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MG DAU

Céac bai toan noi suy va nhiing van dé lien quan dén né 13 mot phan
quan trong ctia dai s va gidi tich toan hoc. N6 khong nhiing nhu 14 mot
do6i tugng nghién ctu trong tam ciia dai s6 ma con 1a mot cong cu dac e
clia gidi tich trong 1y thuyét xap xi, 1§ thuyét noi suy, 1y thuyét biéu dién,
Iy thuyét diéu khién, t6i wu,..Ngoai ra, cac diic trung co ban ciia noi suy con
dugc st dung trong nhiéu toan cao cap, toan ting dung, trong nhitng mo hinh
thuc té va trong cac ky thi hoc sinh giéi Quoc gia, Olympic Toan khu vuc
va quoc té.

Céac bai toan noi suy 1a mot chuyeén dé chon loc cho gido vién va hoc
sinh hé chuyén toan bac trung hoc phd théng va nam dau dai hoc va ciing
1a chuyén dé can nang cao cho bac sau dai hoc.

Cac bai toan noi suy ra doi tir rat sém, khdi dau 13 cong trinh ctia La-
grange, Newton, Hermite,. . ., Tuy nhién viéc xay dung bai toan noi suy tong
quat va cac thuat toan tim nghiém ctia né ciing nhu viéc xay dung 1y thuyét
noi suy cho dén nay van dang dugc cac nha toan hoc tiép tuc nghién citu
. C6 theé néi cac bai toan noi suy co dien déng mot vai tro rat quan trong
trong viéc thiét lap cidc da thic théa man hé cac dieu kién rang buoc dac
biet. Viéc nghién cttu cac bai toan noi suy la nham gidi cdc bai toan lien
quan dén da thic va ham s6. Tuy nhién, & cac trusng trung hoc pho thong
thi Iy thuyét cac bai toan noi suy con rat méi mé va bd ngd ngay ca doi véi
gido vién giang day mon toan hoc.

La hoc vién cao hoc, cong tac 6 mot truong trung hoc, nham dap tng
cho nhu cau giang day va hoc tap toi chon dé tai " Bai toan noi suy co dién
tong quat va ap dung". Day la dé tai c6 ¥ nghia thuc tién trong cong téc
giang day, né cho ta sy nhin nhan nhat quan vé cac bai toan noi suy co dién

co ban trong giai tich.



Dé tai da stt dung mot phan noi dung ve 1y thuyét ciing nhu cac bai tap
mang tinh minh hoa da duge GS. TSKH Nguyén Van Mau thuc hién (xem[5]).

Dé tai gom phan mdé dau va 3 chuong.

Chuong 1. Mot s6 bai toan noi suy co dién co ban trong giai tich.
Chuong 2. Bai toan noi suy co dién tong quat.
Chuong 3. Mot s6 tng dung cia noi suy.

Toi xin bay t6 long cAm on sau sac t6i nguoi thay kinh mén GS.TSKH
Nguyén Van Mau da tan tinh huéng dan t6i hoan thanh dé tai nay. Toi ciing
vo cling biét on cac thay, co gido , dac biét cac thay co gido trong To Gidi
tich, Khoa Toan - Co- Tin hoc Truong Dai hoc Khoa hoc Ty nhién Ha Noi
da day do, déng gép ve noi dung ciing nhu vé cach thic trinh bay dé tai nay.

Ha No6i, ngay 15 thang 12 nam 2009

Cao Van Quy



CHUONG 1

MOT SO BAI TOAN NOI SUY CO PIEN CO BAN
TRONG GIAI TICH

1.1 Mot sé kién thitc chuan bi
Pinh nghia va tinh chit ctia da thiic

Dinh nghia 1.1. Mot da thiic bac n ctia an z 14 biéu thiic c6 dang ( [6] )

1

P.(z) = apx™ + ap12" " + - - + a1 + ay,

trong do cac hé s6 a,, a,_1, ..., ao 1a nhitng s6 thyc hosic (phic) va a, # 0,
n € N. Ta ky hiéu

i, Bac ctia da thic P,(x) la deg P, (x). Do vay deg P,(x) = n.

ii, a, - hée s6 cao nhat ctia da thiic.

iii, ag- he s6 tu do ciia da thiic.

iv, a,z"- hang ti cao nhat.

Chu y 1.1. Sau day ta thudng chi xét da thic P,(x) v6i cac he s6 clia no
déu Ia thuc va goi tat 1a da thitc thue.

Dinh nghia 1.2. Cho da thic
P,(z) = apx™ + ap12" ' 4+ - a1 4+ ap, v6i a, #0,

a € C, duge goi la nghiem ciia da thitc P,(x) néu P,(«a) = 0.
Néu ton tai k € N, k > 1 sao cho P,(7)}(z — a)* nhung P,(x) khong chia
hét cho (z — a)**! thi o dugc goi 1a nghiem boi k ctia da thic P, (z).

Dac biét khi £ = 1 thi a dugc goi la nghiém don , £ = 2 thi o dugce goi 1a



nghiém kép.

Dinh 1y 1.1 (Gauss). Moi da thiic bac n > 1 trén truong C déu c6 diung

n nghiém néu mdéi nghiem duge tinh mot s6 1an bang boi ciia no.

Dinh 1y 1.2. Moi da thiic v6i hé s6 thuc déu c6 thé biéu dién dudi dang

Py(z) = ap(z — o)™ ... (z — o) (2> + prz + @)™ ... (2* + psx + q5)™

trong do
T S
Zni—|—22mi =n, p? —4q; <0, 1=1,1.
i=1 i=1
va, Qp, X1y . ., OpiP1, G, - - -5 Psy s € R.

Dinh ly 1.3. Madi da thic thyc bac n déu c6 khong qua n nghiém thuye.
Hé qua 1.1. Da thtic ¢6 vo s6 nghiém 1a da thitc khong.

Hé qua 1.2. Néu da thiic c6 bac < n ma nhan cung mot gia tri tai n + 1
diem khac nhau ctia déi s6 thi da thic do 1a da thic hing.

Hé qua 1.3. Hai da thitc bac < n ma nhan n+ 1 gia tri bang nhau tai n+1

gia tri khac nhau ctia dbi s6 thi dong nhat bang nhau.

1.2 Mot s6 bai toan noi suy co dién co ban trong giai
tich

1.2.1 Bai toan noi suy Taylor

Bai toan 1.1. Cho zp € R, va a;, € R, v6i k =0,1,..., N — 1. Hay xéac
dinh da thitc T'(x) ¢6 bac degT(x) < N — 1 va théa man cac diéu kien

T (20) = a,, Yk=0,1,...,N—1.



Nghiem duy nhat ctia bai toan duge biéu dién bdi cong thiic

Vidu 1.1. Xé&c dinh da thiic bac ba f(x) thoa man cac dieu kién
f(”)(l) =n®—3n’+n+1, n=0,1,23.
Giai. Ta ¢6
n=0=f1)=1, n=1= fY1) =0,
n=2= fA1)=-1, n=3= fO(1)=4.

Theo cong thiic noi Suy Taylor, ta co

(1) (2) (3)

f@) = 10+ LBy LW g LWy
:1+o.(x—1)—%@-1)%%@-1)3
:1—%x2+x—%+§(:ﬁ3—3x2+3x—1)
f(x):§x3—gx2+3x—é

1.2.2 Bai toan noi suy Lagrange

Bai toan 1.2. Cho z;, ap; € R, v6i z; 7& Zoj \] 7& 7, (Z,] =1,2,..., N)
Hay xac dinh da thic L(x) ¢6 bac deg L(x) < N — 1 théa man diéu kién

L(ZUOZ) = ap;, Vi = 1,2,...,N.

Nghiém duy nhat ctia bai toan duge biéu dién bdi cong thiic

trong d6 L;(x) = [T YL (1=1,2,...,N),

J=Lg# wi—xy”
va ta dong nhat zy; = z;, ag; = a;.



Vi du 1.2. Xac dinh da thic bac hai nhan gia tri bang 3;1;7, taix =-1; 0
; 3 tuong Ung.
Gidi. Taco vy = =1, 20 =0, x3 = 3 va f(z1) = 3, f(x2) =1, f(x3) = T.
Theo cong thiic néi suy Lagrange v6i n =2, ta co

(x —0)(x —3)
(=1-0)(=1-3)

1
0G0,
Bine_o ~ th

flz)=a2*—2+1.

flz) = f(=1)

+£(3)

Vidu 1.3. Xac dinh tam thiic bac hai, f(z) théa man cac dieu kién sau
f(n)=(—=1)"2n* —n—1), n=4,7,16.

Giai. Dat ny =4, no =7, ng=16. Ta co

Stt dung dong nhat thitc Lagrange ta co:

o) = o) =) + ) it
+/(ns) (% - i;ﬁf{ﬁ)-
o) = 2 R e+ P
290 (56 2&%——2)'
fa) = 3.8 7)Elx —16) 10'(55—4):(;5 —16) o (@ —4;(7:1; -7

Vi du 1.4. Xac dinh tam thic bac ba, f(x) thoa man cac dieu kién sau
f@2n—1)=(=1)"2n* - 3n+1), n=14,512.

8



Giai.

Tacon=1= f(1)=0,n=4= f(7) = 117,
n=5= f(9) = —236, n = 12 = (23) = 1728.
St dung dong nhat thic Lagrange, ta c6

o @= D= 9@ —2)
J@ =t a 91— * o 7o 1)(7 —o( =) "

(z —1)(@ = 7)(z - 23) (z —1)(@—-7)(z—-9)
O o= no-2) (23— 1)(23—7)(23—9)’

+ f(23)

o) = ppE D D=2,

(x —1)(x —T7)(x — 23) (x—l)(x—?)(x—Q).

+/09) 256 +/(23) 4928
@ =1)(z—9)(zr —23)
flz) =117 9 +

—|—236(:C_ )(x —T7)(z — 23) N 1728(33— 1)(x—7)(:z:—9).

256 4928
f() = 39(:5 —1)(x g49)(:p — 23)+
+59(a: —1)(x g47)(:z; —23) +27(az — 1)(1,‘7—77)(.%‘ — 9).

1.2.3 Bai toan no6i suy Newton

Bai toan 1.3. Cho z;,a;, € R, v6ii=1,2,..., N. Hay xac dinh da thtc
N(z) c¢6 bac deg N(z) < N — 1 va thdéa man diéu kien

N(Z_D(I'Z) = Qy, Vi = 1,2, . ,N.
Nghiem duy nhat ctia bai toan dude biéu dién béi cong thic
N(z) = ay + asR(z1,2) + - - + ayRY Ny, 29, ..., xn_1,T),

trong do, ta ky hiéu

x tl tg tz 1

Ri(xo,xl,...,a:i_l, /// /dtl 1-- dtldtl N

o L1 T2



Vidu 1.5. Xé&c dinh da thiic bac hai f(x), théa man cac dicu kieén sau
fP0n4+1)=(-1)"2n2 —n—-1), n=0,1,2
Giai. Ta co
n=0=f(1)=—1, n=1= fY3)=0,n=2 = f¥5) =5

Dit a1 = —1,a9 = 0,a3 =5 lan luct ting v6i x1 = 1,29 = 3,23 = 5, ta
xac dinh duge da thice bac hai f(z) sau day

f(x) = a1 + as(x — 21) + a3 [(fﬂ —2:1;2)2 ( —21;2)2]

r—3)° (1-3)
2 2
5 23
f(:c)—ix — 15z + 5
Vi du 1.6. Xéc dinh da thic bac ba f(z) (deg f(x) = 3) théa mén cac

dieu kien

f(x)=—1+0.(z —1)+5. [(

f3Bn+1)=n*-3n +n+1, n=0,1,23.
Giai. Ta ¢6
n=0= f(1)=1,vadat ag =1,21 = 1= f(21) = ay,
n=1= fH4)=0,vadit as =025 =4 = fP(23) = a,

n=2= fA7) =—1,vadat a3 = —1,23=7= fP(x3) = as,

n=3= f(3)(10) =4,vadat ay =4, 24 =10 = f(?’)(a74) = ay.
Theo cong thiic noi suy Newton (ddi véi N=4) ta c6

N(z) = a1 + asR (21, 2) + asR* (w1, 2o, ) + ay R (w1, 9, 3, T),

trong do ,

x

R (xy,2) = /dt = — 11,

l‘tg

_ 2 _ 2
xl,xg, //dtgdt I’ xQ) — (:Ul 21'2) y

xr1 X2

10



x 12 t3

R3($1,$2,3}3,$)I///dtgdtgdt:

Ty T2 T3

(x — x3)° (- x3)? (w2 - x3)2(
6 6 2
Ta xac dinh duge da thtc

T —x1).

N(z)=1+0.(z—1)—1 [(x_4)2—(1_4)2]+

2 2
(x—7° (1-7° (4-7°
4 — — —-1)].
e 6 7wl
vay 2 29 415
N(z) = 24 — dp — =2
(x) 38~ 57 + 84x =

1.2.4 Bai toan no6i suy Hermite

Bai toan 1.4. Cho z;,a;, e R, v6it=1,2,...,nk=0,1,2,...,p;, — 1
va x; # xj, Vi # j, trong d6 p; + p2 +---+p, = N.

Hay xac dinh da thic H(x) ¢6 bac deg H(x) < N — 1 thdéa méan cac dicu
kién

H™ () = ap;, Vi=1,2,...,n; Yk=0,1,2,...,p; — 1.

Nghiem duy nhat ctia bai toan dude biéu dién béi cong thic

=Y S e }() ,

i=1 k=0 (v=x;)

trong do

{ 1 }(Pi—l—k) pi—1-k [ 1 ] ) (ZC . SUZ‘)Z
r S (o = z)
Wi@) ) (oa) Wil@) ooy 1

1=0
14 doan trién khai Taylor dén cap thi (p; — 1 — k) tai # = z; clia ham s6
1
W;

Vidu 1.7. X&c dinh da thic f(x) (deg f(x) < 3) thda man céc diéu kien

—~

ff)=n*=3n*+n+1,n=0,1,2, f(2)=0.

11



Giai. Kihiéu z;,a,;, v6ii=12, k=0,1,...,p;, —1,v6i p1 = 3;ps = 1.

Theo cong thitc noi suy Hermite ta co

O =1, fO1) =0, fP1)=1, f(2)=0.

tI‘ODg dé, 1 = 1,562 = 2,@01 = 1,(111 = O,CL21 = —1,@02 = 0
Ta co
2
Wi) = ] @—a)”,
=1
voii=1

Wi(z) = (z —z)' =2 —2
vol 1l = 2
Wy(z) = (2 — 21)° = (z — 1)°.

2 pi—l

xr — X g ! e
Hix) =YY" akf%wm { Wi(a) } |

=1 k=0

trong do

Do do

T — 1 k (p1—1-k)
H(zx) = Z akl%Wl(:c)T{ L } +

(x=x1)

T — Ty k 1 (p2—1-k)
+y . . S Wate)T { AR }

(r=x2)

1 (p1—1)

_|_

(x=x1)

p1—1-1)

_I_
8
=
=
&)
~
—N—
=
iy
B
H_/H/_//\v
_I_



Suy ra
L 1 (2) - (:U o 3:1)2 - 1 (0)
H(x)=(x—-2)T {x — }(mle) o1 (x —x9)T {x — }(mle)
e 1 r—x 2(x1 — 29) (2 — 21)? B
=(@-m) L?l — a2 (21— 22)° (1 — 22)* ]
B (x — z1)*(z — 29)
2(.%’1 — IQ)
=(@-2)[-1—(z—1) =2z —1)*] + (x_l)Z(I_Q)
hay
H(z) = _73(x—2)(x—1)2—(:13—2)(x—1)—(x—2) = _73:133+5x2—12—1x+3
H(z) = _73x3+5x2 — %x+3.

13



CHUONG 2

BAI TOAN NOI SUY CO DIEN TONG QUAT

2.1 Bai toan noi suy co dién téng quat

Bai toan noi suy co dién tong quat phat bieu nhu sau.
Bai toan 2.1. Cho b0 s6 xpi, ap € R, @i # og, Vi # j;k=0,1,...,n —
1;2,9=1,2,...,rp41 ; trong d6 r9g = 0,7y + 719+ --- + 17, = N va cho

So=0< 81 <s59< < Sp_1.
Hay xac dinh cac da thitc P(x) ¢6 bac deg P(z) < N — 1 va théa man diéu
kién
Pe) () =ap, Ve=0,1,...,n—1, Yi=1,2,...,71.

Trude hét, ta st dung ky hieu gy(z) = (1,z,...,2V"1). Dé danh lai

chi s6 cho cap bo s6 xj; va ay;, ta dinh nghia
m~ (ki) e m=rg+r+ro+---+rp+i

Khi d6 m = 1,2, ..., N va tng v6i m =~ (k,1) ta viet Tg; = T, Gg; = A VA
gNm = g](\?k)(xlm)

Tic 1, m ~ (ki), ta ¢6

1! ’ (N —1- Sk>' !

gNm = (0,0, .. .,0, (Sk)!,

Sk
Ta sé di chiing minh rang diéu kién can va di dé bai toan noi suy co dién
tong quat (2.1) c6 nghiem duy nhat 14 ma tran
gn1
Gy = gZ.VQ
QNN

14



c6 dinh thuc
VN = det GN 7é 0.

That vay, xét da thrc

P(x) = ag + gz + cox® + -+ ay_a

(@) = (v, s - - ,ozN_l)T, A= (ay,aq,... ,aN)T.

Khi do, P(x) la nghiém duy nhat ctia bai toan (2.1) khi va chi khi hé phuong
trinh tuyén tinh
GN.(CY) = A

c6 nghiém duy nhat. Trong trudng hop nay, ta phai co
VN = det GN 7é 0.

Bay gig, tng v6i m6i m=1,2,... N, ta ky hieu Gy, () 1a ma tran thu duge
tit ma tran Gy bang cach thay gy, bdi gy (x) va Vi, (2) 1a dinh thic tuong

ing cua no, tic la

[ o)

gNm—1
gn () va Vivm(x) = det Gy ().
INm+1

\gj\sz}

Cudi cung, ta sé chiing minh rang da thic P(x) duge xac dinh bdi cong
thic

D)
=
I

P(z) = Vi Y anVym(x) (2.1)

1a nghiem duy nhat ctia bai toan (2.1).

That vay, ta co

N
PE () = V' Y~ anVi, ()
m=1

15



Mat khac , ta co

gNn1
GNm—1 A y
(58) | | Vy néu m = (k,q)
Vem (@1i) = | gy () | = { 0 néu m # (k, ).
INm+1 7
gNN

That vay, néu m=(k,i) thi ta c6 gg{;’“)(xki) = gnm va do doé

Ve (z14) = V.

Ngugc lai, néu m # (k,4) thi khi d6 ton tai n € {1,2,...,N},n # m
sao cho n = (k,i). Trong trudng hop nay, dinh thic Vjsfjfl)(xkz) chta hai dong

giong nhau (dong tht m va n) va do do
Vi) (i) = 0.
Vay ta thu dugc diéu phai ching minh
PU) (zp) = Vy'law Vi = agi

Trong phan tiép theo, ta sé thiét 1ap cac ma tran nghiém ciia hé tng véi
cac bai toan noi suy co dién.
Bai toan no6i suy Taylor

Ta nhac lai bai toan noi suy Taylor.

Bai toan 2.2. Chozg1 € Rvaay; € Rvéi k=0,1,..., N — 1.. Hay xéac
dinh da thic T(x) c6 bac degT(x) < N — 1 va théa man dieu kién

T(k)(SUOl) = ag1, Vk = O, 1, ce ey N —1.

Giai. Xét ma tran nghiém cta bai toan. V6i cach ky hiéu va dinh nghia

nhut & bai todn noi suy co diem tong quat (2.1), ta co
o1 = 1, Ap1 = Qm, (m:k+1, kZO,lj...,N—l),
Sg=k ;(ro=0rm=Li=1m=rog+ri+ - +ry=k+1) = k=m-—1

16



gy(@) = 1,z, ..., 2% Y, gym = g%l_l)(acl), (m=1,2,...,N).

Khi d6, ma tran nghiém ctia bai toan (6.2) ¢6 dang tudng minh nhu sau:

o oo
oo | 1| |0
gNN 00 0 - (N.—l)!
1z 3 - !
gN1 _
o \ 0 1 2y --- (N—l)a:{VQ\
Gm() = gn () B R N1
INm+1 ..
Vo /G0 0 L i

Lic nay ta c6 thé biéu dién Vy,,(z) qua Vi sau d6 tim lai cong thiic nghiem
tuong minh cia bai toan (2.2) nhu sau :

Xs s X ~ N . s — i—1 X ~ N
V6i moi i=1,2,...,m-1, lan lugt nhan hang i véi —(I(ifll))! rol cOng vao

hang thi m clia ma tran G, (z) dé dua né vé dang dudng chéo, va tit do6 ta
tinh duge dinh thic Vi, (z) cia né nhu sau

V=)

Vam(@) = ===3)

Cudi cling, theo két qué clia bai toan (2.1), ta c6 két qua ctia bai toan noi

suy Taylor da biét

N
B m(x — 1)

) = Vit Y auVinte) = 3 S

m=1 m=1

hay o
a
T(x) = i'l(x — To1)
k=0

sau



Giai. Day 1a bai toan noi suy Taylor c¢o dién, ta di thiét lap ma tran nghiem
ing vGi bai toan noi suy Taylor .
Ta thay N = 3.k =0,1,...,2 Khi dé, ta c6

=1 Vi=lapg=a, (m=k+1)
(a1 =3, ap =0, apg=2)
g3(x) = (1,z,... ,a:N_l) = (1,:1:,:(:2)

= gé”_l(xl) (m=1,2,3).

Do dé ma tran nghiém ctia bai toan c6 dang tuong minh nhu sau

931
Gs=1 932 |,
g33

1 z 2° (x —1)°
Gai(x)=1{ 0 1 2z, |;= Va(x) =13 ' = 2.
00 2 O
1z 22 (x—1)"
GgQ(SC) =1 z 22 |;= V32(SU) =V3 , = 2(5‘7 - 1)
00 2 1
1z 2? (x —1)?
G33<ZL’) = 0 1 2 ; = %)3(37) = V3 | = (I - 1>2
1 = a2 2!

hay f(z) = %[3.2 +02(x —1)+2.(z — 1) = 2* — 22 + 4.
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Bai toan noi suy Lagrange
Ta nhac lai bai toan noi suy Lagrange.

Bai toan 2.3. Cho x;,a0; € R, v6i x; # xo; Vi# 7, (4,7 =1,2,...,N).
Hay xac dinh da thic L(x) c¢6 bac deg L(x) < N — 1 va théa man diéu kién
L(xoz) = ap;, Vi = 1,2, .. .,N.

Xét ma tran nghiém ctia bai toan.
V6i cach ky hiéu va dinh nghia nhu & bai toan noi suy co dién tong quat

(2.1) ta c¢6

Xo; = T, Qo = Qy, (i:1,2,...,N),

N v = gn(z), (i=1,2,...,N).

Khi d6, ma tran nghiém ctia bai toan(2.3) c6 dang tuoéng minh nhu sau:

gy(z) =1, z,...,x

2 N 1
gn1 Loz ap - L
o ) 1w x%---Ql
Gy = . =1 . 7 7 . .
gNN 1 oy 2% - x%—l
2 N-1
( gn1 \ (1 | \
: 2 ' N-1
gNi-1 Loy iy o0 2,
Gui(x) = | gn(x) =11 2= 22 ... 2N
. 2 N-1
K gNN ) \ , ' 2 N 1)
I v oy Ty

Lic nay ta c6 thé bieu dién Vi, (z) qua Vy, sau d6 tim lai cong thic
nghiém tudng minh ctia bai toan (2.3) nhu da biét.
Vi Vy la dinh thic Vandermonde nén ta cé

N m-—1
W= I @u=w)=]]11@n-=).
N>m>n>1 m=2 n=1

Véi méi i=2,3,... ,N-1, ta chiing minh rang

N
Vy = H H — Tp) H (T — ;).
m=2,m#%#i n=1,n#i m=1,m%#i
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That vay, ta co

CTLTT e T G

m=2,m%#i n=1,n#i m=1,m%#i

Cong thtc trén dung khi i=1 hoac i=N, va tit d6 ting véi moi i=1,2,3,... N,

ta co
N
Vi(z) = H H m— Tn) H (2, — ).
m=2,m%#i n=1,n#i m=1,m#i
Tu do suy ra
N
VNi(x) Ty — X
Viy _11_[ )
m=1,m%#i

Cubi cung, theo két qué ctia bai toan (2.1) ta c6 két qua ctia bai toan (2.3)
nhu da biét

N N
=Vy') aiVyi(z) =) a;Li(x).
i=1 i=1

Vi du 2.2. Xac dinh da thic L(z) (deg L(z) < 2) théa man cac diéu

kién sau day

Gidi. TagoiN=3,k=0,21=1,29=2,23=3,a1 =0,a2 = 1,a3 = —1.

Ta di xac dinh ma tran nghiém ctia bai toan noi suy Lagrange.

(

931 1z

Gz =| g3 = 1 2 23
933 1 z3 3
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Vs=2; Vz1=2.

Ta c6
. 3 m—1 3
Vél(x) - (_1)1_1 H H (xm - xn) H (xm - :C),

m=2,m%#i n=1,n#i m=1,m%#i

va ,
Ty — T
L; = )
Z(:C) m]i_!rwéz Tm = Li

Do do6

Ty — T To—T X3 —X 1

L= ] - = S2-2)3-2),

Iy — T $2—331'SU3—$1

T — T r1—T T3—T

L) = ] - = (=13 -2),

Ty — T X1 — X9 T3 — T
Loty Tm 2 1 92 T3 2

3
Ty — X 1 — T To—T 1

Lw) = ]I - (1 -2)2-2),

A— X1 — X3 Tog— T
meTimet3 Tm 3 1 3 T2 3

3

L(z) = V5 ') aiVi(z) = aiLi(z) = (x — 1)(3—x) + %(a: ~1)(2-=x).

1

Vay
-3 11

Bai toan suy Newton
Xét bai toan noi suy Newton nhu da biét

Bai toan 2.4. Cho z;,a;, € R, v6ii=1,2,..., N. Hay xac dinh da thic
N(x) ¢6 bac deg N(z) < N — 1 va thda man dicu kien

NV =a;, Vi=1,2,...,N.
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Ta xét ma tran nghiém ctia bai toan.

Véi ky hiéu va dinh nghia nhu bai toan (2.1), ta c6
gy(x) = Lz, ..., 2NN, gy = g](\?_l)(a:i), (1=1,2,...,N.)

Khi d6, ma tran nghiém ctia bai toan (2.4) ¢6 dang tudng minh nhu sau

gn1 1z 23 !
L |
gNN 00 0 - (N — 1!
gn1
( N9 \ /1 a2 - 2N \
: 0 1 2z9 --- (N —1)ad?
, _ INi—1 . Do : : :
GNZ(@ a QN(@ a 1 z x2 - V-1
gNi+1 D : : :
5 00 0 - (N=1)
\ gNN / \ ( ) )

Vay ta c6 thé bieu dién Vi, (z) qua Vi, sau d6 ta tim lai dugc cong thiic
nghiém tudng minh cia bai toan (2.4)nhu sau:

Thuc hién cdc phép bién doi so cip trén cdc ma tran G;(z) dé dua no vé
dang duong chéo, va tit d6 tinh duge cac dinh thiicVy; () nhu sau

VNl(x) — VN7

Vo(z) = (& — 1) Vy = VN R(21, ),

xr—2X 2 rN — 2
VN3($): ( 7 2) —( ! 5 2) VN:VNRQ(Ilax%x)?

Vii(z) = VN RNz, 29, ..., 211, 2).

Cudi cting, theo bai toan (2.1), ta ¢6 két qua quen thuoc ctia bai toan(2.4)

da biét
V i
- Z anNz N

Mz

a;
=1
hay
N(l’) = aj + CLQR(Z'l,.%') +---+ CLNRN_l(iL‘l,I'Q, ce ,I'N_l,iL‘).
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Bai toan no6i suy Hermite
Xét bai toan noi suy Hermite nhu da biét:

Bai toan 2.5. Cho zy,a;, € R, e =1,2,....nk=0,1,2,...,p;, — 1 va
T1; # T1j, Vi # j trong d6 p1 +pa+ -+ po = N.
Hay xac dinh da thic H(x) ¢6 bac deg H(x) < N —1 va thda man diéu kién

H®(z) =ap, Vi=1,2,...,n, Vk=0,1,2,...,pi — 1.

Giai.
Ta xét ma tran nghiém ctia bai toan.

Khong mat tinh tong quat, ta c6 thé gia st
pL2>2p22 - 2 P,

vi néu khong ta c6 thé thay doi thit tu (danh s6 lai) cta day {wz;}, i =
1,2,...,n.
Khi d6, néu goi

Xy = {Zvu : H®) (zy;) = aki}

thi ta co

XoDXiD---DX, 1.
Ky hiéu
ro1 =0 va r,=|Xg|, v6i k=0,1,...,pp—1, 1 =1,2,... 7.
Dé danh lai chi s6 a;, ta dinh nghia
m~(ki)em=rg+rg+rm+ro+--+r1+i (m=12... N).

Khi d6, v6i m ~ (k,i) va H(’”(:Uh-) = qy; ta Viet 1, = T, VA A = Qs
dong thoi st dung cac ky hieu g, gnm, Vv, Vam(x) nhu bai toan noi suy co
dién (2.1) ta thu duge ma tran ctia bai toan (2.5) dudi dang tudng minh nhu
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Sau:

/ gn (1) \

( gn1 \ )
: gn ('rﬁ)
gNﬁ )
gN?”1+]. gN(CCl)
i o(rv)
GN = GNri+ra+1 = gN -xl
INri+ratrs IN <'xr3)
I (1)
r14ro+rgeAr,_1+1 gN (1’1)
\ gNN / \gpl 1 xr )
P1

Do tinh duy nhat nghiém ctia bai todn (2.5) nén tit day ta ciing nhan dugc
cong thic da biét

ZZ% = (x)T{mi@}(wk)

=1 k=0

T{ 1 }(pz—l k)  pi—l- [ ] 0 (z — ;)
V[/Z(ZU) (z=1;) —o Z I (x=x;) [! :

Vidu 2.3. Xac dinh da thic H(z) (deg H(z) < 2) thdéa man cac diéu kién

sau day:

trong do

Giai. Dat z; = 1;2 vap; = 2; 1, 1an lugt tuong tng véi {i = 1,2}, v6i moi
i, dat k =40,1,...,p; — 1} va ag; € R, trong d6 ap; = 1,a1; = 0,a0 = 0,
ta c6: p1 > prvapr +p2 =3, (N = 3). Ta sé di xdc dinh da thic
H(x) ¢6 bac deg H(x) <2 (2= N — 1) thdéa man cac diéu kién sau day:
H®(z;) =ap; i=1,2, k=0,1,...,p; — 1. Day la bai toan noi suy
Hermite, ta di xac dinh ma tran nghiém cta bai toan.

Goi Xy = {xy; : H(k)(a:h') = ay; } thi ta c6: Xo = {z11, 212}, X1 ={2n}.

V6i ky higu

ro1=0va ry=|Xg|, v6i k=0,1,...,pp—1, i=1,2,...,1,
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ta co
7“_120 va 7“():|X0|:2, v6i ]C:O, i:1,2,

roao=0vanrn=|Xq=1, véi k=1, i=1.
Ta danh lai chi s6 aj; nhu sau
me (ki) em=r_q+rog+r+roe+---+rg1+i, (m=12,...,N),
véi k=0
i=1 m=(0,))em=r+1=1,
i=2 m=(0,2)em=r_1+2=2,

voik =1
1 =1, m2(1,1)<:>m:7“_1—|—7“0—|—1:3.

Khi dé, véi m « (ki) va H®) (21;) = ag;, ta viét 21; = 2, VA g = ay, dong
thoi st dung cac ky hieu gn, gnm, Vv, Vivm(x)nhu bai todn noi suy co dién
tong quat, ta co

v6li m = 1, k=0 , izl,al = apl — 1,3]11 = 1, ta co
— V@ =1)=[1,z,2)z=1 =(@1,1,1
931—931(5{;— )—[(,I‘,Q?)|$— ] _(7 ) )7

Véim:2, kIO, i:2, a2:a02:0,x12:2tacc’)
= g0 =2)=[1,z,2)|z =2 =(1,2,4
g32—932($— )_[( ,I’,$)|£L’— ] _(7 ) )7

vl m = 3, kZl, 1=1 az — a1 — 0,1’11 =1 taco
g3 = g% (x = 1) = [(0,1,22) [z = 1] = (0,1,2).

Ta co

Twong tng véi m = 1

G (z) = (g?égf) ) — (
g33



‘/31(£E) = —2x + .I'2,

va vl m = 2

g31
Gsa(x) = (932(56) ) = (
gs3

véim =3

o ( ) ( g31 ) (
33(T) = g32 =
933(56)

Ky hiéu ‘GSm(x)‘ - V3m($)7 m = 1,2,3.
3
Taco H(x)=Vy 'Y anVan()

m=1

1 1
x; ) = Vaa(z) = |G3a(7)],

O =
— &8

—_
DN —

562

—_
8

1
4 ) = Vaz(z) = |Ga3()|.

= —1. [L.(=2z + 2°) + 0.Vae(x) + 0.V33(x)]
H(x) = —2? 4 2z

2.2 Bai toan noi suy Taylor md rong
Ta xét bai toan sau day.

Bai toan 2.6. Cho s € N va 1, T, aj, as, véi k = 0,1,... ,N-1.Tim diéu kién
déi véi s, x, v a, dé ton tai duy nhat da thiic T'(z) c6 bac degT(x) < N

va thoa man diéu kién

(@) =ap, Vk=0,1,...,N -1
T(S)(x*) = a,

Trong trudng hgp ton tai duy nhat da thitc T'(z) théa man diéu kien ciia
bai toan noi suy Taylor mé rong (2.6), ta néi bai toan noi suy Taylor xuat
phat 1a md rong duge. Ngugc lai, ta néi bai toan noi suy Taylor 1a khong mao
rong dudgc.

Gidi. Truéc hét ta ky hieu
ay = a,, g(z)=(1,z,2°% ..., 2")

Y
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GN+1 = :
g V()
9@ ().
Khi d6, theo két qua clia bai toan noi suy co dién tong quat (2.1), cho ta

diéu kien can va du dé bai toan (2.6) mé rong duge la
V =det GN+1 7é 0.

Tiép theo, ta sé lam ro dieu kién nay trong mot so6 bai toin ting véi cac
truong hop cu theé.
(i) Néu s > N thi ¢©*)(x,) = (0,0,...,0) va do dé

V = det GN+1 =0

Trong truong hop nay tinh duy nhat nghiém ctia bai toan (2.1) bi pha vo va
do d6 bai toan xuat phat 1a khong mdé rong duge.
(i) Néu s=N thi day 1a bai toan noi suy Taylor véi N+1 diéu kién, va do d6
bai toan xuat phat 1a mdé rong dugc.
Khi do, ta c6 nghiem duy nhat ctia bai toan (2.6) trong truong hgp nay la
N
T(x) =) e =)
k=0
(iii) Néu s < N, ching han s = ng € 0,1,..., N — 1, khi dé ta xét cac
truong hgp sau.
Xét truong hop x, = 1. Khi d6 trong ma tran G4 ctia bai toan (2.6) ¢
hai hang giéng nhau
g" (1) = g (),
va do do

V = det GN+1 = 0.

Trong truong hgp nay bai toan (2.6) la khong mé rong dugc.
Xét truong hop z, # x1.

Néu xay ra s = 0 thi day la bai toan noi suy Hermite v6i N+1 diéu kién va
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do do6 bai toan da cho la mé rong dugc.
Khi do6, theo cong thitc nghiém ctia bai toan noéi suy Hermite, cho ta nghiém
duy nhat ctia bai toan (2.6) trong truong hop nay 1a

N

T(z) =) apHy(x),

k=0

trong do, véi moi k =0,1,...,N-1, ta c6

z— )" N—1-k (1) T — 1)

Ty — I

Hy(z) = Ho(z) = <x — )N

Néu xay ra s € {1,2,..., N — 1} thi roi vao truong hop bai toan (2.1), khi
do6 bai toan noi suy Taylor 1a mé rong duge khi va chi khi

V = det GN+1 # O,
diéu nay tuong duong véi
V.s=detG_4 #0,

§ day G_, 1a ma tran thu duge tit ma tran Gy,1 bang cach bo di s hang va
s cot dau tien.

Trong truong hgp nay, ta ky hiéu
Vin(x) = det Gy y1ym (),

6 day G (n11)m () 1a ma tran thu duge tit ma tran Gy bang cach thay hang
tha m béi g(x), (m=1,2,..., N +1).

Khi d6 theo cong thiic nghiém ctia bai toan (2.1), cho ta nghiém duy nhat
ctia bai toan (2.6) trong truong hgp nay la

T(x) =V 'Y arVia(x).
k=0
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2.3 Bai toan né6i suy Lagrange md rong

Bai toan 2.7. Cho s € N va 2;,2,,a;,a. € R, (z; # x;Vi # j;i,7 =
1, N). Hay tim diéu kien déi v6i s, z, va a, dé ton tai duy nhat da thiic L(z)
c6 bac deg L(z) < N va théa méan diéu kien

Trong truong hgp ton tai duy nhat da thiic L(z) théa man diéu kien ciia
bai todn ndi suy Lagrange md rong (2.7) , ta goi bai toan noi suy Lagrange
ban dau 14 mdé rong duge. Trong truong hop ngucc lai, ta néi rang bai toan
noi suy Lagrange xuat phat (ban dau) 13 khong md rong duge.

Ta ky hiéu

g(x) = (1,az,x2, . ,xN),
9(371)
9(392)
Gyl = :
g(rn)
9 ().

Khi dé, diéu kién can va du dé bai toan noi suy Lagrange xuat phat 13 mé
rong dudc la
V =det GN_|_1 # 0.

Tuong tu dbi véi bai toan noi suy Taylor mé rong, ta sé lam ro diéu kien
nay trong mot so trusng hgp cu the:
Néu xay ra s > N thi tinh duy nhat nghiém ctia bai toan (2.7) bi pha va, va
do dé bai toan noi suy Lagrange la khong md rong dugc.
Néu s = N thi day 1a bai toan noi suy Lagrange-Newton (va ciing 1a bai toan
noi suy Newton-Hermite) véi N + 1 diéu kién, va do d6 bai toan Lagrange
la mdé rong dugce.
Khi do, theo cong thitc nghiém ctia bai toan noi suy Lagrange-Newton, ta ¢

nghiem duy nhat ctia bai toan (2.7) trong truong hop nay 1a

_ l xN N
L(x) = Z(GZ — Cuﬁ) Ll(x) + a*ﬁ;

1=1
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trong do
Noor
Litz)= ][] L,
o, X — X
J=1.j7#1
Néu s < N, Khi dé ta xét cac truong hop sau:
Xét truong hgp ton tai ig € {1,2,..., N} sao cho z, = x;,. Néu s=0 thi khi

d6 trong ma tran Gy ¢6 hai hang giong nhau g(x;,) = g(x.), va do d6
V =detGy1 = 0.

Truong hop nay bai toan noi suy Lagrange la khong mé rong dudgc.

Néu s = 1 thi day 1a bai toan noi suy Hermite véi N + 1 diéu kién, va do do
bai toan noi suy Lagrange md rong dugc.

Khi d6, theo cong thitc nghiém cua bai toan noi suy Hermite, ta c6 nghiém

duy nhat ctia bai toan (2.7) trong truong hop nay la

N 1
L(z)= Y aHi(x)+ Y ar,Hyy(),
i=1,iig k=0

trong do
Api, = Qi VA A1, = Cy.
V6i moi i=1,2,... ,N va i # i, ta ¢

H(z) = H (x —z;)(z — ;)

J=1, 0.5 (@i — @) (@i — @;,)>

k =10,1, ta co

—k ©) l
(a:—:vi)k . 1 (x — ;)
Hy; =2 W, E AT
ko(w) k! (517) - ”72 (ZL’) T I

Néu s e {2,3,..., N — 1} thi ta thu dugc truong hgp bai toan (2.1), khi

do6 bai toan noi suy Lagrange la md rong duge khi va chi khi
V =detGy.q1 # 0.
Trong truong hop nay, ta ky hiéu
Vin(z) = det Gys1)m(),

6 day G(n+1)m(r) 1a ma tran thu duge tit ma tran Gy, bang cach thay

I
hang tht m béi g(x), (m=1,2,... N+1). Khi d6, theo cong thitc nghiém ctia
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bai toan (2.1) ta thu dugc nghiem duy nhat ctia bai toan noi suy Lagrange
md rong trong truong hgp nay la
N+1
L(z) =V Z A Vin(x), (trong d6 ayi1 = as).

Xét truong hop x, # x;Vi = 1,2,..., N.. Néu s=0 thi day 1a bai toan noi
suy Lagrange véi N + 1 dieu kién, va do d6 bai toan da cho 1a mé rong dugc.
Khi d6 theo cong thiic nghiém cua bai toan noéi suy Lagrange, ta thu dugc

nghiém duy nhat ctia bai toin noi suy Lagrange mdé rong trong truong hop

nay la
N+1  N+1
T — T, .
E a; H , (ans1 = as VA Ny = T4).
xl - x]
= J=Lj#i

Néu s € {1,2,..., N —1} thi ta lai thu dugc truong hgp bai toan (2.1), khi
do6 bai toan nodi suy Lagrange la md rong duge khi va chi khi

V = det GN+1 7£ 0.
Tuong ti nhu trudong hop thit nhat, nghiém duy nhat clia bai toan noi suy

Lagrange md rong trong truong hop nay la

N+1
=V Z A Vin (), (trong d6 ayi1 = ax).

2.4 Bai toan no6i suy Newton md rong

Bai toan 2.8. Cho s € N va z;, 24, a;,a, € R, @ = 1,2,...,N.). Hay
tim diéu kieén cla s, 7, vh a, dé ton tai duy nhat da thic N(z) c6 bac
deg N(x) < N va thoa man diéu kien

—_— _1 .

]\](Z )(xz) = Qy, Vi = 1,...,N,
N(S)(x*) = a,

Trong truong hgp ton tai duy nhat da thiic N (z) thda man dicu kién ctia

bai toan nodi suy Newton mé rong (2.8) thi ta ndi bai todn ndi suy Newton

xuat phat 1a md rong dude. Nguoc lai, ta néi bai toan noi suy Newton 1a
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khong mdé rong dugc.
Giai. Truéc hét, ta ky hieu
AN+1 = Qx,
g(x) = (1,2, 2%, ..., 2",

X tl t2

Ri(azo,xl,...,xi_l, /// /dtl 1-- dtldtz ...,N,

To T1 T2

GN+1 -

Khi d6 theo két qua ctia bai toan noi suy co dién tong quat (2.1) da xét, ta

thu duge diéu kién can va di dé bai todn noi suy Newton 14 mé rong duge 1a
V = det GN+1 7é 0.

Tuong tu nhu hai bai toan trén, ching ta sé lam 16 diéu kién nay trong mot
so6 truong hop cu thé:
Néu s > N thi tinh duy nhat nghiém ciia bai toan noi suy Newton md rong
bi pha v8, va do dé bai toan noi suy Newton da cho la khong mdé rong duge .
Néu s = N thi day 1a bai toan noi suy Newton véi N+1 diéu kien, va do do
bai toan noi suy Newton la md rong dugc.
Khi d6, theo cong thitc nghiém ctia bai toan néi suy Newton, ta thu dugc
nghiém duy nhat ctia bai toan (2.8) trong truong hop nay la
N(z) = a1 + asR(xy, 2)+, ..., —l—aN+1RN<£E1, To,...,TN,T).

Néu s < N, khi d6 ta xét cac truong hgp sau:
Néu ton tai ig € {1,2,..., N} sao cho =, = x;,.
Néu s = 45 — 1 thi khi d6 trong ma tran Gy, c6 hai hang giéng nhau

g(io_l)(afio) _ g(s>(x*),

va do doé

V =det GN+1 = 0.

32



Trong truong hgp nay bai toan noi suy Newton la khong mé rong dugce.
Néu s < N va s # ip — 1 thi ta lai thu dugc truong hgp bai toan (2.1), khi

do6 bai toan noi suy Newton la md rong duge khi va chi khi
V =det GN+1 7£ 0.
Trong truong hgp nay, ta ky hiéu
Vm(x) = det G(N—i—l)m(x),

6 day G(y+1)(«) 1a ma tran thu duge tit ma tran Gy bang cach thay hang
tht m béi g(x), (m=1,2,... N+1).
Khi d6, theo cong thitc nghiem ctia bai toan (2.1), cho ta nghiem duy nhat
cua bai toan nodi suy Newton md rong trong truong hop nay la

N+1
N(z) =V ") anViu(z), (aya = a).
m=1

Xét truong hop x, # x;,Vi = 1,2,... N. Luc nay ta thu duge truong hop
bai toan (2.1), khi d6 bai toan ndi suy Newton 1a mé rong duge khi va chi
khi

V =detGy.q # 0.

Tuong tu nhu da trinh bay 6 phan trén, nghiem duy nhat ctia bai toin noi

suy Newton md rong trong truong hop nay la

N+1
N(z) = vt Z U Vin (), ani1 = a.
m=1

2.5 Bai toan noi suy Hermite mé rong

Bai toan 2.9. Chos € N vax;, x4, ar,a, € R,i=12,...n;k=0,...,p;—
1; x; # xj, Vi#j),, trong do
pr+p2t-+p,=N.

Hay tim diéu kien ciia s, 7, v a, sao cho ton tai duy nhat da thic H(x) c6
bac deg H(r) < N va thoa man diéu kien

ﬁ(m(xi) =ap, Vi=1,...,n; YVk=0,...,p; — 1,
E(S)(x*) = Q,.
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Trong trudng hgp ton tai duy nhat da thiic H(z) thda man dicu kién ctia
bai toan nodi suy Hermite md rong (2.9), thi ta néi bai toan ndi suy Hermite
da cho la mé rong duge. Ngudce lai, ta néi bai toan noi suy Hermite la khong
mao rong duge.

Tuong ty nhu cac bai toan & trén, néu s > N thi tinh duy nhat nghiém
cua bai toan noi suy Hermite md rong bi pha v, va do do bai toan noi suy
Hermite la khong mé rong dugce.

Néu s = NN thi day 1a bai toan noi suy Newton-Hermite véi N + 1 dieu kién,
do d6 bai toan noéi suy Hermite la mé rong duge.

Khi do, theo cong thitc nghiém ctia bai toan noi suy Newton-Hermite, ta ¢

nghiém duy nhat ciia bai toan noi suy Hermite md rong trong truong hop

nay la
o n pi—l Nk =N
trong do, ing véi méi i=1,2,...,n, ta co
I/I/;('CU) = H (x_'x])pja
j=1j#i
i1k (1) [
(x — x;)F P 1 (x — ;)
Hy; = W;
¢ Kl (=) ; Wi@)] w1

Néu s < N, ta xét truong hgp sau:
Truong hop ton tai ig € {1,2,...,n} sao cho z, = z;,. Néu s = p;, thi day
14 bai toan noi suy Hermite véi N + 1 diéu kién, va do d6 bai toan noi suy
Hermite 1a mé rong duge. Khi do, theo cong thic nghiém ctia bai toan noi
suy Hermite, cho ta nghiém duy nhat ctia bai toan noi suy Hermite md rong

(2.9)trong trudng hgp nay la

n p,fl pio
H(.%’) = Z Z CL]WH]%(I) + Z akiOHkio (l’),
i1=1,i#ig k=0 k=0
trong do
apiOiO — a‘*)
n
Wi(@)= ][] (@—=)",
]:17]7&10

34



n

Wi) = [I (=)o —a)ot, (i # o),

j=1ji0.j#i
Pig— ¥ (1) l
(.’E - xio)k 1 ('T - xio)
Hy; = —F—W,; —
kio () k! Wi(2) Z Wio(2) ] (4=, I
=0 0 (z xzo)
i—1—k ) l
(x — )" ! 1 (v —x) .,
Hy(x) = W, S X

Néu s = p. < pj,, thil khi d6 trong ma tran Gy41 clia bai toan noi suy

Hermite mdé rong c6 hai hang gidng nhau

g (w0) = g (),

va do do
V =det GN+1 = 0.

Truong hop nay bai toan noi suy Hermite 1a khong mé rong duge.
Néu s € {pi,+1,---, N — 1} thi roi vao trusng hop bai toan noi suy co dién
tong quat (2.1)khi d6 bai todn noi suy Hermite md rong duge khi va chi khi

V = det GN—H 7é 0.

Xét truong hop x, # x;,Vi = 1,2,...,n. Néu xay ra s = 0, thi day la
bai toan noi suy Hermite v6i N + 1 diéu kién, vi do dé bai toan noi suy
Hermite 1a md rong duge. Khi d6 theo cong thic nghiém ciia bai toan noi
suy Hermite, nghiém duy nhat ctia bai toan noi suy Hermite mé rong trong

truong hgp nay la

n pi—1 n e\ P
=S i o (222

1=1 k=0 1=1

trong d6 Hj; duge ky hiéu nhu trong bai toan noi suy Hermite.
Néu s € {1,2,..., N — 1} thi roi vao truong hgp bai toan (2.1) khi d6 bai

toan noi suy Hermite 1a mé rong duge khi va chi khi

V =det GN_|_1 ;é 0.
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2.6 Bai toan ndi suy Lagrange - Newton

Bai toan 2.10. Cho xy;,ar; € R V6l 2 # xpi, V2 # 7k =0,1,...,n —

152,75 =1,...,7%1; trong d6
ro=0,r0+7r1+--+1ry =510 +1r1+---+1r,=85,=N.

Hay xéac dinh da thic f(x) ¢6 bac deg f(x) < N — 1 va thdéa man dicu kien

f(Sk)(iCkzi):CLki VE=0,1,...,n—1, Vi=1,... 1%y (2:2)
Ky hiéu
Tk+1 T — Tos
Lii(z) = —— (k=0,1,...,n—1),
1i(2) ,_H.xki—ﬂfkj ( )
J=1,j#i

X
va phép lay nguyen ham R = [ . Khi d6 dé thay ring
0

deg Lii(x) < rpy1 — 1,

oy _ ) Intui=
Lui(erj) = { Onéu i # j
hay Lii(zg; = 0ij.

Tiép theo, ta dit y,(z) = 0 va xay dung ham

Tk4+1

yi(@) = R lar =y (wn)) Lia(x), (k=n—1,...,1,0).

i=1
Dé thay rang
degyp(z) <N —1, va degyy(x) < Sp+1-
Da thiic

f@) =wolx) +y(x) + -+ yna(x)
chinh 1a nghiém duy nhat ctia bai todn noi suy Lagrange - Newton .
Cha y 2.1. Néu k = 0, tuong tng 1o = 13 = .... = 1, = 0, thi 5, = 0. Khi
do6 bai toan noi suy Lagrange-Newton chinh 1a bai toan noi suy Lagrange 6
trén. Néu i =1, tuong tng ry = r9 = .... = 1, = 1, thi s, = k, khi d6 bai

toan noi suy Lagrange-Newton chinh 1a bai toan noéi suy Newton & trén.
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Bai toan 2.11.  Hay xéac dinh da thic f(z)(deg f(x) < 2), thdéa man céc

dieu kién sau

Giai.Ta co

r2=2 Tr—x Tr—x xr— 2
i H — Ty — 12 —
11(@ T11 — T4 T11 — T192 1—-2 2 -2,
j=15j#1 J

2

T — T1; T — T z—1
L12($): || I = :2 1:.1'—1
T 12 — Xy T2 — T11 -
J=Lj#2 /

Dt y,(x) = 0, nghia 1a yo(z) = 0 va xay dung ham nhu sau

vil k=1
2

yi(z) = R* Y Jay — 43! (z1,)] Lui()

= RMJary + 5" (210)) L (2) + [arz + 95" (212)] Lia(2) }
= R'{(0+0)(2 —xx) +(2+0)(z -1} =R{2(x-1)} =
:/0 2(x — V)dr = (z — 1)* — 1,
voi k =0

’I”1:1

Yo(x) = R™ Z[am — Yo% (wo1)] Lo1 ()

= R{[1 —4/()].1} = R'{2} = 2.
Vay f(z) =yo(z) +yi(x) =2+ (z — 1) = 1= (x — 1) + 1.

2.7 Bai toan ndi suy Newton-Hermite

Bai toan 2.12. Chobo s6 xy;, ani € R, k=0,1,...,n—1,i=1,..., 1441, h =

07 ey Pki — 17'7:/62' ?A l'kj,\V/Z 7&] , trong do

Prite APk, = Niv1, Not- o+ A+ Ngp = s, No+--+N, = s, =N, Nyg=0.
Hay xac dinh da thic f(x) c6 deg f(x) < N — 1 va théa man diéu kién

FEOF () = appi k =0,1,....n—1, i=1,... 7541, h=0,...,pp— 1.
(2.3)
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Trude hét, ta sit dung ky hieu

Tk+1

/f dt, Wy(z)= ][] (x— )™,
j=1.j#i
(.%‘ . xkz’)h Pki—1-h 1 () (ZC . xki)l
Hypi(w) = "W, L
ki (%) W) l}; W),

deg Wii(z) < Niy1 — pri, deg Hppi(x) < Ny — 1

Khi do6, dé thay rang
deg Wii(z) < Niy1 — pri, deg Hppi(7) < Npyp — 1
va , o ‘
B =5 b 12 e 1

hay H}Slk)z(xkz) = 011,04
Tiép theo, ta diat f,,(x) = 0 va xay dung day ham

= R (Z Z lani — f (gsz')]Hhki) (2),

=1 h=0
fe(@) = ye(@) + frn(x),k =n—1,...,1,0.
Khi d6 ta dé dang thay rang
degyr(z) < sp + Npp1 — 1 = sp41 — 1.

Suy ra degyp(z) < N — 1 va degyp(x) < sp + 1.
Da thiic

f(@) = fo(x) = yo(x) +y1(2) + -+ + Yo (@)

14 nghiem duy nhat ctia bai toan noi suy Newton-Hermite .

Bai toan 2.13. Xac dinh da thic f(z) (deg f(z) < 3) va thda méan céac

diéu kien sau day
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Giai. Theo cong thiic noi suy Newton- Hermite, ta co

v6i k= 0 1
Wor = H =1
J=1;j#1
vl k =1
2
W= ]] (@—ww)’=(z-2)7
J=1j#1
2
Wig = H =(r—rn) =2-1
j=1j#2
Ta di tim Hppi(z)?
Vé6i k=0
1-1-0 () !
(z — zo1)° ! (& = o)
He () — W
001() 0l () — [ Wo(2) | gy !
o — Wor(@) | —gy U
1-1-0 (1) !
H W-
o11() 0l u(@) — [ Wn(@)] ey
0 () !
1 (z—1)
-2y |
; (x - 2)2 (x=1) I
1 (z—1)
= - 2 2 *
(ZC ) (1 _ 2)2 0! ’
Vi 2-1-0 (1)
(2 — 1) S -
Hoo(z) — W
o) =g W) 2 (),
_@=2 Z[ ! }m (z ~2)
0! =0 (33 - 1) (z=2) I
o1y [ =) = -3 )
o B _ — (r — —x
T S (2 — 1)2 X X )
2-1-1 @) !
Hua(z) = (z=1).
1! — Le=1D]e !



1
= (r—2)(z — 1)ﬁ =(zr—2)(z—1).
Dat y,(z) = 0, nghia 1a yo(x) = 0 va xay dung ham nhu sau
Véi k=1

p11—1

yi(x) = R Z lap — ffr{h(ivll)]thl+
h—0
p12—1
+ ) fans — [ (212)] Hyo } (o)
=0

= RY{ laon + le(l’llﬂ Hoi1 + |ag2 + f21($12)] Ho2+
+ [a112 — f3(212)] Hiro}(z)
=R{O0-0)(z—-2+2-0)(z—1)B—2)+(1—0)(x —2)(z — 1)}
=R'{2(z-1)3—2) + (z —2)(z — 1)}.

Ta c6
RY—a2*+ 5z — 4} = / (—2® + 5w — 4)dr = %:{:3 + ng — 4z
0
—1
y1(x) = ?ZC?) + ng — 4z,
Do doé
—1 3 55
fi@) =yi(z) + fo(@) = yi(2) + 0 = yi () = ST dx.
Vé6i k=0
Po1
yo(x) = RO [anor — £ (wor)] Hoo } (@)
h=0
= R [aoo1 — £1* (z01)] Hooi } ()
—1
= R[1 - (?03 + 202 —40)].1}(z) = 1.
Ta c6
fo(z) =yo(z) + fi(x) =1+ E da
Suy ra

F(2) = fol@) = yolx) + yi(z) = 1 + %1 + g e
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CHUONG 3

MOT SO UNG DUNG CUA NOI SUY

3.1 Chitng minh déng nhat thic

Bai toan 3.1. Gia st f(z) 1a mot da thic nhd thua hodc bang m — 2 va
1,1, ..., T, la m gia tri doi mot khac nhau cho trude tuy y. Khi dé ta ¢o

dong nhat thic

_ f (1)
0= (.’L’1 — .%’2)(.%1 — .%'3) C. (.%’1 — l‘m)+
F) Flm)
+(:UQ —x1) (g — x3) ... (12 — :z:m)jL +(:z:m — 1) (T —x2) o (T — Ti1)

Giai. Theo cong thic noi suy Lagrange, ta c6

f(z) = Flan) (x —xo)(x —23) ... (T — ) N

(1 — @) (1 — 3) ... (X1 — Tpy)

(z —21)(x —23) ... (¥ — 1)
+f(x2)(x2 — 1) (22 — 23) . .. (22 — ) L
(SE’ — gjl)(gj — 51:2) . (CL‘ — xm—l)
+f(@m) (T — 21) (T — 22) .. (T — Ti1)

Vé trai ctia dang thitc da cho chinh 1a hé s6 ctia hang t1t ting vé6i bac m — 1

trong cach viét chinh tic ctia da thic f(x). Dong nhat cac he s6 dong bac

ta c6 ngay diéu phai ching minh.

3.2 Uéc lugng da thiic

Bai toan 3.2.  Cho da thiic P(x) bac nhé thua hosic bang 2n thdéa man
dieu kién

|P(k)| <1, k=-n,—(n—1),...,0,1,...,n.
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Chting minh ring
|P(x)] < 2" Vx € [—n,n].

Giai. Theo cong thitc noi suy Lagrange thi

SDIE0) b=

k=—n Jj#k J

Vi|P(k)|<1véike{—n,—(n—1),...,0,1,...,n} nén

REPSLED =B | (=

n j#k

Nhan xét rang v6i 2 € [—n, n] thi

ITie - il < (2n)!

J7k

va vl vay

Ha:—j< (2n)!
#kk—j ~ (k+n)!(n—k)!
Do dé

= 2n)! "
HOISDS (k+r(b)!(3z—k)! =2

k=—n

3.3 Mot so bai toan nodi suy co dién

Bai toan 3.3. Xac dinh da thic H(z) (deg H(z) < 3) thda méan cac diéu

kién sau day:

Giai.

Dat z1; = 1;2 va p; = 3; 1, lan lugt tng véi {i = 1,2}, v6i mdi i, dat
k={0,1,...,pi—1} vaag; € R, trong d6 ag; = 1,a11 = 0,a9 = 1,a¢2 = 0,
ta c6: p1 > pevapr +p2 = 4, (N = 4). Ta sé di xdc dinh da thic
H(x) ¢6 bac deg H(x) < 3 (3 =N — 1) thdéa man cac dieu kien sau day:
H®(z) =ap; i=1,2, k=0,1,...,p; —1. Day la bai toan noi suy

Hermite, ta di xac dinh ma tran nghiém cta bai toan.
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GQi Xk = {51312' . H(k)(a:h) = Clki} thi ta co: Xo = {5611756’12}; X1 =

{xll}; X9 = {xll}-
V6i ky hiéu

ro1 =0 va ry=|Xg|, v6i k=0,1,...,;py—1, i=1,2,...,1,

ta co
r1= 0 va Ty = |X0| = 2, voi k= 0, 1= 1,2,
7“_1:0 va le‘Xl‘:l, Véik’zl, Z:L
7’_120 va TQZ‘XQ‘:l, Vélk:2, 1= 1.

Ta danh lai chi s6 aj; nhu sau

me (kyi)em=r_qy+ro+r+ro+--+rg1+i, (m=12,...,N).

Vé6i k=0
i=1, me2(0,1)em=r1+1=1,
i=2, m2(0,2)em=r_1+2=2.
Véik =1
i=1, me(lL,l)em=r_1+rg+1=23.
Vé6i k=2

i=1 m=(2,))em=r_1+ro+r+1=4(=N).

Khi do, véi m « (ki) va H®) (21;) = ag;, ta viét 21; = 2,,VA g = ay, dong
thoi st dung cac ky hieu gy, gvm, Var, Vv () nhut bai todn noi suy co dién

tong quat, ta co

gu(x) = (1, z,2%, 2°).

V6i m = 1; k=0 ; i=1;a,, = apg1 = 1,

0 Ve=1)=[1,z,2% Yz =1 =(@1,1,1,1).
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Véi m = 2;k=0 ;i=2 ;a,, = ag2 = 0,

g9 (r =2) = [(L,z,2% 2%z =2] = (1,2,4,8).

V6i m = 3 ;k=1;i=1; a,, = a;1 =0,

gW(x =1)=[(0,1,22,32%) |z = 1] =(0,1,2,3).

V6i m = 4 k=2 ;i=1;a,, = as = 1,

g2z =1)=1[(0,0,2,6z)]z =1] =(0,0,2,6).

Ta co
ga 1111
G g42 L 1 2 4 8
4= g43 - 012 3
ga4 00 26
941 1 111 1 1 1 1
V_g42 . 1 2 4 8 _L 0o -1 -3 —7
1= lgs| |01 23 =110 1 2 3
G4 00 26 0O 0 2 6
-1 -3 -7 -1 -3 -7
Vi=— | 1 2 3 =— | 0 -1 —4
- 0O 2 6 - 0 2 6
=13 G =2t =3
V6im =1
g4() 1 z 2% 23
_ G942 |1 2 4 8
Go@) = 45 o1 2 3
Ga4 00 2 6
1 T x? x3
L0 z—2 22—4 3-8
Vzll(x)__l 0 1 2 3
0O 0 2 6



r—2 22 —4 23 —38
= —1. 1 2 3
0 2 6

Vi(z) = —223 4 622 — 62 + 4,

vl m =2
g41 1 1 1 ]_
G(w) = | 9@ | [ Lo om0 v = Galo)
42 g3 01 2 3 42 42 3
944 00 2 6
m =3
g41 1 1 1 1
1 2 4 8
G43(£L’)_ gf@) = 1 ¢ 22 23 $W3($):\G43(1‘)\,
944 00 2 6
vél m =4
ga 11 1 1
. g42 1 2 4 8
Gu()= | o5 01 2 3
ga(z) 1 z 22 23

0 z—1 22—1 22—1
_ 2 _ 3 _
Via(z) = 0 xr—2 =z 4 x 8

0 1 2 3
3

1 T x2 T
r—1 22—1 22 -1
=—1|lz—2 22—4 3-8
1 2 3

Viu(z) = —3 + 42% — 5r + 2.
Ta c6  |Gyn(x)| = Vip(z), trong d6 m = 1,23 4.
4
Dodé H(z)=V,"Y anVin()
m=1

1
=5 [1.(—22° + 62° — 62+ 4) + 0+ 1.(—2® + 4a® — 5a + 2)]
9 3 g 11
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Bai toan 3.4. Xac dinh da thitc T(z) (degT(x) < 4) thoéa méan cic diéu
kién sau day:

T70) =0, T"0) = -1, T70) =1, T?0)=0, T"(1) = 1.
Giai. Day la bai toan Taylor mé rong (d6i véi N=4), ta c6

g(a:> = (17 aj? 'SU27 x37 a:4)7

(0)

9 1000 O
9(0) 0100 0
Gy =G5 = : =1 0020 0 :
ot IR EE:
g9 (1).
Vi =Ve=1Gs) =28 Ll =ma= vt = —
N+1= Vs =1|G5| =2.| g 19| = 5= a0
1 = 22 23 ¢
01 0 0 O
G51(Il?) = 00 2 0 O = ‘/})1(1’) = 144.
00 0 6 0
00 2 6 12
10 0 0 O
1 x 22 3 2t
G52($) = 00 2 0 O = ‘/52(%') = 144x.
00 0 6 O
00 2 6 12.
10 0 0 O
01 0 0 O
Gss(x)=| 1 = 2> 23 z* | = Vis(z) = 12(62% — 2%).
00 0 6 0
00 2 6 12.
10 0 0 O
01 0 0 O
Gs(x)=1 00 2 0 0 | = Viy(z) =2(122° — 62*).
1 z 22 23 24
00 2 6 12.
10 0 0 O
01 0 0 O
G55(Z’) = 00 2 0 O = %5(%’) = 12%4
00 0 6 O
1 z 22 23 24

W
D



4
T(z)=Vy' > apVin(x)
k=0

1

= (0,1/},1(;1:) — 1.Vs2(x) + Vaz(w) + 0.Vaa(z) + ‘/55(517)>

1
1
= — —1442 + 12(62> — 2* 122
144< xr + 12(62° — x)) + .17)
_ 1 9
T(r)=—x+ 5%

Bai toan 3.5. Xac dinh da thic L(z) (deg L(z) < 4) thda man cac diéu

kién sau day:

Giai. Day la bai toan Lagrange md rong (d6i véi N=4), ta c6

g(x> = (17 x? :U27 1.37 x4)7

9(0) 1 00 0 O
g(1) 1 1 1 1 1
GN+1=G5— g(—l) = 1 -1 1 -1 1 )
9(2) 1 2 4 8 16
g3 (=1) 0 0 0 6 —24
1 1 1 1
11 -1 1
VN+1—V:’>:|G5‘— 2 4 8 16 :_4327
0 0 6 —24
1
_1__
=V =3
1 x 22 22 2
1 1 1 1 1
Gu(z)=|1 -1 1 -1 1 |,
1 2 4 8 16
0 0 0 6 —24

= Vs1(w) = 28827 — 4322 — 288.
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1 0 0 O 0

1 = 22 22 2t
Gslz)=]1 -1 1 -1 1 |,

1 2 4 8 16

0O 0 0 6 —24

10 0 0 O

11 1 1 1
Gss(z)=| 1 o 2% 23 2t |,

12 4 8 16

00 0 6 —24

G54($) =

O = =
I
—_

= Vay(x) = —122" — 482° + 1227 + 482

1 0 0 0 O
1 1 1 1 1
Gss(z) = % —21 }L —81 116 = Vis(z) = 122" — 242° — 1222 + 24z,
1 =z 22 28 2t
— —1
— —1

— 1 5) 11 7
L(z) = a4+ =% — —2® — —x + 1.

9 18 18 9
Bai toan 3.6. Xac dinh da thitc N(z) (deg N(x) < 4) thda man cac diéu

kién sau day:
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Giai. Day la bai toan Newton md rong (ddi véi N=4), ta co6

g(aj) = (17 aj? x27 x37 x4)7

A 11 1 1 1
9" (=1) 01 —2 3 —4
Gy =Gs=| g2 |=]1]00 2 12 48 |,
g(3)(0) 00 0 6 0
g¥(2) 00 0 6 48
Vi1 = Vs = |G5| = 576 # 0.
1 z 22 22 2t
01 -2 3 —4
G51($): 0 0 2 12 48 $%1($)2576
00 0 6 0
00 0O 6 48
11 1 1 1
1z 2% 2* ot
G52($): 0 0 2 12 48 :>%2($):576(CL‘—1)
00 0 6 0
00 0 6 48
11 1 1 1
01 -2 3 —4
Gsz(z)=| 1 2 2% 2% 2* | = V(o) = 288(2% + 22 — 3).
00 0 6 O
00 0 6 48
11 1 1 1
01 -2 3 —4
1 z 22 22 2t
00 0 6 48
= Viu(z) = —122* + 962° — 2882% — 9122 + 1116.
11 1 1 1
01 -2 3 —4
Gss(x) =1 0 0 2 12 48 | = Vi5(x) = 122" — 2882% — 528z + 804.
00 0 6 0
1 z 22 22 2t
— 1
1
:%[2.576—12x4+96:c3—288x2—912x+1116}+
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576 [ 122% + 28822 + 5281 — 804}

— 1
N(z) = — (1464 — 242" + 962° — 384x]

hay

— —1 1 2 61

Bai toan 3.7. Xac dinh da thitc H(z) (deg H(x) < 4) thda méan cac diéu
kién sau day:
H(-1)=0, A0) =1,

7w =0, Y2 =0, AV (—2)=2.

Giai. Day la bai toan Hermite mé rong, ciing dong thoi 1a bai toan noi suy
c¢d dién tong quat (2.1).

Ta di xac dinh ma tran nghiém cta bai toan nay.

Ky hieu 24, k=0,1,2 (n=3), i = 1, ..., 7ps1,

ta co

kEk=0rp =r =1kF= 11 =10 =2,k = 2,701 =13 = 2,
ro=0,r1+ro+r3=1+2+2=5(N=5).

Goi sp=0<s1=1< 85, =3, va dat

xo1 = —1,a01 =0, 211 =0,a11 =1, x12 = 1,a12 = 0,

To1 = 2,a21 =0, To9 = —2, a2 = 2,

thi diéu kién ciia bai toan tuong duong véi dieu kien

T (1) = agpi, voi k= 0,1,2vai=1,..., 75 1.

Trude hét, ta sit dung ky hieu gy(z) = (1, z,..., 2V 1),

Dé danh lai chi s6 cho cip bo s6 i va ai;, ta dinh nghia
mﬁ(kai)<Z>m:T0+T1+T2+"'+Tk+i,

m=(0,l)em=rg+1=0+1=1,

| §

(LhYem=rn+rn+l=1+1=2

I §

(L2)em=rg+rm+2=14+2=3,
me (2,1))em=rog+r+ro+1=14+2+1=4,
me(2,2)em=rg+ri+ro+2=0+1+2+2=5.

20



Ta co

= Vio(z) = —576(3 — 2” + 2x).

G55<£U) = (

oo -
| © MmOy
— O N Oy

_110x

— oo o

122* — 9623 + 12022 — 228.

= %5($)

]

SN—

s 3
= N
@\

Ny

st
S S
S
S

— .
I s =,
o~ — |
I | | —
VS 1

= I

[—576(3 — 2% 4 22) + 2(122* — 9623 + 1202 — 228)]

—1
1152

H(x) =

Vay

91

2

_ﬂx +$+@-

17

—1 4 13
PR

() =

H

hay
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Bai toan 3.8. Xac dinh da thic P(z) (deg P(x) < 3) thda méan cac dicu

kién sau day:
P0)=1, PY0)=a, PP1)=-1, P¥2)=0.

Giai. Day la bai toan noi suy co dién tong quat (2.1).

Ta di xac dinh ma tran nghiém ctua bai toan nay.

Ky hisu 2y, k=0,1,2 (n=3), 4 =1, ..., 7%s1.

Ta co

kEk=0rp=rm=1,k=1r,q =10 =2,k =211 =13 = 1,
ro=0,r1+ro+rs=14+2+1=4(N=4).
Goisyg=0< s, =2< 85, =3, vadat

zor = 0,a01 =1, 211 = 0,a11 = o, 12 = 1,a12 = —1

To1 = 2,a91 =0,

thi diéu kién ciia bai toan tuong duong véi dieu kien

HE(23:) = agi, v6i k=0,1,2vai=1,..., 7.
Trude hét, ta sit dung ky hieu gy(z) = (1,z,...,2V 1),

Dé danh lai chi s6 cho ciip bd s6 z1;va ag;, ta dinh nghia
me(ki)em=rg+ri+ro+---+71p+1,
m=(0,1)em=rg+1=0+1=1,
ma(L,)em=rg+rn+1=1+1=2,
m=(l,2) em=rg+r+2=14+2=3,
= (2,

Dem=rg+r+rn+l=1+2+1=4,
Ta co )
941 95 (0)
Gy =Gi=| 92 | = g%(O)
A
gy (2)
1000
0020
Gi=lpp2e6|=Va=0
000 6

Bai toan khong c6 nghiém duy nhat. Xét da thrc
P(x) = ap + ay@ + anr® + aza®,
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(CV) - (aﬂv aq, g, 053)T7 A= (al, as, as, CL4)T-

Khi d6 nghiém ctia bai toan 1a nghiém ctia hé phuong trinh tuyén tinh sau

Gy.(a) = A.
Ta xét hé tuyén tinh (*)
1000 % 1
0020 ap | «
0026 as | | -1
00O0G®G a3 0
Suy ra
oy = 1
2052 =
2ai9 + 63 = —1
6043 =0
Suy ra
oy = 1
Qg = %1
Qg = %
a3 = 0
Néu o = —1 thi hé (*) vo s6 nghiem, do d6 bai toan c¢6 vo s6 nghiem dang
L,
P(x) = 1+oz1:r—§x :

vOl aq tuy .

Néu « # —1 thi he (*) vo nghiem, do dé bai toan vo nghieém.
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KET LUAN

Dé tai luan van nay da trinh bay mot s6 vi du va cac bai tap van dung
nham minh hoa cho phan 1y thuyét vé cic bai toan noi suy co dién trong gidi
tich, dic biet 13 bai toan noi suy co dién tong quat, cho phép ta hicu sau sic
hon vé co s6 va cau tric cla 1y thuyét cac bai toan noi suy noéi trén.

Luan van ciing dé cap t6i viéc sang tac he thong cac bai tap mdi phit hop
v6i trinh do ctia ting doi tuong hoc sinh, gitp ich trong viéc boi dudng hoc

sinh nang khiéu toan hoc.

Trong khuon kho thsi gian ¢6 han va trinh do ctia ban than con han ché
nén deé tai khong tranh khéi thiéu sét. Toi rat mong duge sy thong cam, si
déng gép ¥ kién quy bau clia cac thay, co va dong nghiep dé toi tiép tuc bo
sung hoan thien deé tai.

To1i xin chan thanh cadm on !
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