vi phdn caa f tai x, ky hiéu
la of (x), tuc la:
of (x) ={x" e R" | f(y) — f(x) = (x",y —x),Vy € R"}.

Ham f dudc goi 1a khd duwdi vi phdn tai x néu of (x) # @.



Vi du 1.1.7 Cho @ # C C R" 1a mét tap 16i, xét ham chi ctia tap C

oc(x) := )
+0c0 neux ¢ C.

{O néux c C
Néu x° € C thi
a0c(x%) = {x* | (x*,x — x%) < d¢c(x),Vx € R"}.

V6i x ¢ C, thi dc(x) = +oo, nén bat dang thitc (x*, x — x0) < §¢(x) ludén ding. Do
do

35c(x%) = {x* | (x*,x — x%) <0,Vx € C} = Nc(+Y).
Vay dudi vi phan ctia ham chi ctia C tai mot diém x° € C 1a nén phap tuyén ngoai

caa C tai x0. O

Véi f : R" — R, ta ky hiéu tap céc diém cuc tiéu ctia ham f trén C C R" 1a

argminf (x),
xeC
{x € C| f(x) = inf f(x)} néu inf f(x) # o
argminf(x) — xeC ) xeC
xeC @ néeu ;Qf;f(x) = o0.
R
argmin f R*

Hinh 1.1: argmin cta ham f.

Tinh chat lién quan giita argmin va duéi vi phan ctia ham 16i f dudc thé hién

qua dinh ly sau:



Tinh chit 1.1.8 Cho f la ham 16i, khd duéi vi phén trén R". Khi dé
y € argminf (x)
xeR"
khi va chi khi
0€af(y).

Chting minh.

0€df(y) ={y" eR"| f(x) = f(y) = (¥, x —y),Vx € R"}
&f(x)—f(y) >0,Vx € R"
<f(y) < f(x),Vx € R

&y € argminf(x).
x€R"

O

Tinh chét 1.1.9 Véi C la mét tap 16i, khdc rong trong R". Gid st ri(dom f)n
riC # @, khi dé
y € argminf (x)

xeC
khi va chi khi
0€9f(y) + Nc(y),
trong do
Nc(y) ={w e R" | (w,x —y) <0,Vx € C}

la non phdp tuyén ngoai ciia C tai y.

Chiing minh. Goi 6c(.) 12 ham chi ctia tap C. Khi d6 vy 1a diém cuc tiéu caa f
trén C khi va chi khi né 14 cuc ti€u ctia ham h(x) = f(x) + éc(x) trén toan khong
gian. Theo Tinh chat 1.1.8, diéu kién can va du dé y 1a diém cuc tiéu cta h trén
R" 1a 0 € oh(y). Do ri(dom f) NriC # @, theo Pinh ly Moreau-Rockafellar (xem
[1], Ménh d& 11.11) ¢6:

oh(y) = df(y) + doc(y).

Viy € C, nén déc(y) = Nc(y). Vay

0 € df(y) + Nc(y)-



1.1.3. Anh xa da tri Lipschitz va nita lién tuc

Trude hét ta dinh nghia anh xa da tri. Cho X, Y 1a hai tap con bat ky cua R".
Cho T : X — 2Y 1a anh xa tit X vao tap hop gom toan bd cac tap con caa Y (dudc
ky hiéu 1a 2Y). Ta néi T 1a dnh xa da tri tit X vao Y. Nhu vay, véi mbi x € X, T(x)
12 mot tap hop con ctia Y (T(x) c6 thé 1a mot tap rong).

Néu v6i méi x € X, tap T(x) chi gom ding mot phan tit cia Y, thi ta néi T 1a
anh xa don tri tu X vao Y va thuong dudc ky hiéu T : X — Y.

Anh xa nguoc T~ : Y — 2X cta anh xa da tri T : X — 2¥ dugc xéc dinh béi
cong thic

T y)={reX|yeTx} (yeY).

Ta da biét rang khai niém lién tuc Lipschitz 14 mét khai niém c6 vai tro quan
trong trong giai tich toan hoc. Trong muc nay ta dinh nghia lién tuc Lipschitz
cua mdt anh xa da tri dua trén khoang cach Hausdorff. V6i x € R” la mot vec-
to bat ky, C 1a tap con khac rong trong R", khodng cdch tic x dén C, ky hiéu la
d(x,C), dudc xac dinh nhu sau

d(x,C) := inf ||x — y||.

(3,C) 1= inf [ |

Néu ton tai z € C sao cho d(x,C) = ||x —z|/|, thi ta néi z 1a hinh chiéu (vudng géc)
cua x trén C.

Pinh nghia 1.1.10 (Khoang cach Hausdorff). V6i A, B C R” la hai tap dong va
khac réng, khodng cich Hausdorff cia A va B dudc xac dinh béi:

p(A,B) = max{d(A,B),d(B,A)},

v6i d(A,B) =supd(a,B), d(B,A) = supd(b, A).
acA beB

Pinh nghia 1.1.11 (Anh xa da tri lién tuc Lipschitz). Cho C la mot tap con khac
réng trong R". Anh xa da tri T : C — 2R" dugc goi 1a Lipschitz v6i hé sb L > 0
(dugc viét tat 1a L-Lipschitz) néu

o(T(x), T(x)) < L||lx—X|| Vx,x' eC.

Néu L < 1thi T dudc goi la co trén C. Néu L = 1 thi T dudc goi la khong gian

trén C.



Hinh 1.2: Khoang cach Hausdorff gitita hai tap A va B.

Dé minh hoa cho dinh nghia trén ta xét vi du sau:
Vi du 1.1.12 Cho C := {(x,0) | x > 0} C R? va dnh xa F : C — 2%’ xac dinh béi
F(x,0):={(x,y) |0 <y < «x}. (1.1

Khi d6 anh xa F Lipschitz véi hé s6 L = v/2.
That vay, véi moi (x,0), (x/,0) € C (x < x’) thi

y y=x
(o4 (", ")
(x,0) |F(x',0
O x x! X
Hinh 1.3:

d(F(x,0),F(x’,0)) = max min x,y) — (X,
(FOFW,0) = max min [|ix) — (0]

= max min x_x/2+ . /2
(’W)GF(x/O)(x’,y’)eF(x',O)\/( ) v—v)

= max |x—X/|
(xy)€F(x,0)

=[x = x| = [|(x,0) — (', 0)]I.



d(F(x',0),F(x,0)) =  max min x,y) — (x,y
(FG,0),Ex0) = | max min )~ (€0

= max min x— "2+ (y— )2
(x/r]//)GF(X’,O)(x,y)eF(xlo)\/( ) (y y )

<Vv2 max |x—x/|
(x",y")eF(x',0)

— V2lx — | = V2|(x,0) — (<, 0)]|

Do do
o(F(x,0), F(x',0)) < v2||(x,0) — (¥, 0)|| ¥(x,0),(x',0) € C.
O

Tinh chéit 1.1.13 Cho A la mét ma tran cé p x n (p > n),rank A =n, C := {x €
R" | Ax < b,b € RP} la mét tdp da dién trong R" va F : C — 2R" [a L-Lipschitz
trén C. Khi do ta co

p(F(x),F(y)) < LI|A(x —y)|| Vx,y €C,
dday L = L||A7|| véi A := (aij)nxn la ma trdn con cia A sao cho rank A = n va

1A~ = sup [|A™"x]l.
[|x[]=1

Chuing minh. Theo gia thiét, F 1a L-Lipschitz trén C nén
p(F(x),F(y)) < L[|A(x —y)[| Vx,y €C.

Ma
lx =yl = AT (A =)l < IATHAG =)l VxyeC.

Do vay ta co:

p(F(x), F(y)) < LIJATYJA(x —y)I| Vx,y € C.

Pinh nghia 1.1.14 Anh xa da tri T : R” — 2R" dugc goi 1a
e Nita lién tuc trén tai x € dom T néu véi bat ki tap mé U chia T(x), ton tai mot
lan can mé V caa x sao cho
T(x')cU vx' eV.
e Nita lién tuc dudi tai x € dom T néu véi bat ki y € T(x) va day x € dom T héi
tu dén x, ton tai day phan t& y” € T(x") hoi tu vé v.
8



Anh xa da tri T dugc goi 12 nita lién tuc trén (nta lién tuc dudi) trén C néu né

ntia lién tuc trén (na lién tuc duéi) tai moi diém x thuoc C.

Vi du 1.1.15 Xét anh xa Ty, T, : R — 2R x4c dinh béi:

0 néu x # 0
Tl(X) = /
[—1;1] neux =0,
va
[-1;1] néux #0
To(x) :=

0 néu x = 0.

Anh xa Tj(x) ntia lién tuc trén tai 0, vi véi moi tap mé (a,b) D [—1;1] = T;(0),

\l y

I — Lo

T1(x) X To(x) X
O ‘ O

_1 _1 .....................

Hinh 1.4: D6 thi ctia 4nh xa T (x) va Tr(x)

ton tai 1an can cfia 0, chang han (—1;1), ta c6

0 néu x’ € (—1;1)\ {0}

Ti(x') = )
[—1;1] néux' =0,

do do, Ty (x') D (a,b) Vx' € (—1;1). Tuy nhién, anh xa T;(x) lai khong nta lién
tuc dudi tai 0. That vay, 1ay y=1¢€[-1;1] = T1(0) va day {%} n € IN*) hoi tu

ve 0. Vi Ty (%) = 0 nén khong ton tai day phan tit y'eT <%> hoi tu ve 1.

Véi anh xa T»(x), liy mot 1an can mé ctia T»(0) la (—1,1), khi d6 khong ton
tailan cn mé V ctia 0 sao cho Tr(x') C (—3,3) Vx’ € V. Do d6, anh xa nay khéong
ntia lién tuc trén tai 0. Bay gio, véi day bat ky x” € R héi tu dén 0 = T>(0), ton
tai day so6 {%} ,% € [~1;1] = To(x") hdi tu vé 0. Vay T»(x) ntta lién tuc dudi tai
0. ]



1.2. Anh xa da tri don diéu

1.2.1. Pinh nghia anh xa da tri don diéu
Pinh nghia 1.2.1 V6i C C R”, anh xa da tri T : R" — 2R" dugc goi la:
e Pon diéu trén C, néu
(v—v,x—x') >0 Vx,x' € C,o e T(x),v' € T(x).
Khi T don tri, bat dang thic trén tré thanh:

(T(x) = T(x'),x —x') >0 Vx,x' € C.

e Pon diéu ngdt trén C, néu

(v—v,x—x") >0 Vx,x' € C,x #£x',veT(x),o € T(x).

e Gid don diéu trén C néu véi moi x,x' € C,v € T(x),v € T(x') tacé
(v,x —x") > 0 kéo theo (v/,x — ) > 0.

e T dudc goi la don diéu tuan hoan trén C, néu véi moi s0 nguyén m va moi cap

x',y' € gphT,x' € C(i =0,...,m) tacé

(b =0y + (o — byl 4 (0 — 2™, y™) <0
Nhu vay, don diéu 1a trudng hop riéng ctua don diéu tuan hoan khi m = 1.
Vi du 1.2.2 Anh xa da tri F dinh nghia trong Vi du 1.1.12, tic la

F(x,0) = {(x,y) |0 < y < x}
la don diéu trén C = {(x,0) | x > 0}.

Chiing minh. V6imoi (x,0), (x/,0) € Cvavéimoi (x,y) € F(x,0),(x',y’") € F(x,0),

ta co
((x,y) = (", y), (x,0) = (¥, 0)) = ((x —x",y = y/), (x =¥, 0))
= |x— x> >0.
Hon nita, 4nh xa F 1a don diéu ngat vi bat dang thic trén la ngat khi (x,0) #
(x",0). 0
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Vi du 1.2.3 (Ntta xac dinh duong). M6t anh xa affine T(x) = Ax + a v6i véc-to
a € R" va ma tran A € R"*" (khéng nhat thiét d6i xiing) 1a don diéu khi va chi
khi A 1a nita xac dinh duong, hay (x, Ax) > 0 véi moi x € R. Anh xa T 1a don
diéu ngat khi va chi khi A 1a xac dinh duong, hay (x, Ax) > 0 v6i moi x # 0. Pac

biét anh xa dong nhéat 1a don diéu ngat.

Chting minh. T 1a anh xa don tri nén theo dinh nghia 1.2.1 ta cé:

T don diéu < (T(x) — T(x'),x —x') >0 Vx,x’' € R"
s (A(x— o), (x—2")) >0 Vx, ' € R"
< A la ntia xac dinh duong.
Trong truong hop T don diéu ngit ciing dude chi ra tuong tu. Hon nita néu

A = I, vaa = 0 thi T 14 4nh xa dong nhéat va ciing 1a 4nh xa don diéu ngat.
O

Vi du 1.2.4 (Tinh don diéu cha anh xa kha vi). M6t anh xa kha vi F : R” — R"
12 4nh xa don diéu khi va chi khi v6i méi x, ma tran Jacobian VF(x) (khong nhét
thiét d6i xiing) 1a nlta xac dinh duong. Anh xa F don diéu ngit néu VF(x) xéc
dinh duong v6i méi x .

Chuing minh. Néu F 14 anh xa don diéu, ta cé:

(F(x +tv) —F(x),(x +710) —x) >0, Vx,v € R", T € Ry.

Chia hai vé bat dang thic trén cho T va cho qua giéi han khi 7 \, 0 ta dudgc:
(VF(x)v,v) >0, Vx,v € R",

bat dang thiic nay ding véi moi v khi va chi khi ma tran VF(x) la nta xac dinh
duong v6i moi x.
Ngudc lai, gia stt VF(x) 1a ntia xac dinh duong v6i moi x, véi cac diém tuy y

x, x' xét ham so:

@(7) := (x —x/,F(x¢) — F(x)) v6i x¢ := (1 — 7)x" + Tx.

Dé chiing minh F 1a 4nh xa don diéu ta can phai ching minh ¢(1) > 0. Ta c6
»(0) = 0va ¢'(1) = (x —x/, VF(x¢)(x — x)). Do VF(x) la ntta xac dinh duong
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nén ¢’'(t) > 0, tic ¢ 1a ham khong giam, suy ra ¢(1) > ¢(0) = 0.

Néu VF(x) 1a x4c dinh duong vé6i mbi x thi véi cach xét ham ¢(7) tuong tu nhu
trén ta ddn dén ¢ 12 ham ting, do d6 ¢(1) > 0 khi x # x/, tic1a (x — x/, F(x) —
F(x")) > 0khi x # «’. Vay F la don diéu ngat. O

Vi du 1.2.5 (Tinh don diéu ctia duéi vi phan ctia ham 16i). Véi bat ky ham 1oi,

chinh thuong f : R" — R, 4nh xa 9f : R" — 2R" 1a don diéu trén dom(af).

Chitng minh. Gia st f 1a ham 16i, v6i moi x,x’ € dom(df), v € af(x) va v’ €
of (x), tit bat dang thiic dudi gradient ta c6:

fx) = f(x') + (o, x = X))

f(x') = f(x) + (o, x" = x),
véi cac gia tri f(x) va f(x’) hitu han. Cong c4c bat dang thic trén lai véi nhau ta
dudc
0> (v, x—x") + (v,x' — x),

hay
(v—7,x—x") >0 Vx,x' € dom(df),v € af(x),v' € If (x).
Vay df don diéu. ]

Qua vi du trén ta thay, néu T = 9f, thi T don diéu trén dom(df). Mot cau héi
dugc dat ra 1a diéu ngudc lai ¢6 ding khong? Tra 16i cau héi nay ta ¢6 ménh dé

sau:

Ménh dé 1.2.6 Gid su T la dnh xa da tri tt R" — 2R", Piéu kién can va du dé
ton tai moét ham 16i, dong, chinh thuong f trén R" sao cho T(x) C df(x) vdi moi
x € 3f (x) la dnh xa T don diéu tudn hoan.
Chiing minh. Piéu kién can 1a hién nhién vi ban than o f la anh xa don diéu.

Pé chitng minh diéu kién da, hay gia s T la anh xa don diéu tuan hoan va
(x%,4°) € gph T. Ta dinh nghia ham f béi

fx) = sup{{x — 2", y™) + (" — 2Ly (o =20y

trong d6 can trén dung dugdc lay trén tit ca cac cip (x',y') € gphT va cac sb
nguyén duong m. Do f la bao trén cia mot ho cac ham affine, nén f 1a mot ham
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16i déng. Do tinh don diéu tudn hoan cta T, nén f(x) = 0. Vay f 1a ham 1o,
chinh thuong. Véi bat ky cép (x,x*) € gph T, ta sé chi ra rang x* € df(x). Mudn
thé chi can chi ra rang véi moi & < f(x) vay € R", ta c6
fy) > a+(y—xx").
That vay, do & < f(x), nén theo tinh chat ctia can trén ding, sé ton tai cac cap
(x,y') € gph T va s6 nguyén duong m(i = 1,2,...,m) théa man
w < (x—x",y™ 4+ 4 (b — a0, y0).
Theo dinh nghia caa f(y), ta dude
f(]/) > <]/ i xm+1’ym+1> + <xm+1 _ xm’ym> 4o+ <x1 i xO’yO>.
Thay x" ! = x va y" ! = x*, ta c6:
Fy) =y —x,x%) + (" =2 y") o+ (=20 y)
> (Y —x,x%) + a.

Diéu nay ding véi moi (x,x*) € gph T, nén T C 9f. O
Tinh chét 1.2.7 (Phép todn bdo toan tinh don diéu). Cho T : R" — 2R [a mot
anh xa da tri .

(@) Néu T la don diéu thi T~ cing don diéu.

(b) Néu T la don diéu (don diéu ngdt) thi AT(A > 0) ciing don diéu (don diéu
ngat).

(¢c) Néu T' : R" — 2R ciing la dnh xa da tri don diéu thi T + T' la don diéu.
Néu thém diéu kién T hodc T' la don diéu ngat thi T + T' don diéu ngdt.

(d) Néu S : R" — 2R" [q don diéu thi véi bat ki ma trén A € R™ " va vée-to

a € R™, dnh xa T(x) = A'S(Ax + a) la don diéu. Néu thém diéu kién dnh xa S
don diéu ngat va rank A = n thi T don diéu ngat.

Chiing minh. (a) Gia stt T don diéu. Véi Vo,o' € R",x € T-(v),x’ € T~1(v'), theo
dinh nghia anh xa da tri nguge thiv € T(x) va o’ € T(x"). Ta ¢6
(x—x,v—0)=(@w—-0,x—%') >0 Vxe T '(v),x € T"1(v).

Vay T~! 14 anh xa don diéu.
(b) V6i A > 0,Vx,x" € R",Av € AT (x),Av" € AT(x") ta cé

(Ao — A0, x =)y = Mo -, x—x') > 0.
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Vay AT la 4nh xa don diéu khi T don diéu. Hién nhién bat déng thic trén 1a ngat
khi T don diéu ngat.

(¢) V6i moi x, x’ € R” va

we (T+T)(x)={u+v|uecT(x)veT(x)},
we(T+TH(X)={u+ |v eT(X),o e T(x)}
ta co:
(w—w,x—xY={u+v—u —v,x—x)
=(u—u,x—xY+{w-7o,x—x') >0,

do T va T’ don diéu. Vay T + T’ 1a anh xa don diéu.

Néu T hoéc T’ don diéu ngit thi bat dang thiic trén 1a ngit khi x # x/, do d6
T + T’ don diéu ngat.

(d) Véi Vx,x" € R" ta lay bat ki w € S(Ax +a),w’ € S(Ax' +a). Pit v =
AlS(Ax +a),v = A'S(AX' +a)
Ta co:

vi S 12 anh xa don diéu. Vay T 1a anh xa don diéu. Néu rank A = n thi véi x # x/,
(Ax +a) # (Ax' 4+ a), ma S don diéu ngit nén bat dang thic trén 1a ngit, do d6
T don diéu ngat. ]

1.2.2. Anh xa don diéu cuc dai

Véi anh xa da tri T : R" — 2R, d6 thi gphT, mién hitu hiéu dom T va mién
anh rge T cia T tuong ung dudc xac dinh bang cac cong thic

gphT:={(x,v) e R" xR" |v € T(x)},
domT :={x € R" | T(x) # @},

rgeT :={v € R" | 3x € R" sao chov € T(x)}.
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Sau day ta dua ra dinh nghia anh xa don diéu cuc dai va néu mét sb tinh chéat co

ban lién quan den anh xa nay.

Pinh nghia 1.2.8 Mot anh xa don diéu T : R" — 2R" Gugce goi 1a don didu cuc
dai, néu d6 thi cia né khong phai 1a tap con thuc su ctua d6 thi cia mot anh xa
don diéu nao khac, mot cach tuong duong, néu véi moi cap (x,7) € (R” x R") \
gph T, ton tai (x,v) € gph T sao cho (7 — v, X — x) < 0.

Vi du 1.2.9 Anh xa da tri T : R — 2R dinh nghia béi:

1 néu x > 0
T(x):=1[0;1] néux=0
—x2 néux<0
la anh xa don diéu cuc dai.
Y
Mo y
: 1 M
X
X O X0
a2
Hinh 1.5:

That vay, véi moi M(x,y) ¢ gph T, ta luén tim duge diém My(xg, yo) € gph T sao
cho goc gitta hai véc to OM va OM, la géc tu, diéu nay c6 nghia la
_—
((x,v), (x0,y0)) = OM.OM; < 0.
Do vay, T 1a anh xa don diéu cuc dai.
O
Mot anh xa don diéu cé thé dude md rong 1én thanh anh xa don diéu cuc dai

dua vao ménh deé sau.

Ménh dé 1.2.10 (Su ton tai mé rong cuc dai). Véi T : R" — 2R" o4 mét dnh xa
don diéu bt ky, khi dé ¢ dnh xa don diéu cuc dai T : R" — 2R" (Rhéng nhat
thiét duy nhat) sao cho gphT D gph T.
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Chiing minh. Ky hiéu 7' = {T’ : R" — 2R" | gph T D gph T} va xét 7 du6i phép
cam sinh 13 su bao ham d6 thi. Theo tién dé Zorn (xem [2], trang 255), c6 mot
tap con dudc sap thi tu tuyén tinh cuc dai 7) cta 7. Goi T 1a 4nh xa ma d6 thi
ctia n6 1a hop cac @6 thi cta cac anh xa T’ € 7y. Nhu vay T 1a don diéu va khong
¢6 anh xa don diéu T' ma gph T C gph T/, T # T'. Do d6 T 1a don diéu cuc dai.

O

Vi du 1.2.11 Néu anh xa don tri lién tuc F : R” — R” 1a don diéu thi né 14 don
diéu cuc dai. Dac biét, moi anh xa kha vi F lién tuc va ¢6 ma tran Jacobian VF(x)
ntta xac dinh duong trén IR” la don diéu cuc dai.

Chiing minh. Gia st (%,7) c6 tinh chat: (6 — F(x),£ —x) > 0 Vx, ta phai ching
minh 9 = F(£). Pat x = £ +eu véi e > 0 va u tuy y thuéc R". Ta thay (6 —
F(% +e€u),u) > 0. Do tinh lién tuc ctia F nén F(£ + eu) — F(%£) khi e \, 0. Vi thé

(0 — F(%),u) > 0 théa man véi moi u € R” khi 9 — F(£) = 0 hay 9 = F(&).
Néu anh xa kha vi F ¢6 ma tran Jacobian VF(x) niia xac dinh duong thi theo
Vidu 1.2.4 ta ¢6 F don diéu. Mat khac, F lién tuc trén R” nén F don diéu cuc dai.
]

Tinh chét 1.2.12 (P thi va anh qua anh xa don diéu cuc dai)
(@) T don diéu cuc dai khi va chi khi T~ don diéu cuc dai.
(b) Néu T don diéu cuc dai thi gph T la tap déng.
(¢c) Néu T la don didu cuc dai thi T va T~ la dnh xa 6 gid tri la tap 10i dong.

Chting minh.
(a) Gia st T don diéu cuc dai, theo dinh nghia ta co

V(%,9) € (R" x R") \ gph T, 3(%,5) € gph T : (6 — 5;2 — &) < 0,0 ¢ T(%),5 ¢ T()
</\

S2¢T H0),3xeT (@) : (2—%0—7) <0,

Piéu nay c¢6 nghia 1a T-! don diéu cuc dai.
(b) V6i moi (x,v) € gph T, {(xV,v")}, € gphT ma (x",v") — (x,0) khi v — oo,
ta co:

(v—0",x—x") >0.

Do tinh lién tuc cua tich vé6 huéng nén khi cho v — oo ta duge: (v — 7, x — x) > 0.
Maét khac T don diéu cuc dai nén (x,7) € gph T. Vay gph T dong.
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(c) Do (a) va (b) nén ta chi can ching minh T 1a anh xa c6 gia tri 1a tap 16i.
That vay, v6i moi x,x € domT,v € T(x),v! € T(x),v?> € T(%) ta cé:

1

v

(v—v,x—%) >0,
0

2

AV

(v—0v°,x—%) > 0.

Suy ra v6i moi 7 € (0,1) thi

(1-1)(v—2o,x—%)

>0,
2 > 0.

(v — 07, x — X)

Do d6 (v — v, x —X) > 0 véi vr = (1 —1)v! + 702, ma T don diéu cuc dai nén

(x,v;) € gph T. Vay T 1a anh xa c6 gia tri 1a tap 16i déng. O

Trong toan bd muc 1.2.3 ciing nhu muc 1.2.4 sau day, ta hiéu khai niém khong
gidn ctia anh xa da tri theo nghia: T : C — 2R" 13 anh xa da tri khong gian trén
C C R" néu véi moi x,x' € C,v € T(x),?’ € T(x') thi

[lo =o'l < [lx = «|].

1.2.3. Tham s6 Minty

Bé dé 1.2.13 Véi cdc dnh xa khong gian T,T' : R" — 2R" va A, A’ € R théa man
Al +|A| <1thi AT + AM'T' cang la dnh xa khéng gian.

Chiing minh.
V6i moi z,z' € R" va

v=Aa+Abe (AT+AT)(z), acT(z),beT\(z),
o =X + AV e AT+ AT (Z), daeT()b T ().

Ta cé
lo—2'|| = [|[A(a —a') + A'(b = 1)
< [ALlla — [ + W] Ib — ¥
<|ALllz=Z|| +|N|.||lz=Z|| (do T, T’ khéong gién)
= (Al + DIz =2 < llz=Z|]  (do [A[+[A] <1).
Vay AT + A'T’ 1a anh xa khong gian. O
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B6 dé 1.2.14 Song dnh | : R" x R" — R" x R" vdi [(x,v) = (v+ x,0— x) cdm
sinh tuong ung 1-1 gita dnh xa T : R" — 2R" va dnh xa S : R" — 2R" ygi
gphS = J(gphT), gphT = [ Y(gphS). Khi d6, S la dnh xa khong gian khi va
chi khi T don diéu; S la anh xa co khi va chi khi T don diéu ngdt va don tri trén

dom T va ta co:

S=1-2[c(I+T)"', T=(I-S5)"to2I—1 (1.2)

Chiing minh. Véi (z,w) = J(x,v) va (Z,w') = J(x/,7') ta c6:

lz = 2| = [lw —w'[]* ={(z - ) +w — ', (z = 2) — (w —w))
=(z+w) - @+, (z-w) - (Z —w))
{

= (20 — 20/,2x — 2x')

va do do
lw—d'|| <|lz=7Z|| & (v-7,x—x") >0. (1.3)

Vi diéu nay dtng véi moi cip tuong dng (z,w), (z/,w') € gph S va (x,v), (¥/,v') €
gph T, nén S khong gian khi va chi khi T don diéu.

Ta c6 S 1a anh xa co khi va chi khi bat dang thitc bén trai cia (1.3) 1a ngat khi
(z,w) # (Z/,w'). Mat khac T don diéu ngét va don tri trén dom T khi va chi khi
bat dang thitc bén phai ctia (1.3) 1a ngat khi (x,v) # (x/,7'). Véi (z,w) € J(gph T),
x,v € T(x)tacé: z= v+ x vdw = v — x. Diéu nay tuong duong véi ton tai x sao
choz e (I+T)(x) vaw = (z—x)—x =z—2x. Vivay w € S(z) khi va chi khi
w=z—-2xvéix e (I+T) (z).

Vay
S=1-2Io(I+T)7},

suy ra
(I+T)=(I-5)to2l

O

Pinh ly 1.2.15 Néu T : R" — 2R" [g dnh xa don diéu va A > 0 thi (I + AT)"!

don diéu va khong gian. Hon nita, T la don diéu cuc dai khi va chi khi dom(I +

AT)~! = R" Trong trusng hop dé (I + AT)~! ciing don diéu cuc dai va don tri

tréen R".
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Chiing minh. Theo tinh chéat 1.2.7(b), anh xa T don diéu khi va chi khi AT(A > 0)
don diéu, va dé thay AT don diéu cuc dai khi va chi khi T don diéu cuc dai. Do
d6, khong méat tinh téng quat ta c6 thé thay AT béi T.

Gia st T don diéu, do I cuing don diéu nén I + T don diéu (theo 1.2.7(c)), do
vay (I +T)~! don diéu (theo 1.2.7(a)).

Theo B6 dé 1.2.14 tac6 (I +T)"! = L(I —S) véi anh xa khong gidn S nao
dé. Vi I la anh xa khong gian nén %I — %S cung khong gian (theo 1.2.13). Do d6
(I +T)~! khéng gian trén D = dom(I + T)~'. Vay (I + T)~! don diéu va khong
gian.

Tu B6 dé 1.2.14, T 1a anh xa don diéu cuc dai khi va chi khi S 13 anh xa
khong gian cuc dai. Mat khac, anh xa khong gian S c6 thé dudc mé rong lén
toan R” (xem [8], Pinh ly 9.58). Do d6, S la anh xa khong gian cuc dai khi va
chi khi dom S = R”. Vay déi véi anh xa (I 4+ T)~', khi T don diéu cuc dai, ta c6
dom(I+ T)~! = R™ Do (I + T)~! 1a don tri, lién tuc trén dom(I + T)~! va don
diéu dan dén (I + T)~! 1a don diéu cuc dai (theo 1.2.11). O
Bé dé 1.2.16 Moi dnh xa da tri T : R" — 2R ta ¢6 ddng nhét thic:

AM+TH P =A"T— 1+ AT) Y vdi A > 0.

Chiing minh. Ta co:

z € AT I—(14+AT) Y (w)

s Azew— (I+AT) Y(w)

sw—-Aze (I+AT) Y w)

Swe (w—Az)+AT(w — Az)

szeT(w—Az) e w—Az €T (z)

sweM+T Nz eze M+TH Y (w)

O

Tinh chét 1.2.17 (Tham sé héa Minty). Cho T : R" — 2R" Ia don diéu cuc dai.
Khi do cac anh xa

P=(I+T)"', Q=(I+TH
la don tri, don diéu cuc dai va khong gian, dnh xa z — (P(z),Q(z)) la dnh xa 1-1
ti R" vao gph T. Do vdy, ta c6 mét cdch tham sé héa ciia T ma Lipschitz theo cd
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hai phuong:

(P(z),Q(z)) = (x,v) & z=x47v,(x,v) € gphT.

Chitng minh. Theo tinh chat 1.2.7(a), T~! don diéu cuc dai khi va chi khi T don
diéu cuc dai, va tt Pinh 1y 1.2.15 suy ra P va Q don tri, don diéu cuc dai va khong
gidn, do d6 lién tuc Lipschitz. Mat khac, P+ Q = I (theo B5 dé 1.2.16) nén khi
(P(2),Q(z)) = (x,v)tac6x +v=zvaz € (I+T)(x),vithév =z —x € T(x), tic
la (x,v) € gphT.

Ngugc lai, néu (x,v) € gphT vix+v = zthiz—x = v € T(x), hay z €
(I +T)(x), vi thé x = P(z), do tinh d6i xting nén ta ciing c6 v = Q(z).

Anh xa z — (P(z),Q(z)) lién tuc Lipschitz vi P va Q lién tuc Lipschitz. That
vay, gia st P, Q lién tuc Lipschitz véi hé s6 Lp, Lg. V6i moi z1, 2z, thi :
[[((P(z1)), Q(z1)) — (P(z2), Q(z2))|| = [[(P(z1) — P(22), Q(z1) — Q(z2))]]
= \/(P(z21) — P(z2)? + (Qz1) + Q(22))?
< V2y/(Lpllz1 — 2] )? + (Lol|z1 — z||)2

= /2(L} + L)z — 2]

Anh xa (x,v) — x + v 1a lién tuc Lipschitz vi day 1 phép bién ddi tuyén tinh.
O

Vi du 1.2.18 Cho anh xa khong gian F : R” — R”, khi d6 anh xa [ — F la don

diéu cuc dai.

Chiuing minh. Vi F la anh xa khong gian, xac dinh trén IR” nén F la anh xa khong
gian cuc dai. Theo B6 dé 1.2.14 ta ¢6

To=(I—F) o2l —1

la anh xa don diéu cuc dai. Dodo, | — F = %Io(l + Tp)~! don diéu cuc dai (theo
1.2.17). O

1.2.4. Tinh don diéu ctia ham 16i

Truée khi dua ra tinh don diéu ctia ham 16i, ta nhéc lai mot s6 két qua cta
Rockafellar duéi dang b6 dé nhu sau:
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B& dé 1.2.19 Cho ham 16i, chinh thuong f : R" — R va A > 0. Khi d6
Pif(x) = (I+A9f) 1(x), vdi Vx € R",

trong do, P f(x) = argmin{ f(w) + %| lw — x||?}.
w
Chuing minh. Theo Tinh chat 1.1.8 ta cé:

v € Pif(x) & y € argmin{f(w) + 5[~ %I}

©0€3f(y) + 1y~ )

S0e€MAf(y)+y—x

& x €y +Af(y) = (I+Adf)(y)
Sy e (I+A3f) 1 (x).

Vay ta c6 diéu phai chiing minh.
B6 dé 1.2.20 Véi ham 16i, chinh thuong, nita lién tuc dudi f:R" - Rtacé
of = (af) ",
véi f*(x*) :=sup{(x*,x) — f(x) | x € R"} la ham lién hop clia f.
Chting minh. Theo dinh nghia ham lién hop, ta c6
f1(x7) = sup{{x’, ) = fx)}-
Piéu nay tuong duong véi

fr(x*) = x5 y) — fly) Yy

Do dé
fr) + flx) = (7, x),
khi va chi khi
(% y) = fly) = f(x) < (&% x) Wy,

tuong duong véi x* € 9f(x). Do tinh déi xting nén ta cling c6
() + f(x) = (7, x)
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khi va chi khi

x € of*(x¥).
Vay
x* €9f(x) & x €df(x"),
hay

of* = (af) .
UJ

Pinh 1y 1.2.21 Néu f : R" — R la ham 16i, chinh thuong thi of don diéu cuc
dai.

Chiing minh. Gia st f 12 ham 16i, chinh thuong, ta c¢6 9f don diéu (theo Vi du
1.2.5) va v6i A > 0, Pf = (I + A9f)~! (theo B& dé 1.2.19). Mat khac, tit dinh
nghia ctia P, f ta dé thady dom P, f = R", suy ra dom(I + Adf)~! = R" . Vay of
don diéu cuc dai (theo Pinh ly 1.2.15).

O

Hé qua 1.2.22 Vi bat ki tdp 16i, dong, khdc réng C trong R", dnh xa Nc : R" —
2R" 1a don diéu cuc dai.

Chiing minh. Ta xét ham f = J¢, thi f 1a ham chinh thuong, ntta lién tuc duéi va
16i (do C 1a tap 16i) véi of = Nc. Ap dung Pinh ly 1.2.21 ta c6 dof = N¢ don diéu
cuc dai. O

O day, ta luu ¥ rang, khi xem N¢ nhu mét 4nh xa da tri tit R” vao 2R", ta da
quy udc
Nc(x) := @ véi moi x ¢ C.

Ménh dé 1.2.23 Cho f : R" — R la ham 16i, chinh thuong, niwa lién tuc dudi,
khi d6 véi bat ki A > 0, dnh xa xdp xi Py f : R" — 2R" 1a don diéu cuc dai, khéng
gian va

[—Py\f =P\f"khi A =1.

Chiing minh. Do f 1a ham 16i, chinh thudng, nia lién tuc dudi nén theo Dinh Iy
1.2.21 ta ¢6 9f don diéu cuc dai, do d6 véi A > 0 thi Adf don diéu cuc dai. Ap
dung tinh chat 1.2.17 suy ra (I + Adf )_1 don diéu cuc dai va khong gian. Nhung
theo 1.2.19 thi P, f(x) = (I + Adf)!(x) v6i moi x. Vay ta c6 Py f don diéu cuc dai
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va khong gian.
V6i bat ki ham f: R" — R ta luén ¢6 9f* = (9f)'. Do dé:
I—Pf=1-(I+0f)!
= [I+ (0f)~ ]! (theo BS dé 1.2.16)
(I+0f") =P f".
Vaykhi A =1tacé: I — Pyf = P, f*. O

Ham f = ¢ 1a ham chinh thudng, nita lién tuc duéi véi 0f = N¢, va ham f 16i
khi C 14 tap 16i. Ta c6 Py f = Pc, nén theo ménh dé 1.2.23 ta c6 két qua dudi day:

Hé qua 1.2.24 (Phép chiéu). Cho tdp 16i, khdc réng C C R", phép chiéu Pc :
R" — 2R" xdc dinh bdi

Pe(x) = argmin{||w — x|| + dc(w)}
welR"

la don diéu cuc dai.
Ta da biét moét khong gian con 1a mot tap 16i nén ap dung Hé qua 1.2.22 va
1.2.24 ta c6 két qua dudi day:
Hé qua 1.2.25 (Phép chiéu trong khéng gian con). Vii moi khéng gian con twyén
tinh M C R" va phan bu truc giao M+, dnh xa:
Mt khix e M,
Nm(x) =
@ khix ¢ M
va anh xa nghich dao
_q M khive M*,
Ny (v) =
@  khix ¢ M*.

don diéu cuc dai véi . Phép chiéu tuyén tinh lén M la Py = (I + Ny)~L, lén M+
la Py = (I+ NAjIl)’l. Cdc phép chiéu nay ciing don diéu cuc dai.

1.2.5. Anh xa don diéu manh

DPinh nghia 1.2.26 Anh xa da tri T : R" — 2R" goi 1a don diéu manh véi hé sb
o > 0 trén C néu v6i moi x, x’ € C, ton tai ¢ > 0 sao cho T — ¢I don diéu, tic la

(v—0x)— (v —0ox'),x—x') >0 Vo e T(x),? € T(x).
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Bat dang thic trong dinh nghia c6 thé viét duéi dang:
(v—v,x—x) >0llx —¥|> Vo e T(x),v € T(x).
Dé dang suy ra rang néu T don diéu manh thi T don diéu ngét.
Vi du 1.2.27 Cho C = {(x,0) | x >0} va anh xa G : C — 2R" dudgc cho bdi
Glx,0) = {(2x,y) |0 < y < x}.
Khi dé, G don diéu manh trén C véi hé s6 o = 1.

Yy

<
I
N[—
=
RQ
—~
\y
=)
~—

Hinh 1.6:

That vay, ta co
(G=D(x0) ={(xy) |0 <y <x}=:F(x0).

Ma theo Vi du 1.2.2 thi F(x,0) don diéu trén C. Vay G(x,0) don diéu manh trén
C v6ihé sb o = 1.
d

Ménh dé 1.2.28 Néu anh xa don diéu cuc dai T : R" — 2R" don diéu manh vdi
hé s6 o > 0thi T~ don tri va lién tuc Lipschitz véi hé sb «k = }T

Chuing minh. Do T don diéu manh v6i hé s6 ¢ > 0 nén anh xa Ty = T — oI don
diéu, do d6 T—! = (¢I + Tp) ! cling don diéu; mit khéc, T don diéu cuc dai nén T
phai don diéu cuc dai. M4 rong don diéu chinh tic T, cia T, tuong ing cho ta mé
rong don diéu chinh tac Ty + oI cia T. Theo Dinh Iy 1.2.15, 4nh xa (I + (lTTO)_1

1
>

g

don tri va khong gian. Vay (oI + Ty)~! don tri va lién tuc Lipschitz véi hé sb

Ap dung ménh dé 1.2.28 cho 4nh xa T~! ta ¢6 hé qua sau:
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Hé qua 1.2.29 Néu T : R" — 2R" 16 don diéu cuc dai va T~ don diéu manh vdi
hé s6 o > 0, tuc la

(v—v,x—x") >0llv—"21? VYo eT(x),o € T(x).
Tinh chét 1.2.30 Cho ham f : R" — Rva o > 0, néu f 16i manh véi hé sé o thi

of don diéu manh véi hé sé o.

Chitng minh. Truéc hét ta chiing minh rang: f 16i manh véi hé s6 o khi va chi khi
f—30o|| - ||*1al6i. That vay, gia stt f — o || - ||? 16i, véi moi x, x' € R, A € (0,1)

ta co:
£ = M)x + Ax')—%(ﬂ (1= A)x + AX|2
<=M (@) — 50l D) +AG )~ 5ollxIP)
& F((1 = Dx+AF) <= Af () +AF() — 51— Aol [xl[2 = SA0] |
+%ay|(1 — A)x + Ax| % (1.4)
Thuc hién bién d6i

1 1 1
Soll(1 = A)x + M| = S (1 = Ao |x[|* = SAc]|x||?

2
_1 2 1)\2 12 A N _1 1—A\ 2—1)\ /112
Lo+ oAl — |2 = o, A — ) = o1 = D)1 — TN

1 1 1
=—0A?||x — ¥'||2 — oA||x||> + oA (x, &) + EO’)\HXHZ — Ea)t||x’||2

2
1 5 2 1 2 no 1 "2
Loy = w1 = Loa x4 oag ) - Loajp)
2 2 2
1 1
— LN x = |~ 2oAllx — |
1
ZEUA(A—1)||x—x’||2.

Do vay, bat dang thic (1.4) tuong dudng véi
FIA=A)x+Ax") < (1= A)f(x) +Af(x") - %M(l = M)[Jx =]

Theo Vidu 1.2.5,0f — oI don diéu. Vay df don diéu manh véi hé sb 0. O

Tu Tinh chéat trén véi cha ¥ dén B6 deé 1.2.20 va Hé qua 1.2.29 ta c¢6 hé qua

sau:
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Hé qua 1.2.31 V6i f : R" — R la ham 16, chinh thuong, nita lién tuc dudi va sé
thuc o > 0. Néu ham lién hop f* cua f 16i manh véi hé sé o thi

(v—v,x—x)>0|lv—"7* Vx,x,0 €af(x),v €af(x).

1.2.6. Anh xa dong bic

Pinh nghia 1.2.32 Cho anh xada tri T : R" — 2R" T qugc goi 1a dong buc véi

hé s6 6 > 0 trén C néu
(v—v,x—x') >6p*(T(x), T(x")) Vx,x' € C,v e T(x),v € T(x').
Vi du 1.2.33 Xét anh xa F : C — 2R", v6i C = {(x,0) | x > 0} C R? x4c dinh bdi
F(x,0):={(x,y) [0 <y < x}.

Khi d6, F dong btic trén C véi hé s6 6 =

N[—

Chuing minh. Theo Vi du 1.1.12, ta da biét anh xa nay Lipschitz trén C véi hé sb
L = /2. Bay gis, lay tuy y (x,0), (¥/,0) € C, (x,y) € T(x), (x',y') € T(x') ta c6

((xy) = (¢ y), (x,0) = (+,0)) = [x = x']> = |[(x,0) — (', 0)[|.
Tt hai diéu trén ta suy ra
p*(F(x,0), F(x',0)) < 2[|(x,0) — (', 0)[|> = 2{(x,y) — (+",¥/), (x,0) — (', 0)),

v6i moi (x,0), (x',0) € C,(x,y) € T(x),(x,y’) € T(x"). Vay F(x,0) dong bic trén
Cvéihésbdd = 3. O

Ménh dé 1.2.34 Néu T : R" — 2R" & anh xa dong buc thi T la dnh xa Lipschitz.

Chuing minh. Gia st anh xa T dong bic véi hé s6 § > 0 trén C, khi d6 véi moi
x,x' € C,ve T(x),v € T(x') tacé

50*(T(x), T(x")) < (0 —v/,x = ') <o —0'||.|[x —«||.
Suy ra
60?(T(x), T(x')) < ||x — «'|| 1rTl(f | llo—2'|| véiv € T(x) cbd dinh tuy ¥,
v'eT(x
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do dé

5p*(T(x), T(x")) < [lx = || sup inf |[lo—2o'|| = |]x — /|| d(T(x), T(x)).
veT(x) v'eT(x')

Tuong tu ta co

5p*(T(x), T(x)) < |lx = || sup inf [Jo—0'|| =||x — || d(T(x"), T(x)).

U’GT(x’) vel(x

Vay
50 (T(x), T(x")) < ||x = [|o(T(x), T(x"))|]x — x'||.

Hay
p(T(x), T()) < 5llx =¥l

Ngudc lai ta c6 ménh dé sau:
Ménh dé 1.2.35 Néu T : R" — 2R" [a dnh xa Lipschitz va don diéu manh thi T

la dnh xa dong bic.

Ching minh. Gia st T 1a anh xa Lipschitz véi hé s6 L > 0 va don diéu manh
v6i hé s6 ¢ > 0 trén C. Ap dung truc tiép dinh nghia, véi moi x,x' € C va
veT(x),o eT(x),tacd

(v—7,x—x") >0l|lx — x|

> 502 (T(x), T(x)).
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CHUONG 2

B4t dang thirc bién phan da tri

Chuong nay gom hai phan, phan dau dinh nghia bai toan bat dang thic bién
phan da tri (MVIP) va hai truong hop dic biét 1a bai toan quy hoach 16i va bai
toan bu. Bén canh dé, ta xét mét vai vi du thuc té ctia bai toan MVIP. Trong phan
tiép theo phat biéu mét sé két qua vé diéu kién c¢6 nghiém cta bai toan MVIP va
tinh chat nghiém cta bai toan d6. Tai liéu tham khao chinh cta chuong nay la
[2], [5] va [6].

2.1. Phat biéu bai toan va cac vi du minh hoa

Cho C 1a moét tap 16i, déng, khac réng trong R”, cho F : C — 2R" 1a mot anh
xa da tri, ta luon gia stt C C domF, trong dé theo dinh nghia

domF := {x € R" | F(x) # O}.

Ta ciing ludn gia s rang F(x) 16i, dong véi moi x € domF. Khi d6, bai todn bdt
déng thic bién phan da tri (dude viét tat 13 MVIP) ¢6 thé dude phat biéu nhu

sau:
Tim x* € Cvav* € F(x*) sao cho

(2.1)
(v*,x —x*) >0 Vx e C.

(MVIP) {

F dudc goi 1a dnh xa gid ciia bai toan bat déng thic bién phan da tri (MVIP).

Mot truong hop riéng dién hinh cta bai toan MVIP 1a bai todn quy hoach 16i.

Ta ¢6 cach tiép can bai toan dua trén ménh deé sau:
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Ménh dé 2.1.1 Cho C la mét tap loi, dong, khdc réng ciia khong gian R". Ham
f:C — R la l6i, khd dudi vi phan trén C. Khi d6, x* la nghiém ctia bai todn

min{f(x) | x € C} (2.2)
khi va chi khi x* la nghiém cia bai todn bat dang thiic bién phén:

Tim x* € Cva v* € of (x*) sao cho
(v*,x —x*) > 0Vx € C.

Chiing minh. Gia st x* la nghiém cua bai toan (2.2) va v* € df(x*). Khi d6
x*eC, f(x*) < f(x),Vx € Cva (v*,x —x*) > f(x) — f(x*). Suy ra (v*,x — x*) >
0,Vvx € C

Ngudgc lai, gia st x* € C va v* € 9f(x*) sao cho (v*,x — x*) > 0,Vx € C. Diéu

nay c6 nghia la

v

(v*,x — x™)
x—x*)

v6i Vx € C. Do d6, f(x) — f(x*) > 0 Vx € C, hay x* la nghiém cta bai toan (2.2).
O

f(x) = f(x7),
0

v

va (0%,

Tu Ménh dé 2.1.1, khi f1a ham kha vi trén C, suy ra ngay rang bai toan (2.2)
tuong duong véi bai toan:

Tim x* € C sao cho
(Vf(x*),x—x*) >0 Vx e C.

Chu y rang khi C 1a mét nén 161, déng trong R”, thi bai toan MVIP tré thanh
bai todn bi. Cu thé ta c6 ménh dé sau:

Ménh dé 2.1.2 Néu C la mot nén 16i, dong trong R", F la dnh xa don tri, thi bai
toan MVIP tuong duong véi bai toan bu sau:

Tim x € C sao cho
F(x) € Ctva (F(x),x) =0,

trong do
Ct:={yeR"|{y,x) >0 Vx e C}
la nén dbi ngdu ciia C.
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Chitng minh. Néu x 1a nghiém cta bat dang thic bién phan thi
(F(x),y —x) >0Vy € C.

Do C la nén 16i, x € Cnén x +y € C véi moi y € C. Trong bat dang thic trén
thay y béi x +y tacé (F(x),x +v —x) = (F(x),y) >0, Vy € C. Ngoai ra néu chon
y=0taco0<—(F(x),x) <0.Suyra (F(x),x) =0.

Piéu ngudc lai moi nghiém ctia bai toan bu déu 1a nghiém ctia bat dang thic

bién phan 14 hién nhién. O

Nhu vay, bai toan bu ciing 1a mét trusng hop dic biét ctia bai toan bat dang
thtc bién phan.

Dudi day ta xét hai vi du thuc té ctia bai toan MVIP.

Vi du 2.1.3 (Bai toan can bing mang giao thong).

Xét mot mang giao théng dude cho bdi mot mang luong hitu han. Goi
e \: tap hop cac nut ciia mang.
e A:1a tap hop cac canh (mdi canh dudc goi 1a mot doan duong).
Gia st O C N, D C N sao cho OND = @. Mbi phan tit cia O dude goi 1a diém
nguon, con moi phan ti ctia D dude goi 1a diém dich. Méi diém nguodn va diém
dich dugc nbi véi nhau béi mot tap hop lién tiép cac canh (dude goi 1a mét tuyén
duong). Ky hiéu:
e fi1a mat do giao thong ctia phuong tién i trén doan dusng a € A. Dat f 1a
vec-to c6 cac thanh phan la fi véii € I vaa € A (I 1a tap hop cac phuong tién
giao thong.
e ¢! 1a chi phi khi stt dung phuong tién giao théng i trén doan duong a € A. Dat
c 1a vec-to c6 c4c thanh phan la ¢, véii € I,a € A.
e d!, 12 nhu cau st dung loai phuong tién i € I trén tuyén dudng w = (O, D) véi
Oe€O,DeD.

Gia st rang chi phi giao théng phu thudc vao luu lugng, tic 1a ¢ = c(f) 1a mot
ham cuaa f.
e Al 13 miic dé chi phi trén tuyén dudng w ctia phuong tién giao thong i.
e x', 12 mat do giao thong ctia phuong tién i € I trén tuyén w € O x D.

30



Gia st trong mang trén, phuong trinh can bang sau dudc thoa man

d;):p;wx; Vie Lwe OxD, (2.3)
trong dé, P, ky hiéu tap hop cac tuyén duong cia w = (O, D) (ndi diém nguon O
va diém dich D). Theo phuong trinh (2.3), thi nhu cau st dung loai phudng tién
i trén tuyén duong w bang ding tong mat d6 giao théng ctia phuong tién d6 trén
moi tuyén dudng ndi diém nguodn va diém dich cta tuyén duong dé. Khi d6 ta cé

fa= Y %0 Vie Lw e OxD, (2.4)
pPEPw

trong do

1 néuacp

dap = ]
0 néuad¢p

V6i mbi tuyén dudsng p ndi moét diém ngudn va mot diém dich, dit
¢y =Y Cchbap. (2.5)
acA
Nhu vay, c’;', 12 mot chi phi khi st dung phuong tién i trén tuyén dudng p. Dat dla
vec-td c6 cac thanh phanla di, (i € I,w € O x D) va dit f 1a vec-to c6 cac thanh
phanla di (i € I,a € O x D). Mét cap (d*, f*) thod man céc diéu kién (2.3) va

(2.4) dudc goi 1a diém can bang ctia mang giao théng néu

= Al,(d*) khi x|, >0,

¢y (f*) o ! (2.6)
> Ayp(d*)  khi xj, =0,

véi mdi i € I va mdi tuyén duong p. Theo dinh nghia nay, tai diém can bang dbi

v6i moi loai phudng tién giao thong va moi tuyén dudng, chi phi sé thap nhat khi

¢6 luu ludng giao thong trén tuyén dé. Trai lai, chi phi sé khong phai thap nhat.

Pit

K={(f,d)| 3 x>0 sao cho (2.3) va (2.4) dung}.

Khi do, theo [6], ta c6 dinh ly sau:

Dinh 1y 2.1.4 Mot cdp vec-to (f*,d*) € K la mét diém cdn bang clia mang giao
thong khi va chi khi né la nghiém cia bt dang thitc bién phdn sau:

Tim (f*,d*) € K sao cho ((c(f*),A(d")),(f,d) — (f",d*)) >0 V(f,d) € K.
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Vi du 2.1.5 (Bai toan kinh té ban déc quyén). Gia st ¢6 n cong ty cling san xuat
mét loai sin phdm va 1gi nhuan p; ctia mdi cong ty i phu thuoc vao téng sé lugng
san pham caa tat ca cac cong ty o := 27:1 x;. Ky hiéu h;(x;) 1a chi phi ctia cong
ty i khi san xuét ra lugng hang ho4 x;. Gia st réng 1¢i nhuén cta cong ty i dudc
cho béi

n

fi(x1, ey Xn) = Xip; (Z xj> —hi(x;) (i=1,..,n), (2.7)

j=1
trong d6 p(L}_; x;) la gid cha mot don vi san pham, phu thudc vao tong san
pham, con ham chi phi ctia mbi cong ty i chi phu thudc vao mitc do san xuat cta

cong ty do.

Pat U; C R, (i = 1,..,n) 1a tap chién lugc ctia cong ty i. Lé di nhién, méi cong
ty can xac dinh cho minh mét mic d6 san xuat dé dat dudc lgi nhuén cao nhét.
Tuy nhién, trong trudng hop téng quat, viéc tat ca cac cong ty déu c6 1oi nhuan
cuc dai 1a khé c6 thé dude. Vi vAy ngudi ta dung dén khai niém can bang:

Mot diém x* = (x7,...,x;;) € U := Uj X ... x U, dude goi la diém can bang Nash
néu

fi(xy, s X Vi X g, e X)) < fix, ) Yy €Uy, YVi=1,..,n.

Trong mé hinh can bang Cournot ¢6 dién, ham chi phi va ham 1¢i nhuén cta
mobi cong ty 1a affine c6 dang

pi(c) = p(o) =ag—Bo, a9 >0, B>0, véi o =Y" x;,
hi(x;) = pixi + &, i 20, & >0 (i =1,...,n).

Ta dat
g 0 O 0 0 B B B
A 0 B O 0 CA- g 0 B B
0 0 0 .. B g B B .. 0
va

al = (ag, ., 0), uT = (1, s tn).
Theo [6], diém x* 12 diém can bang Nash khi va chi khi x* 12 nghiém ctia bai toan

bat dang thic bién phan:

Tim diém x € U sao cho

(Ax+pu—a,y—x)+yTAy—xTAx >0 Vy € U.
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2.2. Su ton tai nghiém va tinh chat cta tap

nghiém

DPinh 1y 2.2.1 Cho dnh xa F : R" — 2R", f: gphF — R, va g : R" — RU {+o0}
duoc xdc dinh bdi cong thiic

g(x) = sup f(x,y).
yEF(x)

Khi do,
(i) Néu f va F nita lién tuc dudi, thi ¢ ciing la nita lién tuc dudi.
(ii) Néu f va F nita lién tuc trén va F(x) compact vdi moi x € R", thi g ciing la

nua lién tuc trén.

Pinh 1y duéi day dudc dua ra béi Ky Fan (thuong dudce goi 1a bat dang thic
Ky Fan), va sau d6 dudc mé rong béi H. Brézis, L Nirenberg va G. Stampacchia.

Dinh 1y 2.2.2 Cho C la mét tdp 16i, déng ciia khong gian R", va song ham ¢ :
C x C — R thoa man ¢(x,x) = 0 Vx € C, ¢(.,v) la nia lién tuc trén véi moi
v € Cva ¢(u,.) la ham 16i trén C véi méi u € C. Gid sit rang mot trong cdc gid
thiét sau day ding:

(i) C la tap bi chan.

(ii) Ton tai mot tap con U khdc réng va bi chdn ciia C sao cho vdi moi u € C\ U
ton tai v € U thod man ¢(u,v) < 0.

Khi dé, ton tai u* € C sao cho

$(u*,v) >0 Vv € C.

Dé ap dung cho bai toan MVIP, v6i méi x € C va w € F(x), ta dat

$(x,y) := max {(w,y —x)}. (2.8)
weF(x)

Gia thiét thém rang vé6i mbi x € C, F(x) 1a mét tap compact. Khi d6, theo Pinh
ly 2.2.1, ham ¢(.,y) 1a nita lién tuc trén theo bién x v6i mdiy € C. ¢(x,.) 1a ham
16i theo bién y v6i mbi x € C ¢6 dinh. Nhu vay, ham ¢ thoa man cac gia thiét cta
Pinh ly 2.2.2. Khi d6, ta ¢6 dinh ly vé su ton tai nghiém ctia bai toan MVIP nhu

sau.
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Pinh ly 2.2.3 Cho C la mét tap 16i, dong ciia khong gian R"; Cho F : C — 2R’
thod man F la nita lién tuc trén, F(x) 16i compact véi méi x € C. Gid si rang mot
trong cdc diéu kién sau day ding:
(i) C la tdp bi chan.
(ii) Ton tai mét tap con U khdc réng va bi chdn ciia C sao cho vdi moi x € cC\u
ton tai y € U thod man

(w,x —y) > 0Vw € F(x).

Khi do, bai toan MVIP c6 nghiém.
DPinh 1y 2.2.4 Cho mét tap 16i compact C C R", va mét dnh xa da tri déng F :

C — 2P tix C vao mot tap compact D C R", sao cho vdi moi x € C, F(x) la tdp loi
compact khong rong. Khi &y bai todn MVIP c6 nghiém.

Chitng minh. Xem [2], Pinh ly 21, trang 305 .

Tinh chat vé nghiém ctia bai toan MVIP dudc phat biéu qua ménh dé sau.
Ménh dé 2.2.5 Cho C la mét tap 10i, dong, khdc réng trong R", F nhu trong bai
toan MVIP. Khi do,

(i) Néu F don diéu ngdt trén C, thi bai todn MVIP c¢6 nhiéu nhdt mét nghiém.
(ii) Néu F don diéu manh, nita lién tuc trén va F(x) 16i, déng, khdc réng véi moi
x € C, thi bai todn MVIP c6 duy nhat mét nghiém.
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CHUONG 3

Phuong phap lap Banach giai bai toan
(MVIP) don diéu manh

Nhu ta da biét, phuong phép lap theo nguyén 1y anh xa co Banach 14 mot két
qua néi tiéng va 1a phuong phap cd ban, rat hiéu qua dé tinh diém bat dong cta
mot anh xa co. Nguyén ly nay sau dé dude Nadler mé rong cho anh xa da tri (xem
[2], Pinh ly 14).

Trong chuong nay, ching ta sé dung cach tiép can diém bat dong theo phuong
phap 1dp clia nguyén 1y anh xa co Banach dé giai bai toan bat dang thic bién
phéan da tri (2.1) dudc dinh nghia 6 Chuong 2. Ta sé xét truong hop khi F 1a anh

xa don diéu manh.
Chudng nay sé xét dén tinh chéit co cia 4nh xa nghiém dugc xay dung tit bai
toan (2.1), trén co s6 do trinh bay thuat toan lap Banach va ching minh tinh

chat hoi tu cta thuat toan.

3.1. Tinh chat co ctia anh xa nghiém

B& dé 3.1.1 Gid stz C C R" la mét tap 16i déng khdc réng va dnh xa F : R" — 2R"
la L-Lipschitz trén C sao cho F(x) la 16i dong khdc réng véi moi x € C. Khi dé vdi
moi x,x' € Cva w € F(x), déu ton tai w' € F(x') (néi riéng w' = Pr(y)(w)), sao
cho

|lw —w'|| < Li|x — x|,
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trong do, Pr(,(w) la hinh chiéu vudng goc cia w trén F(x'). Ngudc lai, néu dnh

xa F thod man diéu kién trén thi F la dnh xa L-Lipschitz.

Chuing minh. Dung dinh nghia cta hinh chiéu w’ = Pr () (w), ta co

l|lw— || = min ||w—v|| (3.1)
v'eF(x')

Theo dinh nghia ctia khoang cach Hausdorff, ta dudc
p(F(x),F(x")) = max{d(F(x),F(x")),d(F(x"),F(x)) }
> d(F(x),F(x"))

= max min |Jv—¢||
veF(x) v'eF(x’)

> min ]|w—v|| (3.2)

v'€F(x')

Két hop (3.1), (3.2) va gia thiét F 1a L-Lipschitz trén C, ta nhan dudc
|lw —w'|| < Li]x — x|

Ngudc lai, néu véi moi x, ¥’ € C,w € F(x), déu ton tai w’ € F(x') sao cho
|lw —w'|| < Li]x — x|

Do vay, v6i w € F(x) ¢b dinh tuy y thi

inf ||w w'|| < Lljx —«'||,
w'eF(x)
suy ra
sup inf |Jlw—a'|| <L|jx— || Vx,x' € C.
weF(x) W EeF()
Do do,
d(F(x),F(x")) < L||x = «'|| Vx,x’' € C.
Tuong tu
d(F(x'),F(x)) < L||x — || Vx,x" € C.
Vay ta co

o(F(x),F(x")) < L||x —X|| Vx,x" € C.
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Trong truong hop anh xa F 1a don tri, bai toan MVIP dudc viét lai dudi dang
nhu sau (viét tat 1a VI):

Tim x* € C sao cho
(VI)
(F(x*),x —x*) >0 Vx € C.

Khi xét bai toan VI, Auslender da dua ra ham chan (gap, merit) bang cach
v6i moi x € C, dat
g1(x) = sup{(F(x),x —y) |y € C}.
Ta dé nhan thay rang g(x) > 0 v6i moi x € C. Theo [7], bai todn VI c¢6 thé dugc
viét dudi dang bai toan t6i uvu

inf{g1(x) | x € C}. (3.3)

Tuy nhién, moét khé khén ctia bai toan nay la trong trudng hop tong quat, ham
g1 ¢6 thé khong kha vi. D€ giai quyét khé khan nay, Fukushima (xem [9]) da dé

xuat ham chan méi c6 dang

2(x) = max{—%@ —%,G(y —x)) = (F(x),y —x) |y € C}, 3.4)

trong d6, G 1a mot ma tran déi xing, xac dinh duong.
Ciing nhu d6i véi ham chan g1, ta ¢6 g»(x) > 0 véi moi x € C va bai toan VI c6
thé dudc viét dudi dang bai toan t6i uu

inf{g>(x) | x € C}. (3.5)

Theo [9], ham g» dudc xac dinh béi cong thic (3.4) 1a kha vi trén C v6i F 1a ham
kha vi. Khi dé, c6 thé dung phuong phap t6i uu dé giai bai toan VI théng qua
viéc giai bai toan tron (3.4).

Dua vao cach xay dung cic ham chén 6 trén, ta xét trd lai bai toan bat dang
thiic bién phan da tri (2.1). Véi méi x € C vaw € F(x), dat y = h(x, w) 1a nghiém

duy nhét cta bai toan qui hoach
1
min{i(y—x,G(y—x))+<w,y—x> |y € C}, (3.6)

trong d6 G 1a moét ma tran déi xing, xac dinh dusng. Do C khéac rong, 16i, dong

va ham muc tiéu cta bai toan (3.6) 16i manh (do dé, theo Tinh chat 1.1.30, ham
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G(y — x) + w don diéu manh), ntta lién tuc trén trén C, nén i(x, w) dude xac dinh
va duy nhat (theo Ménh dé 2.2.5).

Theo Ménh dé 2.1.1, k(x, w) 1a nghiém ctia bai toan (3.6) khi va chi khi /(x, w)

12 nghiém cta bai toan bat dang thic bién phan

(w+ G(h(x,w) — x),y —h(x,w)) >0 Vy € C. (3.7

Vé6i mbi x € C, ta dinh nghia anh xa sau:
H(x) := {h(x,w) | w € F(x)}.

Né6i chung, H 12 mét 4nh xa da tri vA domH C C. Dé tién cho viéc trinh bay, ta sé
goi H 1a 4nh xa nghiém cua bai toan MVIP. Két qua sau day chi ra rang diém x*

la nghiém ctia bai toan MVIP khi va chi khi x* 1a diém bat dong cta anh xa H.

Pinh 1y 3.1.2 x* la nghiém cta bai todan MVIP khi va chi khi x* € H(x*).

Chitng minh. Gia st x* 1a nghiém cta bai toan MVIP. Piéu d6 ¢6 nghia rang ton
tai w* € F(x*) sao cho (x*,w*) thod mén bt dang thic

(w*,x —x*) >0 Vx € C. (3.8)

V6i mébi (x*,w*) cho truée, do h(x*,w*) 1a nghiém duy nhat ctia bai toan (3.6),
nén h(x*,w*) € C. Thay thé x béi h(x*, w*) trong bat dang thiic (3.8), ta dudc

(w*, h(x*,w*) — x*) > 0. (3.9
Bat dang thic (3.7) chi ra rang
(w* + G(h(x*, w*) — x*),y — h(x*,w")) >0 Vy € C. (3.10)
Thay thé y béi x* € C trong bat dang thic (3.10), ta ¢
(w* 4+ G(h(x*,w*) — x*),x" —h(x*,w")) > 0. (3.11)
Tu bat déng thic (3.9) va (3.11) suy ra
(G(h(x*,w") —x¥),x" —h(x*,w")) >0, (3.12)

Do ma tran G la déi xing, xac dinh duong, ta c¢6 h(x*,w*) = x*. Suy ra x* €
H{(x*).
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Bay gio, ta xét chiéu ngudc lai. Gia s rang x* € H(x*). Khi d6, ton tai w*
thuodc F(x*) sao cho x* = h(x*, w*). Nhung v6i moi x € C,w € F(x), chung ta luén
co

(w+ G(h(x,w) —x),y —h(x,w)) >0 Vy € C. (3.13)

Thay thé x,w bdi cac diém tuong tng x* = h(x*,w*),w* trong bat diang thic
(3.13) ta dudc

(w*+z%y—x*)y >0 Yy e C, (3.14)

Piéu nay c6 nghia ring x* 1a nghiém cta bai toan MVIP. ([l

Hay tré lai bai toan (3.4) véi C 16i, déng. DE tién cho viéc trinh bay, ta viét bai
toan nay duéi dang tuong duong la:

§2(1) = —min{3{y — %Gy~ 1) + (F,y -0 [yeCl. (19

Vi G la ma tran déi xing va xac dinh duong, nén (3.15) 13 mét bai toan quy
hoach 16i manh va do d6 né c6 duy nhat nghiém. Khi F 1a anh xa don tri thi anh
xa nghiém H cta bai toan MVIP la don tri va H(x) chinh la nghiém ctia bai toan
(8.15) v6i mbi x € C. Khi d6, két qua nhan dudc cta Pinh 1y 3.1.2 trung véi két
qua dudc chi ra béi Fukushima (xem [9]) cho bai toan VI. Cu thé, ta thu dudc hé

qua sau.
Hé qua 3.1.3 x* la nghiém cta bai todn VI khi va chi khi x* = H(x*).

Dudéi day d€ don gian, ta gia st G = al, trong d6 « > 0 va I 1a ma tran dong
nhat. Khi d6, ching ta sé dua ra cach diéu chinh tham s6 « phut hdp, sao cho anh
xa nghiém H c6 tinh chét co trén C. Tham sb6 a dude goi la tham sb chinh quy

hoa. Pinh 1y duéi day sé khang dinh tinh chét co cia anh xa nghiém H trong
truong hop F la anh xa don diéu manh trén C.

DPinh ly 3.1.4 Gid siz rang F(x) la 16i, dong, khdc réng véi méi x € C, F la mot
dnh xa don diéu manh véi hé sé B > 0 va Lipschitz véi hé s6 L > 0 trén C. Khi dé,
Vil o > %, dnh xa H la co trén C véi hé s6 6 := (/1 — %%—i—; . Cu thé, ta c6

o(H(x), H(x")) < é||x — x'|| Vx,x" € C.
Chitng minh. Bai toan (3.6) c6 thé dudc viét dudi dang
.1
min{ > a|ly - x|[2+ (w,y — x) +0c(y)},
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6 day Jc 1a ham chi ctia C. Pay 1a mét quy hoach toan phuong 16i manh, do dé
né c6 duy nhat nghiém va nghiém nay dude ky hiéu béi /1(x, w). Theo Tinh chét
1.1.8, ta co

0 € a(h(x,w) —x) +w+ Ne(h(x,w)),

Ne(h(x,w)) 1a nén phap tuyén ctia C tai h(x, w). Piéu nay c6 nghia rang ton tai
z1 € Ne(h(x,w)) sao cho

a(h(x,w) —x)+w+2z; =0.

Do vay
hix,w) =x— 1w - 121. (3.16)
it it
Tuong tu véi x’ € C,w’ € F(x'), tacé
hx,w') =" - ~w — 1z’ — lz’ (3.17)
! o a '
6 day z} € Nc(h(x',w")).
Do anh xa da tri N¢ la don diéu, ta co
(z1 — 2, h(x,w) — h(x',w")) > 0. (3.18)

Thay thé z; cta cong thic (3.16) va z} cua cong thic (3.17) vao cong thic (3.18),
ta nhan dudc

(x —x' — %(w —w') — (h(x,w) — h(x', @), h(x,w) — h(x',w")) >0,
diéu nay tuong duong véi
|1 (x, w) — h(x', ") ||* <{x —x' — %(w —w'), h(x,w) —h(x',w")). (3.19)
Bat dang thiic nay chi ra rang
|1 (x,w) —h(x',w")[]> < ||]x — 2" — %(w — )| |h(x, w) — h(x", w)]].
Nhu vay la
|1 (x, w) = h(x', w")|]? < |]x =« — %(w —w)|?

2 1
= Hx—x’Hz—E(x—x',w—w')%—ﬁHw—w'Hz. (3.20)
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T gia thiét 4nh xa F 1a L-Lipschitz trén C, F(x') déng véi mdi x’ € C vaw € F(x),

nén theo B6 dé 3.1.1, ton tai w’ € F(x') sao cho
[[w(x) —w(x')|| < Lf|x —x[].
Mit khéc, do gia thiét F don diéu manh véi hé s g nén
(w—w',x—x') > Bllx —x'||%,
Do vay, ti bat dang thic (3.20), ta cé
l|(h(x,w) — h(x',w0")|> < (1 - % + i—;)Hx — x| % (3.21)

Néu chon h¢ sb & > &, thi1— 2 + L > 0. Cuéi ciing, tit bat déng thiie (3.21) ta

dudc
28 L2
[1h(x, w) = (', w)[| < A[1 ===+ Zllx = |].
Pat 6 := /122 + L} khi ds

[|h(x, w) —h(x',w")|] <6||x — || Vx,x" € C,w € F(x).

Do dé
o(H(x), H(x")) < é||x — x'|| Vx,x" € C.

Chu y rang néu a > % thid € (0,1). Nhu vay, anh xa da tri H la co trén C véi hé
s6 0. O

Chu y 3.1.5 Két hop dinh nghia ctia anh xa H va Dinh 1y 3.1.4, ta nhan thay

néu F 1a anh xa don tri thi 4nh xa nghiém H 1a co trén C.

Bay gio, thay gia thiét don diéu manh cta anh xa F béi gia thiét yéu hon 1a F
don diéu. Khi d6, ta c6 hé qua truc tiép sau:

Hé qua 3.1.6 Gid si F la dnh xa don diéu va Lipschitz vdi hé s6 L > 0, F(x) la
mot tap 10i, déng véi méi x € C. Khi d6, néu o« > 0, thi dnh xa H c¢6 tinh chdt
Lipschitz trén C vdi hé sb

VL2 + a2

o

0=
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3.2. Thuat toan lap Banach cho bai toan (MVIP)

don diéu manh.

Theo Pinh Iy 3.1.4, véi gia thiét anh xa F 1a don diéu manh, ta c6 thé chon
tham s6 chinh quy « phit hdp sao cho anh xa nghiém H 14 co trén C. Trong truong
hdp nay, theo nguyén ly anh xa co Banach, dudc mé rong béi Nadler, nghiém cua
bai toan MVIP c6 thé dugce xap xi bdi qua trinh 1ap

e H(xM),k=0,1, ...

v6i x0 1a mot diém tuy y caa C.
Theo dinh nghia ctia 4nh xa H, diém x*t! chinh 14 nghiém duy nhét caa quy
hoach toan phuong 16i manh.

Hién nhién, khi F don tri, anh xa nghiém H cling don tri va khi d6 qua trinh

lip dudc viét dudi dang don gian nhu sau:

e, =HHE) vk=0,1,..

Mo ta thuat toan va sw hoi tu

Khi thuc hién cac thuat toan vé han, viéc tim ra mot nghiém t6i uu chinh
xac 1a khé thuc hién dude. Vi vay, ngudi ta thuong phai lay nghiém xap xi véi
do chinh xac nao d6. Gia st x* la nghiém chinh xac cta bai toan MVIP, khi do
x € C dudc goi 1 e- nghiém ctia bai toan MVIP néu ||x — x*|| < e. Thuat toan lip

Banach cho anh xa F don diéu manh trén C dugc miéu ta chi tiét nhu sau:

Thuét toan 3.2.1 Budc dau. Chon sai s6 € > 0.

Chon tham sb chinh quy a > %2, khi F la B-don diéu manh, 6 day L la hé sé
Lipschitz ctia F.

Chon x° € C,w° € F(x°).

Budc lap k(k = 0,1,2,...). Gidi bai todn quy hoach 16i manh
1
P(x*) min{§a||x — xN||2 4 (wk, x — ¥ | x e C},
thu duoc nghiém duy nhét X1 Tim w**1 € F(x**1) sao cho

||wk+1 . wk|| < L||xk+1 . Xk||,
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chang han c6 thé chon w ! := Pp(xk+1)(wk) (hinh chiéu ctlia w* trén F(x*1)).
Xeét hai truong hop:

€(1-9)

S thi thudt todn ding: x* la mét e-

Truong hop 1: Néu ||x*+1 — xk|| <
nghiém cua bai toan MVIP.

-Truong hop 2: Néu ||x*1 — xk|| > #, thi ta thay thé k := k + 1 va chuyén
sang Budc lap k.

Theo Pinh Iy 3.1.4, va nguyén ly lip Banach, ta c6 mbi quan hé gitta diém x*

va nghiém chinh xac x* caa bai toan MVIP dudc xac dinh béi cong thic sau:

(5k+1

=2 < T

||x0—x1|| Vk,

6 day 0 < 6 < 114 hé sb co cia anh xa nghiém H. Theo Dinh 1y 3.1.4

khi F la B-don diéu manh.

DPinh ly 3.2.2 Dudi gid thiét ciia Dinh Iy 3.1.4, day {x*} dugc xdy dung bdi Thudt
toan 3.2.1 thoa man
k+1

0
*g—
| <

k+1
Ix —

|20 — xb|| VK, (3.22)

d day x* la nghiém chinh xdc ctia bai todn MVIP. Néu ta thém gid thiét dnh xa F
la dong trén C, thi day {w*} héi tu téi w* € F(x*) vdi toc do hoi tu

‘ Lok

s < 0o _ .1 k.
| = || < g5l =[] ¥

Chuing minh. Trudc hét, ta gia s cac gia thiét cta Pinh 1y 3.1.4 dudc thoa man.
Theo B6 dé 3.1.1, ta c6

x* € H(x") :={h(x*,w) | w € F(x*)}.

Lay w* € F(x*) sao cho x* = h(x*,w*) € H(x*). Theo cach xay dung w**! cia
Thuat toan 3.2.1, ta dudc

||kt — || < L||x = xK|| VE=0,1,...
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Khi dé theo Pinh ly 3.1.4 ta nhan dudc
[ (2, ) — h(xF, wb) || < 6] |xF Y — x| Yk =0,1, ...
T h(x* 1, wht1) = ¥k+2 suy ra
|52 — 2| < S| — &K VEk=0,1, ...

Theo nguyén ly anh xa co Banach, ta c6
k+1

|| — x| < 1—_(5||x

x| Vk=0,1,...
Nhu vay, ¥ — x* khi k — +o0. Hon nita, stt dung tinh chét co ctia anh xa nghiém
H, ta dat dudc

k(1 — sp
k||<5(1 o)

ptk _
[[x x T3

|21 — xK|| VK, p.

Cho p — +o0, ta dudc

5k
|2k — x*|| < 1—_(5||kar1 —x*|| Yk=0,1,...

Néu Truong hdp 1 cia Thuat toan 3.2.1 xay ra

€(l1—-9
ka+1_ka < %

va do d6 ||x* — x*|| < e. Piéu d6 c6 nghia la x* 12 mot e-nghiém ciia bai toan
MVIP.

Mt khéc, tit

||wk+1 _wk|| < L||xk+1 _xk||
suy ra
k i k+ k k k k k+p—

[P — wl || < [Jw*" [+ [ — | 4 [P — P
<L(||xk+1 k||+||xk+2_ k+1||+ +||xk+p_xk+p—1||>
<L(5k+(5k+1—1— +5k+p 1>Hx H

Do vay
Lok (67 — 1
||k HP — k|| <¥]|x1—x0]|. (3.23)

6—1
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Diéu nay chi ra rang {w’} 1a day Cauchy trong khong gian R”. Do dé6, day {w"}
hoi tu t6i w* € C. Do F 1a 4nh xa déng trén C nén w* € F(x*). Trong dang thic
(3.23), ta cho p — o0 va nhan dugc

Lok
ot < 15

It =] ]

||
0

Chi y 3.2.3 e Theo Dinh Iy 8.1.4, 6 := /1~ 22 4 L ta thiy riing hé sb co 0 la
mot ham theo tham sé chinh quy hoa «. Tinh toan théng thudng da chi ra rang
0 nhé nhat khi chon tham s6 « = % Do vay, Thuat toan 3.2.1 hoi tu tot nhat khi
ta chon tham sb a = %
e Trong Thuat toan 3.2.1, tai Budc lip k, thuat toan nay doi héi phai tim wkt!
F(x**1) sao cho

||wk+1 . wk|| < L||xk+1 . xk||.

Viéc tinh toan nay la dé dang khi v6i méi x € C, F(x) c6 mét chu tric dic biét
nhu khong gian con, hinh hop, hinh cau, don hinh.

e Ta ap dung Thuat toan 3.2.1 cho bai toan VI, 6 day F la anh xa don tri. Khi
dé, bai toan phu cia thuat toan nay 1a tim hinh chiéu cta mét diém trén tap C.
Trong truong hop nay, ta thu lai dude cac thuat toan da cé6. Cu thé, thuat toan
dudc trinh bay nhu sau.

Thuét toan 3.2.4 Budc dau. Chon sai s6 € > 0.

Chon tham sb chinh quy a > %, khi F la B-don diéu manh, 6 day L la hé sb
Lipschitz ctia anh xa don tri F.

Chon x° € C,w’ € F(xY).

Buéc lap k(k =0,1,2,...)

Gidi bai todn quy hoach toan phuong 16i manh

1
P(xF) : min{§a||x — xF|2 + (F(xb), x — x5 | x e C},
thu duoc nghiém duy nhat x 1.

Xet hai truong hop:

-Truong hop 1: Néu ||x**1 — xK|| < 6(15;5), thi thudt todn ding: x* la moét e-
nghiém cua bai toan VI.
-Truong hop 2: Néu ||x*+1 — xk|| > €19 thi ta thay thé k = k + 1 va chuyén

ok
sang Budc lap k.
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Nhu vay, trong chuong nay ta da dung cach tiép can diém bat dong cho bai
toan bat déng thic bién phan da tri véi anh xa gia 1a don diéu manh. Ta da
ching t6 rang viéc tim nghiém cta bai todn MVIP dugc qui vé tim diém bat dong
ciia mot anh xa da tri H. Bang cach st dung k§ thuat diéu chinh, ta da ching t6
rang anh xa nghiém H c6 tinh chét co (theo khoang cach Hausdorff). Cu thé, khi
anh xa gia 1a don diéu manh, tinh chat co nay cho phép ta xay dung mét thuat
toan lap theo kiéu nguyén ly anh xa co Banach dé giai bai toan MVIP. Cach tiép
can nay cho phép thiét 1ap dé dang téc d6 hoi tu ctia phuong phap lap.
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CHUONG 4

e ?e

Phuong phap lap Banach giai bai toan
(MVIP) dong birc

Trong chuong nay, ta xét bai toan MVIP véi gia thiét F 14 anh xa dong biic
trén C. Trong truong hop nay, bai toan MVIP c¢6 thé khong duy nhat nghiém.
Ching ta sé chi ra cach chon tham s6 chinh quy hoé « sao cho 4nh xa nghiém H
la khong gian trén C. Trén co sé do6 xay dung thuét toan giai bai toan MVIP véi
F 14 4nh xa dong biic.

4.1. Tinh khong gian cua anh xa nghiém

Pinh 1y 4.1.1 Gid siz rang dnh xa F la dong biic véi hé s6 v > 0 trén C, tap F(x)
la 161, dong véi méi x € C. Khi do, néu « > % thi anh xa nghiém H la khong gian

trén C.

Chitng minh. Bang cach suy luan tudng tu nhu trong ching minh cta Dinh ly
3.1.4,taco
1
|h(x, w) —h(x', w")||> < ||x — & — E(w — )| Vx, 4.1)
Vx' € C,w € F(x),w' € F(x).

Tit tinh dong bic cta F trén C v6i hé s6  suy ra

v0*(F(x),F(x')) < (x —x/,w — ') Vx,x' € C,w € F(x),w' € F(x').
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Vay,

1
lx =" = (w — )|

2 1
. "2 / / 12
= )= 2= o= ) + o — ]

2 1
<||x—x’||2—zrypz(lf(x),l-”(x’))—FEHw—w’H2 Vx,x' € C,w € F(x),w' € F(x').

Mt khéc, véi moi x, x' € C,w(x) € F(x), ton tai w(x') = Pp () (w(x)) sao cho
p(F(x),F(x")) = [lw(x) — w(x)]].
Do vay,
;1 12
[l =" = —(w(x) — w(x))|]

2y 1
<l =17 = =Hlw(x) — w2 + | [w(x) — )|

29y 1
"2 "2
Sl =27 = (= R)wlx) —wlx)]]~
TrocZ%suyra
[|x — x' — 1(w(x) —w(xX))|* < |lx = X||* Vx,x' € C,w(x) € F(x). (4.2)

o

Két hop (4.1) va (4.2), ta nhan dudc
h(x, w(x)) —h(x,w(x)|| < ||x = || Vx,x" € C,w(x) € F(x).

Do do,
o(H(x),H(x")) < ||]x — X'|| Vx,x' € C.

O

Nhu vay, tuy rang bai toan MVIP c6 thé khong duy nhat nghiém trong trusng
hop anh xa F 1a dong bitc, nhung Pinh 1y 4.1.1 chi ra rang ta c6 thé tim dudc mot
nghiém cta bai toan nay théng qua viéc tim diém bat dong cia anh xa khong

gian H. D€ tim diém bat dong ctia anh xa H, ta sé st dung dinh 1y sau.

Pinh ly 4.1.2 Cho C C R" la mét tap 16i, compact, khdc réng va S : R" — 2R",
Gid stz rang S la dnh xa déng, dom S O C va khong gian trén C. Véi méi A € (0,1),
ta dat

Sy:=(1—A)I+AS.
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Khi do, cdc day {x*}, {y*} duoc xdc dinh bdi

= (1= )k + Ak,
yk € S(xk);
1y =y < |IFT = 2F]] vk =0,1,2, ..

sé thoa man
2% — y¥|| — 0 khi k — +c0.

Hon nita, bat ky moét diém tu nao ciia day {x*} déu la diém bat dong ciia dnh
xa S.
Pé chitng minh dinh Iy nay, ta can téi b dé sau:
Bé6 dé 4.1.8 Dudi gid thiét ctia Pinh ly 4.1.2, vdi moi i,m = 0,1, ..., ta cé

Iy =] = (1= )l =3 =y = )+ @ Ay 2 (48)

Chiing minh ctia B6 dé 4.1.3. Ta sé chiing minh bang quy nap toan hoc theo m.
Vé6i m = 0, thi (4.3) hién nhién ding v6i moi i. Gia st (4.3) dung véi m va véi moi
i. Thay thé i béi i + 1 trong (4.3), suy ra

’|yi+m+1 _ xi+1H 2(1 _ /\)—m[’|yi+m+1 _ xi+m+1’| _ HyiJrl _ xi+1|H
+ (14 Am)| [yt — K (4.4)
T 21 := (1 — A)x* + AyF véi v* € S(xF) v6i moi k = 0,1, ... suy ra
Iy — 1| = (1 ) g
<Ay =y |+ (= Ay = |

. . m . .
< (1 . /\)||yz+m+1 . x1|| +A Z ||x1+k+1 . x1+k||. (4.5)
k=0

Két hop (4.4) va (4.5), ta nhan dudc
Hyi+m+1 _ xiH 2(1 _ /\)—(m—&-l)[HyH-m—&-l _ xi+m+1H _ Hyi+1 _ xi+1|H
+ (1= A) A+ Am) [y = 2|

m
. /\(1 . A)—l Z ||x1+k+1 _ x1+k||.
k=0
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Do |1 — K| = A" — xFH] |, nén day {|[y™ — x™||} 12 giam vi

Mly™ — ™[] = [ |1 — ™|

= |11 =)™ + Ay™ = [(1 = )"t = Ay |

< (L= A" ="+ Ally™ =y
< [l - m_1||
Mly™ =t = "1
Suy ra
|y — x| >(1 - A) (m+1) [Hyz+m+1 — L |y )

+ (1 =)+ Am)[[yHT = 2|
A=) m+ Dy o]
=(1 = A) "Iy = 2y = ]
A=)+ Am) = (1= A) ]|y = 2
(A=A A2 (=) )]y - |
> (1= A) "Iy — 2y — ]
A=A 1+ Am) = (1= A) "Dy — K|
(A=A =21 =) )]y - |
(1 = A)~ OV |ly - |y
+ [+ A(m+ D]y — *].
Nhu vay, bat dang thiic (4.3) ding véi m + 1. Theo quy nap toan hoc, B6 dé 4.1.3
dudc chiing minh.
O
Chitng minh ctia Pinh ly 4.1.2. Pat
d := sup{diam S(x) | x € C}.
Tt tinh bi chan ciia C va S : C — 2€ 1a anh xa khong gidn, suy ra d < +co.
Ta chiing minh bang phan chiing. Gia st rang
Tim [y — 2| = > 0.
Chon m > % va € 1a mét s6 duong da nhé sao cho
e(l1—A)"<r.
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Tu day {||y" — x™||} gidm, suy ra ton tai mot sé tu nhién i sao cho
0 < [ly' = || = [y — 2" <e.

B6 dé 4.1.3 va bat dang thitc 1 + mA(1 — A)~"d&n dén su mau thuin sau

d+r < (1+mA)r
< (L+mA)|ly' =]
<™ =2+ @ =) [y = 2] = [y =]
<™ =+ (1 —A) e
<d+r.

Do vay, r = 0, cu thé hon la
lim |[x™ —y™|| = 0. (4.6)
m—00

Do x* € C véi moi k va C compact, nén tén tai mét day con xKi hoi tu té1 x*.
Khi d6, do (4.6) nén ykf € S(xi) cling hoi tu téi x*. Tt S 1a 4nh xa déng, suy ra
x* € S(x*). Nhu vay, moi diém tu ctia day {x*} déu la diém bat dong ctia 4nh xa
S. O

4.2. Mo ta thuat toan va su hoi tu

Bay gio, ap dung DPinh 1y 4.1.1 cho 4nh xa khong gian H, ta c6 thé tim mét
nghiém ctia bai toan MVIP véi F 1a anh xa dong biic v6i hé s6 -y trén C bang cach
tim diém bat dong cta anh xa H. Nhu trén da thay, néu x* lai chinh 1a nghiém
ctia bai toan P(x¥), thi x¥ 1a nghiém ctia bai toan MVIP. Do d6, trong thuat toan
duéi day, néu y* 12 nghiém ctia bai toan P(x*) va ||x* — v¥|| < e thi ta c6 thé coi v
12 mét e-nghiém ctia bai toan MVIP va diing thuat toan. Thuat toan cu thé dudc
trinh bay nhu sau.

Thuét toan 4.2.1 Budc 0. Chon sai s6 € > 0va A € (0,1), a > % va tim x° €
C,uw’ € F(xY). Dét k = 0.

Buiéc 1. Gidi bai todn quy hoach 16i manh
1
P(x") : min{ 5 ||y — |+ (why —2F) |y e C}
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dé duoc nghiém duy nhat y*.
Néu ||y* — x*|| <, thi ditng thudt todn.
Nguoc lai chuyén sang Budc 2.

Buiéc 2. Léy
= (1 = Ak Ay

Tim wk+1 = PF(ka)(wk).
Gan k :=k + 1 va tré lai Budc 1.

DPinh ly 4.2.2 Ngodi cdc gid thiét ciia Dinh ly 4.1.1, ta gid sit thém rang C la tap
compact. Khi dé, néu Thudt todn 4.2.1 khong ding, thi day {x*} bi chdn va moi
diém tu clia né déu la nghiém ciia bai todn MVIP. Hon nita, d(x*, H(x*)) — 0 khi

k — oo.

Chitng minh. Trong Thuat toan 4.2.1, ta c6 wkt! := PF(xk+1)(wk) véi wk € F(xF).
Tu B6 dé 3.1.1 va dinh nghia ctia p(F(x¥), F(x**1)) suy ra

[0 — || < p(B(xF), B(xH1)).
Theo tinh chat dong biic ctia F trén C véi hé sb v, ta c6
’ypZ(F(xk),F(xk+1)) < <xk . xk+1’wk . wk+1>.

Do do,

k k+1

||x —x k_wk+1)||2

=l -

2 - §<xk R gk gkt

1
_&(w
T
+P||w — w2

<||xk_xk+1||2 _ %7’)’||wk_wk+1||2

T
+ﬁ||w — w2

2 1
xk+1||2_(_’)'_ )||wk_wk+l||2.

ek
=|lx x A

Via > %,ta co
1
||xk_xk+1 . E(wk_wk+1)||2 < ||xk_xk+1||2.

Két hop diéu nay véi tinh chat khong gian cia anh xa nghiém H, ta dudc

k+1 _ka < ka+1 _ka

|y

7
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trong do
]/k _ h(xk,wk) e H(xk), ykJrl — h(xk+1,wk+1) c H(ka).

Tu diéu kién bic ctia F vé6i hé s6 B > 0 hay véi moi x,x' € C,w € F(x), ton tai
w' € F(x') sao cho

(w—w',x =) > Bllw —w'|?,
suy ra
1
B
Do d6, F 1a déng trén C. T cac gia thiét C 1a tap compact, F 1a déng, suy ra anh

[l —a'l] < Zllx = x|].

xa nghiém
H(x) := {h(x,w) | w € F(x)},

v6i h(x,w) 12 nghiém ctia bai toan quy hoach 16i manh
1
min{E(tz — x|+ (w,z—x) |z€ C}

la dong trén C.

Theo Dinh ly 4.1.2, moi diém tu x* ctia day {x*} 1a diém bat dong ctia anh xa
nghiém H va cting la nghiém cua bai toan MVIP.

Hon nita, két hop cac gia thiét C 1a tap compact, F 1a nia lién tuc trén trén
C va wk € F(x¥) v6i moi k, ta c6 F(C) 1a compact. Nhu vy, khéng mét tinh téng

quat, ta c6 thé coi w* hoi tu téi w*. Do F déng tai x*, nén w* € F(x*).
Trong Thuét toan 4.2.1, ta ludén c6 y* € H(x¥), do vay
d(xF, H(xF)) < ||x* = y¥|| Yk=0,1, ...
Theo Dinh ly 4.1.2,
|| — y¥|| — 0 khik — oo,
nén d(x*, H(x*)) — 0 khi k — co. O

Nhu vay, ciing bang cach st dung phuong phép lap Banach, nhung khi giam
nhe diéu kién don diéu manh bang diéu kién dong biic, ta da chi ra rang anh xa
nghiém H c6 tinh chat khong gian. Tinh chat nay cho phép ta b6 sung phuong
phap lip theo nguyén ly 4nh xa co Banach dé thu dudc mot phuong phap giai
cho bai toan MVIP.
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Két luan

Cac ket qua chinh ctia luan van:

Trinh bay vé anh xa da tri don diéu, dic biét 1a tinh chét don diéu lién quan
dén duéi vi phan ctia mot ham 16i.

Phat biéu bai toan bat dang thic bién phan da tri (MVIP), dé cap dén hai
truong hop riéng dién hinh 1a bai toan quy hoach 16i va bai toan bu. Pua ra vi
du thuc té lién quan dén bai toan MVIP la bai toan can bang mang giao thong
va bai toan kinh té ban doc quyén. Dic biét, ludn van da néu 1én dude diéu kién
dé bai toan MVIP c6 nghiém ciing nhu tinh chat ctia tap nghiém (c6 duy nhat

nghiém hay c¢6 nhiéu nhat moét nghiém).

Phan trong tAm cta luin van nay la trinh bay phuong phép lip Banach dé
giai bai toan MVIP. Ta da chiing t6 rang viéc tim nghiém cta bai toan MVIP
dude qui vé tim diém bat dong ciia mét anh xa nghiém da tri H. Bang cach st
dung ky thuat hiéu chinh, ta da chi ra réing anh xa nghiém H c6 tinh chat co
(theo khoang cach Hausdorff). Cu thé, khi anh xa gia 12 don diéu manh, tinh
chat co nay cho phép ta xay dung mot thuat toan lip theo kiéu nguyén ly anh
xa co Banach dé giai bai toan MVIP. Khi anh xa gia 1a dong bic, anh xa da tri
H c6 tinh chat khong gian. Tinh chat nay ciing gitp ta xay dung dudc mot thuat
toan tim nghiém cho bai toan MVIP, hon ntia, ta con danh gia dudc su hoi tu cua

thuat toan nay.

Do van dé dudc dé cap trong luan vin 1a tuong d6i méi va phic tap va thoi
gian ciing nhu kha ning con han ché nén luan van khong tranh khéi nhiing thiéu
x6t. Tac gia mong mubén nhan dudc nhitng ¥ kién déng gép quy bau cta cac thay
¢b gido, cac ban dong nghiép va nhiing ngusi quan tam dé dé tai dude hoan thién
hon.
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