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1. Introduction

In computer graphics, one of the most exciting themes is visualization based on physical
simulation, and visual simulation of fluid, which includes liquid and air, is the most
challenging issue among them. In order to visualize fluid behavior, there are two major
methods: Eulerian grid method and Lagrangian particle method. In Eulerian grid method,
level set method is used to identify the boundary of the fluid. In Lagrangian particle
method, Marching Cubes is used as the technique that generates the surface of the fluid,
while some researches use level set method to generate it, which is called particle level set
method.

(Greenwood & House, 2004) used particle level set method to visualize bubbles, especially
splashing. (Zheng et al., 2006) used a regional level set method with semi-implicit surface
tension model to simulate multi-manifold bubbles. (Kim et al., 2007) solved the volume
error caused by level set method to visualize foamy bubbles. On the other hand, (Kim et al.,
2010) used a spatial averaging and stochastic approach with particles to simulate sparse
bubble flow.

In addition, there are two major methods for Lagrangian particle method: SPH (Smoothed
Particle Hydrodynamics) and MPS (Moving Particle Semi-implicit) methods. Both methods
use particles and calculate fluid behavior based on Navier-Stokes equation; however, the
basic idea is different. SPH considers that the physical amount of a particle, which is mass
density, velocity and so on, does not belong to the particle itself but it distributes smoothly
around the particle, and kernel function is used to calculate the physical amount of each
particle. On the other hand, MPS considers that the physical amount such as mass density or
velocity belongs to the particle itself, and calculates the interaction between particles with
weight function. MPS can also be applied to incompressive fluid by satisfying the condition
of density constant.

(Selle et al., 2005) used hybrid techniques of Lagrangian particle method and Eulerian grid
based method for vortex visualization. (Hong et al., 2008) also used hybrid method
incorporating bubble model based on SPH into Eulerian grid based simulation to visualize
bubbly water. In addition, (Chang et al., 2009) used SPH method for viscoelastic fluid
simulation. On the other hand, (Yamamoto, 2009) used MPS method to construct
momentum preserved two way coupling system between fluids and deformable bodies. The
targets of the simulation based on particle method are diverse. The target of most researches
mentioned above is bubbles; however, the target of (Chang et al., 2009) is viscoelastic fluids,
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and there are many researches on viscoelastic fluids. (Goktekin et al., 2004) used particle
level set method to animate incompressible fluids, and visualized the viscoelastic behavior
by adding elastic terms to Navier-Stokes equation. On the other hand, (Cavet et al., 2005)
used SPH method for fluid simulation, but inserted or removed springs between particles to
visualize the behavior of viscoelastic fluid. (Losasso et al., 2006) used separate particle level
set method, which sets different levels for multiple regions, to visualize the interaction of
different liquids such as viscous objects and water. In addition, (Qin et al., 2010) used a
coupling technique of SPH and MSM (Mass Spring Model) to visualize the interaction
between blood flow and blood vessel wall

There are many researches using particle method, which are mentioned above; however, the
following issues have not been solved. 1) physical based visualization on disappearance of
bubbles, 2) visualization of spinnability, which is a character that viscoelastic liquid
stretches very thin and long such as a rubber string, and 3) simulation of bleeding out of
blood vessel. In addition, SPH is more used than MPS for particle method although MPS can
be applied to incompressible fluid. Therefore, in this chapter, MPS based simulation
methods for the above unsolved three visualizations are explained.

2. Governing equations

The first basic equation of fluid is equation of continuity that is derived from the law of
conservation of mass. Suppose that p and m are the density and the mass of fluid, which
volume is V . Then, the following equation is true.

m=| pdV 1)
If mass is constant, the following equation is true since mass is invariant for time.
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Where, D /Dt is called Lagrange differential calculus that is defined as follows.
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Where, u is the velocity of fluid and V is gradient. They are defined as follows.
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Here, Eq. (2) is rewritten as the following by using Reynolds’ transport theorem.
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Where, V- is divergence that is defined as follows.
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V-::i+£+g (6)
Ox 0y Oz

Eq. (5) should be approved for any volume so that equation of continuity is derived as the
following (Nakamura, 1997).
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If fluid is incompressible, p is also invariant for time so that equation of continuity for
incompressible fluid becomes Eq. (8).

V-u=0 (8)

The next important equation is Cauchy’s equation of motion that is derived from the law of
conservation of momentum, which is defined as follows (Nakamura, 1997).
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Where, nis normal vector of the surface, ois stress tensor, and K is body force per unit
mass. Eq. (9) can be rewritten as follows by using Reynolds’ transport theorem and Gauss’
divergence theorem.
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Then, Cauchy’s equation of motion is derived as follows from Eq. (10) by considering
equation of continuity (Eq. (7)).

Du
Z—_V.0+ 0K (11)
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The last important equation of fluid is Navier-Stokes equation, which is derived from
Cauchy’s equation of motion. Here, stress tensor is described as follows by using pressure
p, unit tensor I and stress deviation T (Nakamura, 1997).

o=-pl+t (12)
In addition, stress deviation can be rewritten as follows for incompressible fluid.
©=2uD (13)

Where, u is coefficient of viscosity, D is deformation rate tensor and written as follows
with element expression.
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Where, the suffix of i and j represents 1, 2 or 3, in turn, 1, 2 and 3 represents x, y and z,
respectively. With the above equations (Eq. (8), (11), (12), (13) and (14)), Navier-Stokes
equation is derived as the following (Nakamura, 1997)..

Du

P D =-Vp+ 1Vu+ pK (15)

Where, V2 is Laplacian and defined as follows.
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3. MPS method

As mentioned above, there are two major particle methods: SPH and MPS. SPH considers
that the physical amount of a particle distributes smoothly around the particle, while MPS
considers that the physical amount of a particle belongs to the particle itself, and calculates
the interaction between particles with weight function. If the calculation is performed for all
particles, it takes huge amount of time so that MPS limits the area for the calculation of one
particle, and considers that only particles within the area affect the interaction for the
particle. The radius of the area, which is defined as a sphere, is called the radius of influence.
Fig. 1 illustrates the radius of influence for particle i as 7, and one of particles affecting
particle i as j. The quantity affecting from particle j to particle i is calculated with
weight function shown in Eq. (17).

Fig. 1. Relation between a particle and the radius of influence
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Where, |1; —1; | is the distance between particle i and particle j . In addition, the density n;
in the area, which is a sphere that has particle i as the center and the radius of influence 7,
as its radius, is called particle number of density and calculated with the above weight
function as follows.

n; = Zw(‘rj -r

j#i

) (18)

Especially, the initial density is expressed as n°, and this value is kept constantly for
incompressive fluid during simulation. In MPS method, discrete operators for gradient,
divergence and Laplacian are defined as follows in order to solve Navier-Stokes equation.

Gradient: = z 49 (r -1 )w(‘rj -1 ) 19)
| |t -5
Divergence: (V.u), = 5 Z% w(‘rj -1 ) (20)
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Where, ¢, and u; are quantities of scalar such as density, and vector such as velocity for
particle i respectively, and d is the space dimension number (Koshizuka, 2005).

MPS method treats incompressible fluid so that the density should be preserved, which
means that particle number n; should be kept to be the same as the initial particle number
n°. In order to perform it, all terms except for the pressure are calculated at first, and then,
particles move to temporal positions according to the velocities that are also calculated
temporarily. Next, the pressure term is calculated by solving Poisson equation of pressure.
Then, particle velocities and positions are modified by calculating the velocity again with
the pressure term. Finally, fluid is visualized by generating polygons from particles with
some methods such as Marching Cubes or particle level set method.

Here, how to derive Poisson equation of pressure is explained. At first, all terms except for
pressure are considered for Navier-Stokes equation so that only pressure term should be
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considered this time. Navier-Stokes equation with only the pressure term is written as Eq.
(23).

Du
b, v/ 23
P =V (23)
In addition, MPS supposes incompressible fluid so that the density is constant. Then, the
equation of continuity (Eq. (7)) is written as follows with the initial density of p°.
Dp o
—+pV-u=0 24
T (24)
In MPS, the density is calculated as particle number with Eq. (18). Then, Eq. (24) can be
written as Eq. (25).

.
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Here, n" is the temporal density. Eq. (23) can also be written as follows since Eq. (8) is
satisfied for incompressible fluid.
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Then, the velocity can be expressed as follows.

u= —A—éVp (27)
Yo,

Finally, by substituting Eq. (27) for Eq. (25), Poisson equation of pressure is obtained as the
following (Koshizuka, 2005).

0+
vy P 1 -n
P A2

0

(28)
The simulation algorithm by MPS method is shown in Fig. 2.

4. Bubble simulation

This simulation supposes that fluid velocity is low and bubbles appear at a depth of about a
few centimeters. Then, fluid is supposed to be incompressible so that MPS method is
applied. In addition, the analysis method of two dimensional simulation is described for
easy understanding. Fig. 3 shows the bubble model. There are many water particles in the
water and some air particles make a bubble. The bubble in the water moves up to water
surface by the pressure difference among particles. In Fig. 3, the pressure of a particle that
constructs the lower part of the bubble, which is shown as P, in Fig. 3, is higher than the
pressure of a particle that constructs the upper part of the bubble, which is shown as P, in
Fig. 3, so that the bubble moves up to water surface. After it reaches water surface, a
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Fig. 2. Simulation algorithm using MPS

part of the bubble goes out of the water and this part is called water screen that is
constructed with water screen particles. The bubble that has went out of the water still
moves up by surface tension that works on water screen particle. Finally, the pressure
difference between the inside and the outside of the bubble becomes larger than the surface
tension. Then, the bubble is broken and dissappears. This is the bubble model of this
simulation. Therefore, the governing equations of bubble simulation are equation of
continuity (Eq. (7)) and Navier-Stokes equation with surface tension shown as the following.

D
pDiltl =-Vp+ 1V2u + pK + yién (29)
Where, y is surface tension coefficient, x is curvature, § is delta function, n is normal
vector of surface tension on water screen.

Water screen particle is different from a particle that is inside water particles, and is called
free surface particle. It means that water screen particle is one of free surface particles. Then,
free surface particle should be searched in order to find water screen particle. Free surface
particle is not inside water particles but on the surface of water particles, so that particle
number of density is low. In this simulation, fluid is supposed to be incompressible so that
particle number of density is constant and the same as the initial one. Then, a particle, which
particle number of density is less than 97% of the initial density, is defined as free surface
particle.
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Fig. 3. Bubble model

Next, the calculation of surface tension is described. Surface tension is caused by bonding
strength between water particles. Then, it is necessary to calculate the density of water
screen, and the density in MPS is considered as the particle number so that particles that are
within the radius of influence of a particle, should be counted to calculate the density. The
particle density is calculated as follows.
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(a) Surface tension (b) Force to bring up a bubble

Fig. 4. Surface tension and force to bring up a bubble
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Then, normal vector n of surface tension for a particle is calculated by the difference of the
densities around the particle. The direction of surface tension, which is calculated with the
above method, is shown in Fig. 4 (a). The surface tension is on water screen and facing out
of the bubble. Bubbles move up out of the water and dissappear eventually; however, this
force cannot bring up the bubble. Then, our method counts not only water particles but also
air particles that are in the bubble for the calculation of particle density. By counting the air
particles, the direction of surface tension faces the inside of water screen, and the reaction of
this surface tension brings up the bubble (Fig. 4 (b)).

Fig. 5 shows a result of the simulation, where a bubble moves up to water surface from the
bottom of the water. The model is constructed with 1,232 particles, where 756, 60, and 416
particles for water, air and wall, respectively. On the way to water surface, the shape of the
bubble changes by the pressure from the water particles around the bubble. After the bubble

(a) after 0.03 second (b) after 0.06 second (c) after 0.09 second

(d) after 0.12 second (e) after 0.14 second (f) after 0.15 second

Fig. 5. A bubble moving up from the bottom of the water (with surface tension).
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reaches water surface, the reaction of the surface tension brings up the bubble, and water
screen is broken when the pressure inside the bubble is higher than the surface tension of
water screen. Finally, the bubble disappears.

On the other hand, Fig. 6 shows another result of the simulation without surface tension. If
there is no surface tension, the bubble cannot keep its shape, and air particles inside the
bubble diffuse in the water. The bubble is broken before it reaches water surface (Kagatsume
etal., 2011).

(a) after 0.03 second (b) after 0.06 second (c) after 0.09 second

(d) after 0.12 second (e) after 0.14 second (f) after 0.15 second

Fig. 6. A bubble moving up from the bottom of the water (without surface tension).

5. Spinnability simulation

Spinnability is one feature of viscoelastic fluid, which has a character of both viscosity and
elasticity. When viscoelastic fluid is pulled, it stretches very thin and long such as a rubber
string. This feature is called spinnability. For spinnability simulation, equation of continuity is
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necessary and also Navier-Stokes equation is used; however, constitutive equation of
viscoelastic fluid should be taken into account for stress tensor of Cauchy’s equation of motion.
Then, in this section, governing equations are derived from Cauchy’s equation of motion. In
addition, when viscoelastic fluid is stretched, it has free surface so that surface tension should be
considered. Then, Cauchy’s equation of motion with surface tension is the following,.

p%:V-o+pK+yx§n (32)

Here, stress tensor can be written as o =—pl+t (Eq. (12)). For viscoelastic fluid, stress
deviation t is divided into two parts: viscoelastic fluid and solvent as follows because
viscoelastic fluid is dissolved by solvent in order to have the feature of spinnability.

T=T,+T, (33)
Solvent is incompressible fluid so that the stress deviation is written as follows by Eq. (13).
T, =2uD (34)

On the other hand, there are some models for stress deviation of viscoelastic fluid, and two
models, which are Giesekus and Larson models, are adopted and compared in this section.

Giesekus model:

v
Tv+ltv+aitv~rv:2,uvD (35)
Hy
Larson model:
v
TU+ﬂTU+23%D:TU(TU+G):2,uOD (36)

Where, A4 is relaxation time, « is influence coefficient of nonlinear term, ¢ is model
parameter, G is relaxation modulus, g, is zero shear viscosity, : is inner product of tensor.
In addition, V in the above equations (Eq. (32) and (33)) is called upper convective
difference and defined as follows.

dr,

-L-t, -7, LI 37
it T, T, (37)

v
T, =

D:%(L+Lf), L=Vu (38)

Fig. 7 shows particle model expression of spinability simulation with Giesekus model. Fig. 7
(a) shows the initial state. The model is composed of 2,744 particles for viscoelastic fluid and
5,007 particles for solid objects, which are just attached with the viscoelastic fluid and
pulled. Then, the viscoelastic fluid is stretched according to the movement of solid objects.
Fig. 7 (b) shows the middle state, where the viscoelastic fluid is stretching such as a rubber
string. The middle part of the fluid is gradually thinner. Fig. 7 (c) shows the state just before
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it is broken so that there are only a few particles at the thinnest part. Fig. 7 (d) shows the
state just after it is broken, then the fluid shrinks rapidly as if it is a rubber string. In turn,
Fig. 8 shows the surface model expression of the same particle model from the different
point of view. Surface model is generated from the particle model with Marching Cubes

(Mukai et al., 2010).

(a) initial state (b) stretching

(c) before broken (d) after broken

Fig. 7. Particle model expression of spinability simulation with Giesekus model

(a) initial state (b) stretching

(c) before broken (d) after broken

Fig. 8. Surface model expression of spinability simulation with Giesekus model
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(a) initial state (b) stretching

(c) before broken (d) after broken

Fig. 9. Surface model expression of spinability simulation with Larson model

On the other hand, Fig. 9 shows surface model expression with Larson model. The
viscoelastic fluid with Larson model is more stretching than that with Giesekus model. The
stretching length depends on the velocity of viscoelastic fluid. Table 1 shows the comparison
of the stretching length for Giesekus and Larson models according to its velocity. The
viscoelastic fluid with Giesekus model does not stretch so much for the velocity, while the
fluid with Larson model stretches longer for the velocity (Arimatsu et al., 2011).

Velocity Stretching length [mm]
[m/s] Giesekus Larson
model model
0.018 2.3 14.7
0.068 2.3 21.4
0.100 2.4 22.8
0.140 24 25.8
0.180 24 28.4

Table 1. Comparison of the stretch length
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6. Blood flow simulation

This section explains the method of blood vessel deformation and bleeding simulation by
using MPS. Blood itself is fluid so that it should be simulated with particle model. On the
other hand, blood vessel is not fluid but solid that deforms very easily, which is elastic body.
In addition, we have to consider the interaction between blood flow and blood vessel. Then,
in this section, blood vessel is decomposed into small particles and the interaction between
blood itself and blood vessel is calculated with particle method. The governing equations
are equation of continuity (Eq. (7)) and Cauchy’s equation of motion (Eq. (11)). For
incompressible fluid, the stress tensor o is expressed as follows with Eq. (12) and (13).

o=—pl+2uD (39)
On the other hand, the stress tensor o for elastic body is expressed as follows.
o =-Atr(e)I+2Ge (40)
Where, € is strain tensor, 4 and G are Lame parameters that are defined as follows.

vE E
e ") "

Where, v is Poisson’s ratio and E is Young's modulus. Trace of strain tensor tr(e) is
calculated as the difference between particle number of density and initial one as follows.

(tr(e)), = —— (42)

n;

In addition, non-slip boundary condition is satisfied for the boundary between the blood
vessel and blood particles that touch the blood vessel. The interaction force F between
particles is calculated with Hooke’s law as follows.

E_ Zk(rjz_rn) (|ri—1‘i |<2r)

i i#]

0 (r§|rj—r,- |)

Where, k is spring constant and r is the radius of a particle.

Fig. 10 shows the simulation result of blood vessel deformation. Fig. 10 (a) shows the initial
state, where two surgical tools are supporting a blood vessel model lying horizontally. The
number of particles for the blood vessel, blood and surgical tools are 9,568, 5,852 and 1,365,
respectively. Fig. 10 (b) shows the case that the inside of the blood vessel is filled with elastic
particles so that the blood vessel is not deformed so much when two surgical tools push the
blood vessel. On the contrary, Fig. 10 (c) shows the case that the inside of the blood vessel is
empty so that the blood vessel is deformed largely; however, it is not real because there is
blood flow inside the blood vessel. Then, Fig. 10 (d) shows the case that the inside of the
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blood vessel is filled with blood particles so that the blood vessel is deformed moderately,
since there is blood flow inside the blood vessel and the blood flow pressure pushes back
the force that comes from the surgical tools.

.(Blood Vessel

~_—

Surgical Tool

(a) Initial State

(b) Blood vessel is filled with elastic particles

(c) Inside of blood vessel is empty

(d) Blood vessel is filled with fluid particles

Fig. 10. Blood vessel deformation with particle method

On the other hand, Fig. 11 shows another simulation of blood vessel deformation and bleeding
with the aorta model. Fig. 11 (a) shows the initial state. The model is constructed with 15,000
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and 7,000 particles for blood vessel and blood itself, respectively. The aorta model is generated
from image data of a real patient. The aorta is extracted from volume data, which is
constructed with multiple image data, and it is converted into polygon data by using
Marching Cubes. Then, the polygon data is converted into particle data, which is used for this
simulation. Blood flows into the blood vessel from the upper part of the aorta, and it flows out
of the lower part of it. When two surgical tools push the blood vessel, it is deformed by
considering the interaction between blood vessel and blood flow (Fig. 11 (b)). In addition, if a
part of the blood vessel is broken, bleeding occurs (Fig. 11 (c)). (Nakagawa et al., 2010, 2011)

Blood flows in Blood Vessel

Surgical Tools

' Blood flows out

(a) Initial State (b) Deformation (c) Bleeding

Fig. 11. Simulation of blood vessel deformation and bleeding

7. Conclusion

In this section, three kinds of simulation with particle method were explained. For all
simulations, the basic equations are equation of continuity and Cauchy’s equation of
motion, which leads Navier-Stokes equation. There are two types of particle methods: SPH
and MPS, and in this chapter these simulations use MPS method since MPS treats
incompressible fluid such as water, viscoelastic fluid and blood. In bubble simulation,
surface tension is added to Navier-Stokes equation so that the bubble moves up to water
surface keeping its shape, and it is broken by the pressure from the inside of the bubble. In
spinnability simulation, stress deviation of Cauchy’s equation of motion is divided into two
kinds: viscoelastic fluid and solvent. For stress deviation of viscoelastic fluid, two types of
models, which are Giesekus and Larson models, were used to compare its stretching length.
As the result of the simulation, stretching length with Larson model was longer than that of
Giesekus’s. Finally, blood vessel deformation and bleeding simulations were performed.
Blood itself is fluid; however, blood vessel is elastic body so that the different equations of
stress tensor were used for fluid and elastic body. Simulation result says that the blood
vessel filled with blood flow is deformed moderately and bleeding simulation can be also
visualized.

In the future, there are some issues to be solved. 1) three dimensional simulation of bubble
moving, changing its shape, and disappearance, 2) considering a new model of stress
deviation for viscoelastic fluid, which model stretches viscoelastic fluid longer and
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expresses good spinnability, and 3) verification of the simulation of blood vessel
deformation and bleeding. The simulation result should be evaluated by surgeons. In
addition, visualization of the blood flow and stress distribution inside the blood vessel will
be also useful for the preoperative planning of real surgeries.
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