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MG DAU

Khai trién da thic néi rieng va khai triéen ham sé néi chung ciing nhiing
van dé lien quan dén né 1a mot phan quan trong ctia dai s6 va giai tich toan
hoc. Ciing véi cac bai toan noi suy, cac bai toan vé khai trien ham s6 c6 vi tri
diic bigt trong toan hoc khong chi nhu la nhitng déi tugng dé nghién citu ma,
con doéng vai tro nhu la mot trong nhitng cong cu dac Iyc clia cdc mo hinh
lién tuc cling nhu cac mo hinh roi rac cia giai tich trong 1y thuyét phuong

trinh vi phan, 1y thuyét xap xi, Iy thuyét bicu dién,....

Ly thuyét khai trien ham s6 cling cac bai toan noi suy lien quan ra doi
rat sém vdéi cac cong trinh ciia Taylor, Lagrange, Newton... Tuy nhién, viéc
xay dung bai toan khai trién ham s6 théa man nhing yéu cau khac nhau
ciing nhu viéc xay dung 1y thuyét hoan thien vé khai trién ham sé néi chung
dén nay van dang dugc nhiéu nha toan hoc tiép tuc nghién cttu va phat trien

theo nhiéu huéng.

Ly thuyét cac bai toan vé khai trién ham s ciing nhu cac bai toan noi
suy co dién c6 lien quan chit ché dén cac diic trung co ban ctia ham sé nhu
tinh don diéu, tinh 16i 16m, tinh tuan hoan,... 14 nhitng mang kién thitc quan

trong trong chuong trinh giai tich.
Trong cac gido trinh gidi tich & dai hoc ta da biét bai toin noi suy Taylor

Gia st ham f xac dinh trén tap hop 2 C R, trong d6 2 1a hgp cia cac
khodng mé trén truc thie. Gia st f kha vi cap n tai diem a € £2. Hay xéc
dinh céc da thic P,(z) ¢6 bac deg P,(x) < n sao cho

PW(a) = f¥(a),k=0,1,...,n.



Tit d6 ta c6 khai trién Taylor ctia ham f(z) tai diém a

F() = (@) 43 (0) r—a)+o3 £ (0) r=a) 4 [ @) (o—a) + R (f; )

véi cac phan du dang Lagrange va Cauchy.

Trong khai trién Taylor, khi xét bo diem M (a, Pék)(a)), k=0,1,....n ta
thay ching cung nim trén dusng thing z = a. Khi cho a thay doi va nhan
gia tri phu thuoc vao k thi ta duge mot bo diém méi dang

Mk(xka Prgk)(xk‘))7 k= 07 17 ey T

Khi d6, ta thu dugc bai toan noi suy Newton va dan dén khai trién Taylor-

Gontcharov 14 mot mé rong tu nhién ciia khai trién Taylor.

Luan van tap trung di gidi quyét van dé xay dung cong thic nghiém ciia
bai toan noi suy Newton, dua ra biéu dién ham s6 f(x) theo cong thiic khai
trien Taylor- Gontcharov va dic biét dua ra cac danh gia phan du ciia khai
trién Taylor - Gontcharov ctia ham f(x) dudi hai dang Lagrange va Cauchy

cling nhu md rong bai toan doéi véi ham da thitc nhiéu bién.
Luan vin gom phan mdé dau va dude chia thanh ba chuong

Chuong 1: Nhic lai cac kién thitc co ban vé da thic va mot s6 dinh 1y co
ban ciia giai tich co dién sé diing trong luan van. Tiép theo tac gia trinh bay
bai toan noi suy Taylor, khai trién Taylor va cac danh gia phan du cia khai

trién Taylor.

Chuong 2: La phan chinh ctia luan vin. Bat dau bang viec khdo sat bai
toan noi suy Newton, dua ra cong thitc nghiém cta bai toan noi suy New-
ton. Tt d6 dan dén khai trién Taylor- Gontcharov clia ham f(z) theo cac
moc noi suy T, T1, ..., T, va diac biet dua ra cac danh gia wdc luong phan du
ctia khai trien Taylor- Gontcharov dudi dang Lagrange va Cauchy. Phan tiép
theo, tac gia danh gia su hoi tu trong khai trién Taylor va khai trién Taylor

- Gontcharov. Cudi ciing 14 md rong ctia khai trién Taylor - Gontcharov cho



ham da thitc nhiéu bién.

Chuong 3: Dé cap dén mot s6 tng dung ciia khai trién Taylor va khai
trién Taylor - Gontcharov ciing nhu ctia bai toan noi suy Newton trong udc

luong va danh gia sai s6, tim gi6i han ham so.

Luan van dugc hoan thanh dudi sy huéng dan khoa hoc cia NGND.GS.
TSKH Nguyén Van Mau, truong Dai hoc Khoa hoc Ty nhién, Dai hoc Quoc
gia Ha noi, nguoi Thay da tan tinh huéng dan, gitp dé tac gid trong sudt
qué trinh hoan thanh ban luan van nay. Tac gid xin bay toé long biét on chan

thanh va kinh trong sau sac déi véi Gido su.

Tac gia xin bay t6 long cAdm on tdi cac thay co gido, cac thanh vién, cic
anh chi dong nghiép trong Seminare Giai tich truong Dai hoc Khoa hoc Ty
nhién, Dai hoc Qubc gia Ha noi vé nhitng ¥ kién déng gép quy bau, sy giup

dé tan tinh va sy c¢d vil hét stic to 16n trong sudt thoi gian qua.

Tac gia xin chan thanh cam on Ban giam hiéu, phong sau Dai hoc, khoa
Toan - Co - Tin hoc truong Dai hoc Khoa hoc Ty nhién, Dai hoc Qubc gia
Ha noi da tao diéu kién thuan loi cho tac gid trong sudt qua trinh hoc tap
tai truong. Tac gia cling xin chan thanh cam on Sé Giao duc - Dao tao Nam
Dinh, trusng THPT My Tho va gia dinh da dong vién, tao diéu kién thuan

lgi cho tac gia trong sudt khoa hoc.

Ha noi, thang 12 nam 2009

Tac gia

Tran Van Long



CHUONG 1

KHAI TRIEN TAYLOR,

1.1 Mot sb kién thitc chuan bi
1.1.1 Moét s6 tinh chat ctia da thic
Céc dinh nghia, tinh chat trong muc nay duge trich ti [2].

Dinh nghia 1.1. Cho vanh A la mot vanh giao hodn c¢é don vi. Ta goi da

thic bac n bién x la biéu thic ¢é dang
Py(2) = apa" + ap 12"t + ...+ a1x + ag.(a, #0)

trong doé cdc so a; € A dugc goi la cdac hé o, a, goi la hé so bac cao nhat va
ag got la hé so tu do cta da thic.

Tap hop tat cd cdc da thic vdi hé so lay trong vanh A dugc ky hiéu la
Alz]. Khi A la mot truong thi vanh Alx] la mot vanh giao hodn cé don wvi.
Cac vanh da thic thuong gap la Z[z], Q[x], R[x], C[z].

Dinh nghia 1.2. Cho hai da thic
P(z) = apx"™ + ap12™ ' 4 ...+ a1x + ag
Q(z) = byx™ + bp_12" '+ ..+ b + by
Ta dinh nghia cac phép toan sau
P(z) 4+ Q(x) = (an 4+ bp)z" 4 (ap_1 + bp_1)x" ' + ... 4 (a1 + b))z + ag + by
P(x) — Q(z) = (an — bp)x™ + (an_1 — bp_1)x" 4+ ... 4+ (a1 — by)x + ag — by
P(x).Q(x) = ConZ>" + Con_ 122"+ .+ 1 + ¢

trong do
cr = aopbr + arbp_1 + ... + arby, k =0,1,....n.
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Dinh 1y 1.1. Gid st A la mot truong, f(x),g(x) la hai da thic khdc 0 cia
vanh Alx]. Khi dé, ton tai duy nhat cip da thic q(x),r(x) thuéc Alx] sao
cho

f(x) = g(z).q(x) + ()
vdi deg(r(z)) < deg(g(x)). Khir(z) =0, ta néi f(x) chia hét cho g(x).
Néu f(a) =0 thi ta néi a la nghiém cia f(x). Bai toan tim cdc nghiém ciia

f(z) trong A dugc goi la gidi phuong trinh dai s6 bac n
ant" + ap_ 12"+ . 4 ayx + ag = 0(a, #0)
trong A.
Dinh 1y 1.2. Gid st A la mot truong, a € A va f(x) € Alx]. Khi do, du
cia phép chia f(x) cho x — a chinh la f(a).
Dinh 1y 1.3. Moéi da thic bac n déu cé khong qud n nghiém thuc.

Dinh 1y 1.4. Da thic c¢6 vo s6 nghiém la da thic khong.

1.1.2 Mot sb dinh 1y co ban cuia giai tich c¢b dién

Sau day, ta nhac lai mot s6 dinh 1y co ban sé dung trong cac phan sau.
Cac dinh 1y nay dugc trich tu [3].
Dinh 1y 1.5 (Rolle). Gid st f : [a,b] — R lién tuc trén doan [a;b] va cé
dao ham trén khodng (a,b) . Néu f(a) = f(b) thi ton tai it nhat mot diém
c € (a;b) sao cho f'(c) = 0.
Dinh 1y 1.6 (Lagrange). Néu ham s6 f lién tuc trén doan [a; b] va cé dao ham
trén khodng (a, b) thi ton tai it nhat mot diém c € (a;b) sao cho f(b)— f(a) =
f'(e)(b—a).
Dinh 1y 1.7 (Dinh ly vé gia tri trung binh ctia tich phan). Néu ham sé6 f
kha tich trén doan [a;b] va m < f(x) < M vdi Va € [a;b] thi ton tai mot so
p € [m; M| sao cho

b

[ f@yds = s~ a).

a



Hé qua 1.1. Néu f 1a ham s6 lien tuc trén doan [a;b] thi ton tai it nhat

mot diem ¢ € (a;b) sao cho

[ f@ds = 00 o)

Dinh 1y 1.8 (Dinh Iy vé gi4 tri trung binh md rong ctia tich phan). Gid su
hai ham s6 f va g khd tich trén doan [a;b] va théa man:

a) m < f(x) < M vdi Va € [a;b]

b) g(x) khong doi dau trén [a;b].

Khi dé, ton tai it nhat mot so thuc p € [m; M| sao cho

b b
[ f@gta)de = p [ gla)de.
a a
Hé qua 1.2. Gid st f 1a ham s6 lién tuc trén [a; b] va g 1a ham s6 kha tich
trén doan [a; b]. Néu g(z) khong doi dau trén [a; b] thi ton tai it nhat mot s6
thuc ¢ € [a; b] sao cho
b b
[ f@ gt = 1(0) [ gla)ds.
a a
Dinh 1y 1.9 (Bolzano - Cauchy). Gid si f la mot ham so lien tuc trén doan
[a; b] va a la mot s6 nam gida f(a) va f(b). Khi dé, ton tai it nhat mot diém
c € la,b] sao cho f(c) = a. Néi mot cach khdc, [ lay moi gid tri trung gian

gitia f(a) va f(b).

1.2 Khai trién Taylor déi véi da thikc

Cac dinh 1y, dinh nghia va bai toan trong muc nay chii yéu dugc trich tir
1].
Ta thudng thiy trong cac sach gido khoa hién hanh, dang chinh tic clia mot
da thiic dai s6 P(z) bac n,n € N*, (thuong duge ky hieu deg(P(x)) = n)

c6 dang:

P(x) = pox" + p1a" 4+ ... 4+ pp, po # 0.
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Da thitc dang chinh tac 1a da thic duge viét theo thi tu gidm dan cta liy
thtta. Tuy nhién, khi khéo sat cac da thitc, nguoi ta thuong quan tam dén ca
mot 16p cac da thitc bac khong qua mot s6 nguyén duong n cho truée nao do.
Vi thé, vé sau, ngudi ta thuong st dung céch viét da thic P(z) dudi dang

tang dan ciia bac liy thia

P(z) = by + byx + bya® 4 - - - + b (1.1)

Nhan xét rang da thic (1.1) ¢6 tinh chat

P®(0) = klby, k=0,1,...,n

va
PRO)Y=0k=n+1n+2,...
Vi thé da thic (1.1) thuong duge viét dudi dang cong thiic (dong nhat thric)

Taylor

_ o222, 4 n
P(z) =ay+ 1!$—|— T + +n!x . (1.2)

V6i cach viét (1.2) ta thu duge cong thite tinh hé s6 ax(k = 0,1,...,n) cla
da thiic P(x), d6 chinh 1a gia tri ctia dao ham cap k cia da thic tai = 0:

ar = P¥(0),k=0,1,...,n.

Tt day ta thu duge dong nhat thic Taylor tai z = 0

Vi du 1.1. Viét biéu thiic

Q(z) = (2% — 22 — 2)5 + (22 +32° — 1 — 1)2.

dudi dang (chinh téc) cong thitc Taylor tai

_ @ %2 9, 40 10
Q(x) = ap+ 1!:1:+ 2!9: + +10!

Tinh gia tri cua ag?



Theo cong thite (1.3) thi ta c6 ngay he thitc ag = Q®(0)
Dang (1.2) cho ta mdi lien hé tryc tiép gitta cdc hé s6 ctia mot da thiic chinh
tac v6i cac gia tri dao ham clia da thitc dé tai = 0. Trong trudng hop tong

quat, cong thic Taylor tai x = xy c6 dang:

P'(xo)
1!

P () (x—a0)*+- -+ M(ﬂf — )"

2! n!
(1.4)

P(z) = P(z0)+ (@ —x0) +

Vi du 1.2. Viét biéu thiec:

Qz) =(x —1)(z —2)...(x = 9)
dudi dang (chinh tic) cong thiic Taylor tai diem z = 10:

Q(z) = ap+ 2a — 10z + Z(x — 10)2 + - + 2z — 10)".
1! 91

Tinh gia tri cta a7?

Cong thiic (1.4) cho ta he thic a; = Q7(10).
Trong trudng hop da thic bac tuy ¥, ta c6 cac két qud hoan toan tuong tu.

Vidu 1.3. Chiing minh rang néu da thitc P(x) théa man diéu kien deg P(x) <
n va P¥(a) = q,Vk € {0,1,...,n}, trong d6 a,q; 1a cac s6 cho trudc;
PO (x) = P(z) thi P(x) ¢6 dang:

k=0
Ding thitc trén duge ching minh bang cach 1ay dao ham lién tiép hai vé
va stt dung gia thiét vé cac gia tri ban dau P%)(a) = ¢, Vk € {0,1,...,n}..
Viéc chitng minh tinh duy nhat dugc suy ra tit tinh chat ctia cic da thic
(khac 0) bac khong vigt qua n 1a n6 c¢6 khong qua n nghiem (ké ca boi).

Bay gis, ta chuyén sang bai todn noi suy Taylor.

Bai toan 1.1 (Bai toan noi suy Taylor). Cho xg,ar, € Rv6ik =0,1,..., N—
1. Hay xac dinh da thtc T(x) ¢6 bac khong qua N — 1 va théa man cac diéu
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kién:

T® (x0) = ay, Yk =0,1,...,N — 1. (1.5)

Giai. Truéc hét, dé thay rang da thic
N-1
T(x) = Z ag(x — 20)F.
k=0
c6 bac degT(x) < N — 1. Tiép theo, ta can xac dinh cac he s6 o € R sao
cho T'(z) théa méan diéu kién
T™(z0) = a,Vk =0,1,...,N — 1.

Lan lugt 1ay dao ham T'(x) dén cap tha k, k=0,1,..., N — 1 tai x = x( va
st dung gia thiét

T™(z0) = a,Vk =0,1,...,N — 1.

Ta suy ra
ak
ap =X Wk=01,...,N—1.
k!
Thay gia tri clia ay, vao biéu thiic ctia T'(z), ta thu duge
N-1 o
k
T(z)=)  (x- z0)". (1.6)
k=0
V6i moi k = 0,1,...,N-1, ta c6
No1o
TW(x) = ap + — S — @)™
Jj=k+1

Do vay da thitc T'(x) théa man diéu kien
T® (o) = ay,, Yk =0,1,...,N — 1.

Cudi cuing, ta ching minh rang da thic T'(z) nhan duge ti (1.6) 1a da thic
duy nhat théa man diéu kién clia bai toan noi suy Taylor .

That vay, néu c¢6 da thic T,(x), ¢6 bac degTi(x) < N — 1 ciing thoa man
diéu kien ctia bai toan (1.5) thi khi do, da thrc



ciing ¢6 bac deg P(x) < N — 1 va dong thoi théa man diéu kien
P®(z0)=0,Yk=0,1,...,N —1.

Thic la, da thic P(x) la da thic ¢6 bac khong qua N — 1 ma lai nhan xy lam
nghiém véi boi khong nho thua N, nén P(x) = 0, va do d6 T'(x) = Ti(x).

Dinh nghia 1.3. Da thic

duogc goi la da thic noi suy Taylor.

Nhan xét 1.1. Chu y rang da thitc noi suy Taylor T'(z) duge xac dinh tu
(1.6) chinh 1a khai trién Taylor dén cap thit N — 1 ctia ham s6 T'(z) tai diém

Tr = Xy.

1.3 Khai trién Taylor véi cac phan du khic nhau

Cac dinh 1y, dinh nghia va bai toan trong muc nay chi yéu dudc trich ti

[1].

Ta da xét cong thitc khai trién Taylor d6i véi da thite. Tiép theo, trong muc
nay, ta sé xac lap cong thitc Taylor v6i cac phan du khac nhau. Ta nhéc lai,
khi ham f kha vi tai diém x = a thi theo dinh nghia, ta cé

fla+h) = f(a) = f(a)h+ o(h).
Néudit a+h=xthih=x—a va
f(@) = fa) = f(a)(z — a) + o(z — a).
N6i mot cach khéc, ton tai ham tuyén tinh
Pi(z) = f(a) + f'(a)(z — a)

sao cho

trong do
Pi(a) = f(a), Pi(a) = f'(a).

Ta phat biéu mot sé bai toan sau day.
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Bai toan 1.2. Gia sit ham f xac dinh trén tap hop 2 C R, trong do6 (2 la
hop ctia cac khodng mé trén truc thuc. Giad st f kha vi cap n tai diém a € 2.
Hay xéac dinh cac da thic P,(x) ¢6 bac deg P,(z) < n sao cho

P(k)(a) = f(k)(a), k=0,1,...,n.

a,
Plr) =3 T —a)t
k=0
Khi dé
a
P (a) = ,U_/;M' = Gy

Néu bay gio ta dat
thi

Nhu vay bai toan da dugc giai xong.
Tiép theo, ta xét bai toan udc lugng hieu f(z) — P,(x).

Dinh nghia 1.4. Da thic

"L %) ()
k!

k

T.(f;x) =

(z —a)
k=0
dugc goi la da thic Taylor biac n vdi tam a cua ham f, khd vi cap n tai diém

a.

Ta dat

f(x) = To(f;2)+Ra(f;2) = f(a)+f'(a)(ﬂf—a)+---+%f(")(a)(iﬁ—a)”Jar(f;l‘)-
(1.7)
Cong thiic (1.7) duge goi 1a cong thitc Taylor (dang day du) ctia ham f(z).
Néu a = 0 thi (1.7) duge goi la cong thitc Maclaurin.
Biéu thic R,(f;x) duge goi 1a phan du clia cong thidc Taylor. Véi nhitng
dieu kien khac nhau dat ra déi véi ham f, phan du sé ducc biéu dién béi cac
cong thitc khac nhau. Lai giai clia bai toan ude lugng hieu f(x) — P,(x) cing
chinh 1a uéc luong cac biéu thiic phan du nay.
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B6 dé 1.1. Néu ham ¢ c¢6 dao ham dén cip n tai diém a va

p(a) = ¢'(a) = ... = p!"(a) = 0,
thi ¢(z) = o((x — a)") khi z — a, tic la

_ple) 0(z — a).
(z —a)"

Chitng minh. Ta ching minh bang phuong phap qui nap. Vi n = 1 ta c6
pla) = ¢'(a) va

pr) _ p(x) —¢la)

— ¢(a) = 0(z — a)
tiic 14 o(x) = o((x — a)). Gid sit bo dé ding véi n nao do, tic 1a véi dicu

kién

thi
o(r) = of(z — a)").

Ta can chiing minh ring véi ") (a) = o thi

p(a) = o((x —a)"),z —a.
Ta xét ham ¥ (x) = ¢'(x). Ta c6

Y(a) =¢'(a) = ... = " (a) = 0.

va do d6 Y (x) = o((x — a)™), tiic 1a

lx) P

(z—a)*  (z—a)

Theo dinh 1y Lagrange, ta c6

pl)  _plr) —pla) ¢z —a) ¢ (5 - a)n.

(z — a)nt! o (x — a)"t! o (x — a)"t! o (E—a)" \z—a

trong d6, £ nam xen gitta a va x. Tt d6 ta thu duge

#'(€) {—a
(g_a)n—>0(x—>a),0<x_a

Nhu vay, ¢(z) = o((z — a))™*Y khi 2 — a va bd dé dugc chiing minh.

< 1.
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Dinh 1y 1.10 (Taylor). Gid si f : U(a,d) — R la ham khd vi lién tuc dén
cip n — 1 trong §- lan cin U(a,d) cia diém a va cé dao ham hiu han cip n

tai diem a. Khi d6, ham f co thé biéu dién dudi dang

n) (g
£ =3 T 0t o of(z — a)) (13)
k=0 '

khi x — a, trong do 0! = 1, f9(a) = f(a).

Cong thiic (1.8) dugc goi 1a cong thiic Taylor dang dia phuong véi phan
du Peano.

Ching minh. Dit

fR)
o) = 1) - Y e ap v = @0 )
k=0 '
Tir (1.9) ta dé& dang thiy riing p(a) = ¢'(a) = ... = ¢ (a) = 0. Do d6 theo

bo dé 1.1, ta thu duge p(z) = 0(¢)(x)),z — a va hé thiic (1.9) duge chiing
minh.

Cong thite (1.8) chi cho ta dang diéu cua f(x) — T, (f; x) v6i nhiing gia tri x
di gan a. Dé c6 thé sit dung da thic T,,(f; ) lam cong cu xap xi ham f(z)
can phai dua ra nhitng dang khac d6i v6i phan du R, (f; ).

Néu ham f ¢6 them nhiing han ché chit hon so véi dinh 1y (2.1) thi ta thu
dugce dinh Iy Taylor toan cuc sau day.

Dinh 1y 1.11 (Taylor). Gid s f : (a,b) — R khd vi lién tuc cap n trén
khodng (a,b) va cé dao ham cip n+ 1 tai moi diém ciia khodng (a,b) cé thé
tric ra diém xo € (a,b). Khi dé, gitta diem xy va diém x € (a,b) bat ky, ton

tai diem &, sao cho

n )y
f@) =3 L Ry (110
k=0

trong do
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Cong thiic (1.10) duge goi 1a cong thitc Taylor d6i véi ham f v6i phan du
R, 1 du6i dang Schlomilch-Roche.
Chitng minh. Khong gidm tinh tong quat, ta xét x > . Xét ham s

_ —~ f() N G0
Mw_ﬂ@—;% o @-@-TM Azg <t<um, (1.12)
trong d6 p € R, p > 0, \ 1a tham s6.

Ham h(t) liéen tuc trén doan [zg, z], h(x) = 0 va dao ham A/(t) ton tai Vt €
(20; ). Ta chon s6 A sao cho

() (2,
f (! )

) = ()~ 3 o= 2ot

nlp

x — x0)" — =0. (1.13)

V6i cach chon d6, ham h(t) théa man moi diéu kién ctia dinh 1y Rolle trén

doan [z, z]. Do do, ton tai £ € [z, x], sao cho

(n+1) _ -1
R L NS NP
That vay, tit hé thic (1.11), ta c6
/ " " (n)
Wity =)+ T IOy T gy L0 gy
(n+1) Y

Dé dang thay rdng moi sd hang ¢ vé phai ctia (1.15) trit hai s6 hang cudi
cuing déu khit nhau hét. T d6 bang cach thay ¢t = £ ta thu duge (1.14). Tu
(1.14) ta co

A= )@ — g (1.16)

Thay A tir (1.16) vao (1.11) ta thu duge diéu phai ching minh. O
Bang cach chon cac gia tri p > 0 hoan toan xac dinh, ta thu dugc nhiing

truong hop rieng doi v6i phan du R, 1(f; ). Ta xét nhitng truong hgp quan

trong nhat khip=n-+1vap=1.

Khi p =n+ 1 thi tit (1.11) ta thu duge phan du ctia cong thitc Taylor dudi

dang Lagrange

T

o n+1 _ .
(n+1)! (x —20)"" & =20+ 0(x —20),0 <0 < 1. (1.17)

Rn—l—l(f; SU) -
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Khi p = 1 thi tit (1.11) ta thu duge phan du ctia cong thiic Taylor dudi dang
Cauchy

FOrD (2o + 0(x — 20))
n!

Ry (f;x) = (z—20)" (1 —-60)",0<0 <1 (1.18)

trong d6 & = zg + 0(x — x).

Nhan xét 1.2. Cong thiic Maclaurin véi cac phan du (1.17) va (1.18) ¢6
dang tuong tng

R, (f;z) = %x”“, 0 < # < 1 (dang Lagrange).

Ry(f;z) = f(E:rl()e!x)(l —0)"z"" 0 < 6 <1 (dang Cauchy).
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CHUONG 2

CONG THUC KHAI TRIEN TAYLOR -
GONTCHAROV

2.1 Bai toan néi suy Newton va céng thic khai trién
Taylor - Gontcharov

2.1.1 Bai toan ndi suy Newton
Trude hét ta nhac lai bai toan noi suy Taylor 6 muc trude
Bai toan 2.1 (Noi suy Taylor). Cho xg,ar € Rv6ik=0,1,..., N—1. Hay
xac dinh da thic T(x) c6 bac khong qua N — 1 va théa méan cac diéu kien:
T® (o) = ay, Yk =0,1,...,N — 1. (2.1)

Nhan xét réing khi xét bo diém M (zg, T™ (z0))(k = 0,1,..., N — 1), ta
thay ching cting ndm trén mot dudng thang z = xy. Khi ta cho x thay doi

va nhan gié tri tiy ¥ phu thudc vao k thi ta dugc mot bo diem méi dang
My (2, T® (21)), k= 0,1,...,N — 1,

sé trung véi bo diém ban dau khi cac z;, tring nhau. Khi dé ta thu dugce bai

toan noi suy Newton. Ta phat biéu bai toan dé duéi dang sau day.

Bai toan 2.2 (Bai toan noi suy Newton). (Xem [1]). Cho x;,a; € R, v6ii =
0,1,...,n. Hay x4c dinh da thic N(x) c¢6 bac khong qua n(deg N(z) < n)

va théa méan cac dieu kién:

NOD(z;) = a;,¥i=0,1,....n. (2.2)
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Dé giai bai toan nay, trudc hét ta xét mot s6 trudng hop rieng clia né.

V6i mbi i = 2,3,...,n, ta ky hieu

T t ti1
Ri(Io,xl,...,ZISi1,$)=//.../dtidti1...dt1.
ZTi-1

To T1

i) Néu n = 0 (ting v6i i = 0) thi ta ¢6 deg N(z) = 0 vd N(x9) = ap, va do
d6 N(x) = ay.
ii) Neun =1 (ing véi i = 0, 1), thi ta ¢6

N(z)=ay+ oz
NO(z;) = a;, (i = 0,1)

Tu d6 suy ra N(z) = ag + a1(x — x¢) hay
N(x) = ag+ a1 R(zg, x).
iii) Néu n = 2 (ting v6i i = 0, 1,2), thi ta co

N(x) = ag + a11 + asx?
NO(z;) =a;, (i =0,1,2).

Tu do suy ra

az
9 = E
1 = a1 — a1
ag = ag — (a1 — aszy)T) — - %o-
Do doé
2 2
r—T To— T
N(x):ao-l—al(:lz—xo)—i-az ( 21) _(02 1>
Tu do:
N(z) = ag + a1 R(z, x) + as R*(zg, 71, 7).
iv) Mot cach tuong tu, trong truong hop tong quat, véi i = 0,1,...,n, ta

chiing minh dugc
N(x) =ag+ a1 R(xg,x) + -+ + a, R (xg, 1, ..., xy_1, T) (2.3)

la da thitc duy nhat théa man diéu kién ctia bai todn noi suy Newton (2.2)

va ta goi da thitc nay la da thic noi suy Newton.
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That vay, dé thay rang deg N(x) < m. Ngoai ra, tng v6i mdi i(i =
0,1,2,..,n) ta co:

N(l)(x) =a; + CLZ'_HR(I'Z', $) + -+ aan_i($i, Litly-eyTp—1, x)
T do suy ra
NO(z;) =a;,i=0,1,2,..,n.

Cubi cuing, ta ching minh tinh duy nhat nghiém clia bai todn noi suy
Newton.

Gia st ton tai da thic N,(x) ¢6 bac deg N.(z) < n cling théa man dieu
kién cuia bai toan 2.2 thi khi d6, da thic P(x) = N(z) — N.(z) cling ¢ bac
deg(P(x)) < n va thoa man diéu kién

PO(z;)=0,¥i=0,1,2,...,n.
Khi d6, theo cach xay dung da thic N(z) & trén, tng véi truong hop a; =
0,vi=0,1,2,...,n, tasuy ra P(x) =0, va do d6 N(z) = N.(z).

Nhan xét 2.1. Nhu da luu § & trén rang da thic noi suy Taylor (1.6)
la truong hgp riéng ctia da thitc ndi suy Newton (2.3) ting v6i truong hop
x; = xg,Vi = 0,1,2,...,n. Cong thic khai trién ham s6 f(z) thanh chudi

théa man dieu kién
f(x) =a;,¥i=0,1,2,...,n
duge goi 1a khai trién Taylor - Gontcharov.

Cong thiic khai trién Taylor-Gontcharov cé rat nhiéu iing dung trong viéc
gidi cac bai toan bién hon hop thit nhat ciia phuong trinh vi phan. Ban doc
quan tam dén van dé ly thuyét va tng dung clia cac dang noi suy tritu tuong

va noi suy ¢d dién xin tim doc trong [5].

2.1.2 Cong thitc khai trién Taylor - Gontcharov

Tuong tu nhu véi khai trien Taylor, sau khi giai dudgc bai toan Noi suy
Newton, van dé dat ra 1a xap xi mot ham sé bdi mot da thiic khi biét dao
ham tai mot s6 diém. D6 chinh 14 ndi dung clia cong thiic khai trien Taylor-

Gontcharov.
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Trudce hét, tuong tu nhu da lam vé6i khai trién Taylor, ta xét mot sd bai

toan sau day:

Bai toan 2.3. (Xem [1], trang 91) Gia sit ham f xéac dinh trén tap 2 € R
trong d6 Q 1a hop ciia cac khodng md trén truc thyce. Gid st f kha vi cap ¢
tai diem z; € Q,i = 0,1,2,...,n. Hay xac dinh cac da thitc P,(x) c6 bac
khong qua n sao cho Pr(f)(:ci) = f0(x;),i=10,1,2,...,n
Giai.

Dit fO(z;) = a;,i = 0,1,2,...,n. Khi d6, tit 16i giai clia bai toan noi
suy Newton, ta thay ngay da thrc:

P,(x) = a9+ a1 R(xg,x) + -+ - + a, R (xo, 21, ..., Tp_1, T)
13 da thic duy nhat thdéa man yéu cau ctia bai toan treén. ]

Bai toan 2.4. Cho z; € R,;i = 0,1,...,n. Khi d6, da thic Q(z) c6 bac
n+1 (degQ(x) = n+ 1), hé s6 cao nhat bang 1 va thoa man diéu kien
QW (z) =0,k =0,1,2,...,n ton tai duy nhét va xac dinh béi

Qui1(z) = (n+ DIR" (20, 21, ..., 20, 2)

trong do:
Rn+1($0, L1yeooy Ty, T // /dtn+1dt dtl
o X1
Giai.
bat
X h

Qn+1(x) = (n+1)|Rn+1 (x(), L1y oy Ty T n—l—l // /dtn_Hdt ..dty.

o X1

Khi d6, ta d& dang suy ra deg Q(z) = n + 1 va hé s ctia 2" bang 1. Mt
khac, VkE =0,1,2,...,n ta co:

Ttk

Qﬁl(x) = (n+D)IR"" (2, g1, ., 2, ) = (nF1)! / / /dtn+1dtn..

Tk Th41

21
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Do do, ta co:

k
sz—&)-l(xk) = 0.

Suy ra:

QW (z) =0,k =0,1,2,...,n.
Nén Q(x) la da thitc théa man yéu cau ctia bai toan.
Bay gio ta ching minh tinh duy nhat. Gia sit ton tai da thic Q. (z) co
bac deg QF ., (z) < n+ 1 cling théa méan dieu kién ctia bai todn 2.4 thi khi
d6, da thic P(x) = Qni1(x) — Q5,1 () cling c6 bac deg(P(x)) < n va thoa
man diéu kién

PO(x)=0,¥i=0,1,2,...,n.
Khi do, ta suy ra P(z) = 0, va do d6 Qp41(x) = Q5,1 (). O
Tt cac bai toan trén ta c6 dinh nghia sau:
Pinh nghia 2.1. Cho ham f khd vi cap i tai moi diém x;,1 =0,1,2,....n
Khi do, da thic

Po(fix) = f"(2,).R (g, 21, .. ., Tpo1, @)

O (@) R (@, 21y gy @) - (1) R(wo, ) + f(0)
duogc got la da thiic not suy Newton theo bo noi suy g, T1, ..., T, cua ham

I

Dinh nghia 2.2. Vi cdc gid thiét nhu & dinh nghia 2.1, ta ddt:
f(x) = P,(f;2)+ R.(f;2z) = f(”)(xn).R”(xo, Tlyeny Ty 1,T)

+ D, )R Nxo, 21, -+ - B9y @)+ - (21). R(x0, )+ f (20)+ Ros1 (f; 2).
(2.4)
Cong thiic (2.4) dugc goi la cong thitc khai trién Taylor- Gontcharov ciia
ham f. Biéu thitc R, 1(f;x) goi la phan du cia cong thitc khai trién Taylor-

Gontcharov.

Ta nhan thiy rang, véi nhitng diéu kién khac nhau dat ra déi véi ham
f, phan du R,41(f; x) clia cong thiic khai trién Taylor- Gontcharov s& dugc

biéu dién béi cac cong thitc khac nhau.
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Loi gidi ctia bai toan uée lugng hieu f(x) — P,(z) cing chinh 1a uée lugng
cac bieu thic phan du nay. Trude hét, ta co két qua sau:

Dinh 1y 2.1. Gid st f : (a,b) — R khd vi va lién tuc dén cap n+ 1 trén
khodng (a,b),z; € (a,b),i =0,1,2,... ,n. Khi do

f(x) = Bu(f;2) + B (£ 2)
trong do, R,+1(f;x) dugc zdc dinh bdi:

X tl
Roi(f;x) // /f”“ tog1).dtpsr.dt,...dts.dt. (2.5)
o T1
Ching minh.
Ta co:

f(x) = flao) + / Ft)dt = f(zo) + / Flan) + / () dts | dty

Lo

a:t1

xo /f I dtl—i-//f” tQ dtgdtl

To T1

= f(zo) + f'(z1) R (zo; @ //f” to)dtadty

X tl
f(.fU()) + f (371 Rl x(), // ” .CUQ /f t3 dtg dthtl
X tl t2
= f(wo) + f'(x1) R (x0; ) + f"(x9) R*(wo; w1 2 ///f (t3)dtsdtadty

= f(zo)+f (z1) R (xo; 2)+ " (22) 2(-730;561; 2)+ (2 n) R (205 215 .5 2p—1; @)

J?tl tg

/// /f”+1 tngt ) dbnrdtn...dtsdt; = Po(f:2) + Ry (f; ).

o T1 X2
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Tu do ta co

f(@) == Pu(f;2) + Rosa(f; @)

vii
n+1
Roi(f // /f (tpg1)-dtpg1.dty,...dts.dl;.
o X1
Dinh 1y dugc ching minh. H

Nhan xét 2.2. Biéu thic (2.5) cho ta cong thiic xac dinh phan du R, 1(f; z)
trong khai trién Taylor- Gontcharov ctia ham f(x). Cau héi dat ra la phan
du ctia khai trién Taylor- Gontcharov c¢é the danh gia dugce gidng nhu & khai
trién Taylor khong? Va néu duge thi danh gia d6 c6 dang tuong tu nhu dang
Lagrange va dang Cauchy khong? Trong phan tiép theo, ta sé di nghién citu

van de do.
2.2 Khai trién Taylor - Gontcharov véi cac phan du
khac nhau

Truée hét, dé thuan tien ta nhic lai mot s6 ky hieu 6 muc trudce:

Ri(iljo,ﬂfl,...,ﬂfifl, // /dtodtl dtZ 1, = N

Ty T1

R (f // /an tni1).dtpyr.dty,...dty.dt; .

To T1

Dé don gian, ta dinh nghia phep toan:
(Rif)(x /f )ds,i=0,1,2,3,.

Dé thay:

T

(&m@:/@

Zq

24



Va

X tl tn
(RoRyRo... B f) () = / / / Ftsr) s .. .dty.dty.
Dac biét:
RoRlRQ // /dtn—H dt d?fg dtl R (ZC(),Il ..... .CL‘n_l).

o T1

Ta c6 mot sé6 két qua quan trong sau:

Meénh dé 2.1. Véi cac ky hieu nhu trén, ta cé:

(1) (Ruf)(@) = (Rof)(zx) — (Rof)(z). (2.6)
(i) (RiRif)(x) = (RiRof)(x) — (R;)(x)(Rof) (). (2.7)
(i3i) (RoRiRo...R.f)(x) = (Ry™ f)(x) — Z(RoRl...Rk_l)(JJ)(Rg_k+lf)(xk).
- (2.8)
Ching minh.
i) Ta co:

(Rif)(z /f ds—/f ds—i—/f

:/ ds—/f ds = (Rof)(x) — (Rof)(wx) — (i).

Zo

ii) St dung (i) ta co:

(RR)() = /ka /{/f ds—/f ds] at
] o

T; Xo

= (RiRof)(x) — (Ri) (@ )(Rof)(fck) ().
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iii) Ta ching minh (2.8) bang phuong phap qui nap. Ta c6:
V6i n =1 thi tu (2.7) ta co:

(RoRuf)(x) = (R f)(2) — (Ro)(x)(Rof)(w1)

nén (2.8) ding.
Gia st (2.8) ding véi n, tiic la:

n

(RoRiRy... Ry f)(x) = (R f)(2) = ) (RoRu..Ry1)(w) (Rg ™" ) ().

Ta chitng minh (2.8) dang v6i n + 1, that vay, ap dung (ii) va gia thiét qui

nap ta co:

(RoRyRy... Ry [)(2) = (RoRi Ry Ry) [(RnRo f) () — (Bn)(2) (Rof) (2 s1)]

= Ry (Rof)(x) = Y _(RoRy... Rk 1) (@) (Rg ™ Ro f)(wy,) —

(RoRy...Ry 1 Ru(Rof)(@ni1) = (RyP2)() =) (RoRy... Ri-1) () (R ™ f) ()

Vay:

n

(RoRiRo... Ry f)(x) = (R f)(2) = ) (RoRu..Ry1)(w) (Rg ™" F) ().

Tu d6 — (i43). Ménh dé duge chiing minh. O

Meénh dé 2.2. Véi cac gia thiét nhu trén ta cé

[ x— s)k1
(REf)(x) = /ﬁf(s)ds,k =1,2,.... (2.9)

Zo

Ching minh.
Ta chttng minh qui nap theo k. Dé thay v6i £ = 1 thi (2.9) luon dung.
Gia stt (2.9) dung v6i k = n, tic 1a ta co:

BN = [ G

Zo



Ta chiing minh (2.9) dung véi k = n + 1,that vay, ap dung cong thiic tinh

i (o) o
:0+/ /f s)ds = (Ry /f t)dt |)(x)

o
= (RyRof)(z) = (Ry™ f) ().
Do d6, (2.9) dung v6i k =n + 1. Tu d6, ménh dé dugc chiing minh. O

tich phan ting phan, ta c6

T

/ . ;!S)nf (s)ds

Zo

Hé qua 2.1. Tu (2.8)va (2.9) ta c¢6 két qua sau:

T

(Fofts o)) = [ =Ly
- ’ xp — )"k
_ZRk(x(J,xl,...,xk_l,x)/%]‘(s)d& (2.10)

k=1

Zo

Dinh ly 2.2. Cho ham sé6 f(z) lién tuc trén [a;b]. Khi dé, vdi moi xg,x €
[a; b] luon ton tai & = xg+ 0(x — xp) vdi 0 < 6 < 1 sao cho:
(z — x0)"*!

(RE 1)) = FO 555

k=0,1,2....

Ching minh. Tit dang thiic (2.9) ta c6

T

)@ = [ p s

Zo

Theo dinh 1y gia tri trung binh ctia tich phan, ton tai & = xo+ 6(z — x¢) véi
0 < # < 1 sao cho

i (z — s)* (x — x0)F !

(R 1)) = 1(6) [ s = 19T

Lo

Suy ra diéu phai ching minh. ]
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Heé qua 2.2. Gia st ham s6 f(z) lien tuc trén [a; 0], z; € [a;b],i=0,1,2,....n
va x la diém bat ki thuoc [a;b]. Khi d6 ta c6

B ([13 _ l’o)n+1
(RoR1Ry.. R, f)(x) = f(ﬁ)m
J (& e
—ZR X0y L1y eery Thels T )(n—(kil)!(xk_xo) ktl (2.11)
4 do € nam gitta xg, x con & nam gitta g, Tj.
Ching minh.
Tit dang thic (2.10) ta c6
(RoRleRnf>(£U) =
y “ n—=k
xr—s)" T — S
/( ds—ZR :co,xl,...,xk_l,x)/%f(s)ds.

Sau do, lap lai cac budc chitng minh tuong tu nhu dinh 1y trén, ta c6 ngay
diéu phai ching minh. O

Tt céc két qua trén, ta c6 danh gia phan du trong khai trién Taylor -
Gontcharov dudi dang Lagrange va Cauchy nhu sau.

2.2.1 Khai trién Taylor - Gontcharov v4i phan du dang Lagrange

Dinh 1y 2.3. Gid st ham so f(x) ¢ dao ham lién tuc cap n + 1 trén [a;b]
va z; € [a;b],i=0,1,2,...,n, z la diém bat ki thuoc [a;b]. Khi do, luon ton
tar f,fl : f = xo + Q(x — $0) va fz = o+ Hz(xl — xo)?}di 0 < 6,92 < 1 sao

cho phan du cia khai trién Taylor - Gontcharov ¢é dang

(n+1)
Rn—l—l(f; l’) = JEan)g?(x — xo)n"H_
i (n+1)
(7:]:— k fk].))'Rk(x()? L1y v ey Th—1, .I') (:Uk - xO)n_k+1- (212)
k=1 )

(Phan du dang Lagrange)

Chitng minh. Trong (2.11), ta chi viéc thay ham f(z) béi ham f+1(x)
ta sé ¢6 ngay (2.12). O
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Nhan xét 2.3. Trong truong hop dac biét, khi x; =z, Vi = 1,2,...,n thi
cong thitc phan du ctia khai triéen Taylor - Gontcharov duéi dang Lagrange

c6 dang

F(E)
(n+1)!
sé tring v6i cong thic phan du duéi dang Lagrange ctia khai trién Taylor tai
diem zq 6 (1.17)

n+1

Rn—i—l(f; l’) =

(x — )

2.2.2 Khai trién Taylor - Gontcharov véi phan du dang Cauchy
Dinh 1y 2.4. Gid st ham so f(x) lién tuc trén [a;b] va Va, zg € [a;b]. Khi
dé, ton tai 0 : 0 < 0 < 1 sao cho

(1 — )k (x — z9)F*!
k!

(R ) () = f (w0 + 0(z — x0)) k=0,1,2,....

Ching minh.

Tit dang thic (2.9) ta c6

T

xr — S k
() - [ @9 ).

Zo

Khong méat tong quat, ta gia st rang oo < x. Khi dé, dit

o) = p E5 10,
Suy ra o
() — 20) < (RE 7)) < M(x)(z — o)
Hay
) < S0 )

Theo dinh 1y Bonzano - Cauchy ton tai 6 : 0 < 6 < 1 sao cho £ = xg+0(x —

x) thoa man

T — Xy k!
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Tuce 1a

(R163+1f)(x) _ ((.CU — o — 9(.’,U - .I()))

k!

= f((z+0(x —xg))

f((z+0(x—x)) (x — x0)

(1 — )k (x — o)+
k! '

Vay

(1 — )k (x — z9)F*!
k!

(R f)(z) = f ((x+6(z — ) k=012

(dpcm). ]
Tu (2.8) va v6i cach danh gia tuong tu nhu dinh 1y 2.4, ta ¢6 ngay hé qua
sau
Heé qua 2.3. Gia st ham s6 f(z) lién tuc trén [a; 0], z; € [a;0],i =0,1,2,...,n
va x la diém bat ki thuoc [a;b]. Khi d6

(RORlRQRnf>(;U) — f (ZCO + (9(56 B on)) (1 — 9)”($ — .%’O)”‘H

n!
n . n—k
_ Z R (xo, w1, .. 2 1,2) f (20 + Op(@p — m0)) %(xk — )R
= (2.13)

trong do, 0,0, € (0;1),k=0,1,...,n.

Bay git, néu thay f(x) béi f+Y(z) trong (2.13), ta thu duge cong thitc
phan du dang Cauchy trong khai trién Taylor-Gontcharov ctia ham f(x) nhu

sau

Dinh ly 2.5. Gid st ham so f(x) c6 dao ham lién tuc dén cip n + 1 trén
doan [a;b] va x; € [a;b],i = 0,1,2,...,n, z la diém bat ki thuoc |a;b]. Khi
dé, phan du dang Cauchy trong khai trién Taylor - Gontcharov ciia ham f(z)

co dang

Rn—i—l(f; .ZC) = f(n+1) (.ZU() + 9<x — 350)) (1 - Q)n(x - xO)n+ _

n!
- 1—6)" "
— > RMao, w1, wk1,m) fUY (0 + Ok(zk — 20)) %(ﬂflrfco)”_k+1
k=1 '
(2.14)
trong do 0 < 0,0, <1,k=0,1,2,...,n. (Phan du dang Cauchy)
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Nhan xét 2.4. Trong truong hgp dac biét, khi x; = ¢, Vi = 1,...,n thi
cong thitc phan du clia khai trién Taylor - Gontcharov dusi dang Cauchy

(1 —0)(x — zo)"

Ron(fiz) = f7) (29 + 0(x — 29)) "

0<f<1

sé triing v6i cong thiic phan du dudi dang Cauchy ciia khai trién Taylor tai

diém zp ma ta da biét & (1.18).

2.3 Su hoi tu trong khai trién Taylor va khai trién
Taylor- Gontcharov

Nhu trén ta da biét, khai trién Taylor ctia ham s6 f(z) tai diém z = xq

c6 dang

n ey
f) =3 T 0 b R (i)
k=0 ’

v6i phan du dang Lagrange

Fr)

1) (. —20)" ™, € =20+ 0(x — 20),0 < 0 < 1.

Rn+1(f; 37) =

Cau héi dit ra la: Khi # — x thi 6 c6 dan t6i mot gia tri xac dinh nao do
hay khong? Dé gidi quyét van dé nay, trude hét ta di xét mot s6 truong hop
riéng.

i) Khai trién Taylor bac 1 ctia ham f(z) tai diém z = xy c6 dang

f(x) = f(zo) + f'(wo + b1 (x — 20)) (x — 20)

Tit d6
f(zo + 61(z — xp)) = f(x; — isxo). (2.15)

Mat khac ta lai co

f (o + 01(x — x0)) = f'(wo) + f"(§)-01(x — xo) (2.16)

trong d6 £ nam gitta 1y va 1o+ 01 (x — 20) va khi z — x thi & — x¢. Rut
6 tu (2.16) ta ¢

£/ (o + 01(x — 20)) — f'(0)
F1(€).(x = xo) '
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Két hop véi (2.15) ta duge
f(x) = f(xo) = f'(wo)(x — o)
f"(€)-(z = x0)? '

Chuyén qua giéi han khi # — x ta dudc

lim 6; = lim f(x) = f(xo) — f'(x0)(x — 20)
T—To T—To f//(é“)(aj _ xO)Q .

Gidi han nay c6 dang % nén ap dung qui tidc L'Hospital lién tiép 2 lan ta cé

, : f(@) = f'(20)
:}—{20 O = xl—{]:[vlo 21"(&).(x — x0) + (. — x0)2fO)(£).&

0 = (2.18)

f"(x)

= lim =

1
ez 2f"(€) + (x — 20) [4f®(€).€ + (x — 20) (fD(E)(EN2 + fB(E)(€")] 2
Vay

1
lim 6; = =
T—To 2

ii)Khai trién Taylor bac 2 ctia ham f(z) tai diem z = zy c6 dang:

)
f”(a:g + Oy(x — :co))

f(x) = f(wo) + f(0)(x — 20) o (z — x0)%
Tu do
) 21| f(@) = (o) = f'(w0)(@ = 20)
f" (w0 + Oa(x — 29)) = — . (2.19)
(x — )
Mat khac
F"(zo + Oa(x — m9)) = f"(w0) + FP(€)a(z — 20) (2.20)

trong d6 £ nam gitta 1y va xg + Oo(x — 20) va khi z — x thi & — x¢. Rt
65 tir (2.20) ta duge

f" (o 4 B2z — 20)) — f”(on)_

=TT - )

(2.21)

Két hop vdi (2.19) ta ¢o

2[£(@) = fwo) = @)z = 20)] = £(w0) (@ = 20)°
0, = AN CErNE L (2.22)
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Chuyén qua giéi han khi © — z ta dugc

21| f(z) — f(zo) — f'(zo)(x — z0)| — f"(20)(z — x0)*

lim 6y = lim

T—T0 T—T0 f(3) (5)(33 _ xo)?)
Stt dung qui tac L'Hospital lien tiép 3 lan ta dugc
2! ¥ ()

lim 0y = i .
$1—>n;310 2 ﬂfl—gilo 3'f(3)(§) —+ 0($ — IQ)

Vi khi x — z( thi £ — ¢ nén suy ra

1
lim 0y = .

Ly luan tuong tu , ta c6 bai toan sau day

Bai toan 2.5. Trong khai trién Taylor ctia ham s6 f(x) tai diem x = xg

Fa) =S = ) 4 Ru(fi)
k=0 '
v6i phan du
AN n oo
R,(f;xz) = - (x —x0)", & =20+ Op(x — 20),0 < 0 < 1.

Ta ludn ¢6 1

lim 6,, = .

T—X n —|—1

Nhan xét 2.5. Ta biét rang noi suy Taylor 1a truong hop riéng ctia noi
suy Newton va khai trién Taylor la trudng hop rieng ciia khai trién Taylor-
Gontcharov. Cau héi tu nhién dit ra sau bai toan (2.5) 1a trong cong thic
phan du ctia khai trién Taylor - Gontcharov c¢é nhitng tinh chat giéng nhu
nhiing tinh chat ma ta da nghién ciu 6 trén khong?

Dé giai quyét van dé nay, trude hét ta di xét mot sé truong hop rieng.
i) Khai trién Taylor - Gontcharov bac 1 ctia ham f(x) theo hai mbc noi

suy xg,r1 ¢6 dang

f(z) = f(xo) + f'(@1)(x — x0) + Ra(f; )
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trong do

Rg(f;x):f”<x0+01(x_x0))m—a:o - scoas/f”

2!

Tu do ta co

2!

(x — x0)%

1" (w461 (2=20)) = | f(2)=F(@o)—f(21) (@—0)+ (2 ~20) / 1" (s)ds|

Lo

Mat khac, ta lai c6

f! <l‘o + 01 (x — 330)) = f"(x0) + fPEO(x — z0)

trong d6 & nam gitta xy va 1o+ 01(x — 29) va khi 2 — ¢ thi £ — xo. Khi
do
f” (330 + 91([13 — 513())) — f”(xo)
FOE) (x — wp)
2[0) - fm) — P — 0 + = 0) | (0] — ) a0

N FO(E)(z — 0)?

0 =

Suy ra
0=
2A[1(2) = £a0) = @)@ = au) + (@ =) [ [/(5)ds] = 1) = 20)°
= T~ 07

= lim (2! {f(x) — fxo) — f(21)(x — m0) + (x — 5130)( "(z1) — f/($0)>]

T—x0

U%) F(a) + £(@1) = f'(w0) = (o) (@ = 20)
7o B (&) (x = m9)? + (z — 20)* fH(E).£
L [u» F'(z0) = f"(zo) = a0)]
=0 3 fO)(E)(x — 20)? + (2 — 20)? fW(§).€
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2|:f//(x) . f//(xo)
= lim
r—20 3.2fC)(&)(x — xg) + o(x — 1)?

. 21 ()

= lim )

=10 3.2fB)(€) + oz — x0)
Vi khi ¢ — g thi £ — x¢ nén tir do ta co

1

lim 0 = —.
zl—grlo ! 3

ii) Trong truong hop tong quat, ta co

Bai toan 2.6. Trong khai trién Taylor - Gontcharov ctia ham s6 f(x) theo

cdc moc noi suy xg, 1, ..., T,

f(ill’) - Pn(fax) + Rn—l—l(f;x)

vii
L f(n+1)(x0 + 0, (x — xp)) 1
Rn—i—l(fwx) - (TL—J’—1>' (x_x())
~ ) kel
— R e T )

- (n—k—l—l)' (.ZC(),.Tl, y Lk 1737)('1'/{ .flf())
4 do &, nam gitta xg va 2, k= 1,2,....,n,
ta luon co |

lim 6, = :
Giai.
Khai trién Taylor-Gontcharov ctia ham f(x) theo cAc mbc noi suy xg, o1, . . .
c6 dang
f(@) = Pu(fi2) + R (f; @)
= ar R (20, 1, ..., xp_1, ) + (RO () —
k=0
- Rk(fl?o, L1y ey Lh—1, f)(Rgika(nH))(l‘k)-
k=1
Lai co
fOx) = arR (wi, w1, @) + (R0 () —
k=i
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= RN (@, g, ) (R ) ().
k=1
Do do6

F(0) = arRM (@i, ooy w1, w0) + (RETTHFO) () —
k=i

— Z RE7H (2, ooy gy, o) (REFHL PO ().
k=i

Do (Ry™ fm+D)(24) = 0 nén ta c6

f(i)(33‘0> — Z akRk_i(xi...xk_l, xo)+
k=i

+ Z R¥ (g, ooy, o) (R O ) () = 0,V = 0,1, m. (2.23)
k=i

Mit khéc, xét khai trién Taylor - Gontcharov ciia ham f(x)) theo cac moc
noi suy g, Ti,...,Tn

n

f(x)=P,(f;2)+ Ry (f;2) = ZakRk(xoxl...xk_l,x) + Ra1(f; )
k=0

v6i phan du

n

Ry (fix) = (R FU ) (@)= " R (o, w1, ooy ey, ) (R FH O ()
k=1
fnt) (ZI)O + 0, (z — a:o))
B (n+1)!

(x—xo)nﬂ—z Rk(fﬂm L1y ooy Th—1, x)(Rg_ka(nH))(ka)-
k=1
Suy ra

n

[f(a:) — Z akRk(ZL‘(), Ty eeey Th1,T)

k=0

(n+1)!
(z — zg)" !

f(n+1) <a;‘0 + 0, (z — 330)) -

n

+ Z R¥(zg, 21, ..., Tp1, x)(Rg_ka(”H))(xk)} :

k=1
Mat khac
f(nH) (Jfo + 9n(93 - xo)) = f(n+1)(5130> + f(n+2)(§)-9n(fﬁ - 930)
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trong d6 & nam gitta xg va xo + 0, (x — x) va khi z — ¢ thi £ — x¢. Khi
do
1 (o + Gl = o) ) = £+ ()

feD(E) (z — o)

n

- [(n +1)! (f(:v) — Z akRk(:vo, Ty eeey Th1, )+

k=0

+ 3 RE o,y i, @) (B ()
k=1

0, =

_f(n+1)(x0)<x B xo)n+1] / [f(””)(g)(x _ xo)(mz)]
Suy ra

n

lim 6, = lim [(n + 1)'<f(x) — ZakRk(gjO,xl, ey Tp—1, )+

Tr—2T0 T—XT0
k=0

+ Z Rk(x()a L1y eeey Th—1, x)(Rg_k+1f(n+1))(xk))
k=1

D () (2 — xo)(n—&—l)] / [f(?H-Z)(g)(x _ xo)(n+2)]

O z .
Gidi han nay ¢6 dang vo dinh 0 nén ap dung qui tac L’Hospital ta c6
n

lim 0, = lim [(n + 1)!<f’(x) — ZakRk_l(xo,xl, ey T, T )+

T—XT0 T—2T0
k=1

+ 3 R o, w, m, 2) (RO ()

k=1

—(n+1)f(”+1)(xo)(a:—:co)”}/{(n+2)f(”+2)(§)(33—xo)(”“)+0(x—:1:0)”+2},

~ 0 .,
Nhung theo (2.23) thi gii han trén van c6 dang vo dinh o tiep tuc ap dung

qui tac L'Hospital lién tiép n + 1 lan ta c6
(n+ ! D @) = f0D) ()
lim 6, = i
v " e (n o+ 2L (€) (@ — ag) + o(w — 20)?

_ (n + 1)1 f2) ()
et (n o+ 2)L/(E) + o(w — o)
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n+2

lim 6,, = .
T—xo n+ 2

2.4 Bai toan nodi suy Newton dbéi v6i ham da thic
nhiéu bién.

Nhu ta da biét, khai trién Taylor c6 thé mé rong cho ham nhiéu bién véi
cac két qua tuong tu. Cau hoi tu nhién duge dat ra la: D6i v6i ham da thic
nhiéu bién s6, bai todn noi suy Taylor va bai toan noi suy Newton cé ton tai
khong? Va néu ton tai thi né c6 dang nhu thé ndo? Trong muc nay, ta sé di
tim hiéu van dé trén. Cu thé, dé cho tinh toan don gian, ta sé xét v6i ham
da thiic hai bién s6.

Trude hét, ta s mdé rong bai toan noi suy Taylor.

2.4.1 Bai toan ndi suy Taylor déi v6i ham da thic nhiéu bién

Bai toan 2.7 (Bai toan noi suy Taylor). Cho (zg,10) € R? va cac sb
thuc a;;,4,7 € N0 < i+ j < n . Tim da thic hai bién P(x,y) c6 bac
deg P(z,y) < n va théa man

ok P S
W(xo,yo) =a;j,i+j=kk=0,1,2..,n.

Giai. Tru6c hét, dé thay rang da thic
n
P(x,y) = Z a;j(x — xo)i(y — ), i+5=0,1,2,...,n,4,7 € N,
i+j=0
c6 bac deg P(x,y) < n. Tiép theo, ta can xéac dinh cac he s6 a;; € R sao cho
P(z,y) théa man diéu kién

8i+j P
Oxi0yd

(o, v0) = i, i +7 =k, k=0,1,2,...,n.
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Lan lugt 1y dao ham P(x,y) dén cap tht k,k =i+ 7 = 0,1,2,...,n tai
(xay) = (x()ayO)a ta co

o p P
90y (o, yo) = auzilglii+ 7=k, k=0,1,2,...,n.
St dung gia thiét
8z‘+jp . .
W(mo,yo) =a;j,i+j=kk=0,1,2..,n.
Ta suy ra
Qi = =L it =k k=0,1,2,..,n.

BTk

Thay gié tri cia «; vao biéu thiic ctia P(z,y), ta thu duge

Tuong tu nhu truong hop mot bién, ta dé dang ching minh duge da thiic
P(z,y) nhan dugc ¢ (2.24) 1a da thiic duy nhat thoa man dieu kién ctia bai
toan 2.7.

Dinh nghia 2.3. Da thic
P(l’,y) - Z _Z(x - xO)Z(y — yO)jai +] - 07 17 27 "'7n7i7j € N.
dugc got la da thic not suy Taylor.

2.4.2 Bai toan néi suy Newton dbi v6i ham da thic nhiéu bién.

Bai toan 2.8. (Bai toan noi suy Newton)
Cho (z;,y;) € R? va cdc s6 thue a;j,i,j € {0,1,2,...,n},0 <i+j < n.
Tim da thitc hai bién N(z,y) c6 bac deg N < n va théa man
ITIN S
&Ui—ayj(xi’yj) =aij,i+j=kk=0,1,2..n.
Giai. Truéc hét, ta nhac lai ky hiéu da dung trong phan truée.
V6imoéi i =1,2,3,...,n, ta ky hiéu

Tz t tifl
Ri(xo,xl,...,xi_l,x)://.../dtodtl...dti_l.
Ti_1

To T1
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Sau day, ta xét mot s6 truong hop riéng.

i) Néu n =0 (ting v6i i = j = 0) thi ta c6 deg(N(x,y)) = 0 va N(xg,y9) =
ago, va do d6 N(z;y) = ago.

ii) Neun =1 (ing véii, j=0,1), thi ta c6

(N(z,y) =azx + by +c
N (o, y0) = axo + byo + ¢ = ago

Z\
7]
—
8
o
<
(=)
~—
I
S
I
Q
—_
e

ON

\8_31(%0; yl) =b=an

Tu d6 suy ra N(z) = ag + aio(z — o) + ag1(y — yo) hay
N(x) = ago + a10R(xo, x) + ag1 R(yo, y)
iii) Néun =2 (ting v6ii + j =0, 1, 2), thi ta c6
N(z,y) = ax® + bry + cy* +ex + fy+g
Tt gia thiét ta c6
(N (o, y0) = axg + baoyo + cyg + exo + fyo + 9 = ano

ON

%(xl; Yo) = 2ax1 + byp + e = ayo
%_]yv(xo; y1) = 2cy1 + b + f = am
) %(m;yo) = 2a = axy
%27]!(950; Y2) = 2¢ = ap
O’N

\ &an(xl;yl) = b= ai.

P

Twu do ta co

2 2
r— I To— T1
N(z;y) = aoo + ar0(x — o) + a1 (y — yo) + a2 ( 9 L 9 ) +
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+ap2 [(y —2y1)2 — (90 —2y1)2] + a1 (z — z0)(y — o)

= agp + [aloR(CEo, ) +a01R(yo,y)] + [azoRQ(CUO, x1, ) + a1y R(xo, ) R(yo, y)

+apa R* (o, y1, y)] :

iv) Neun =3 (ting v6ii+ j =0, 1, 2, 3), lam tuong tu ta c6

N(z;y) = ap + {aloR(an x) + ap1 R(yo, y)}

+ [02032(330, 21,7) + an R(zo, ) R(yo, y) + aoaR* (o, y1, y)}

+ {%033(%0, 21, 2, ) + axn R*(z0, 71, ) R(yo, y) + araR(x0, ©) R*(vo, y1,y)+

+CL30R3 (y07 Y1, Y2, y)i| :

v) Mot cach tuong ti, trong trudng hgp tong quat, véi 4,5 € N,i + j €
{0,1,...,n}, ta ching minh duge

N(z,y) = Z aii R (70,71, s i1, 7). R (Yo, Y1, - Y1, Y).  (2.25)
0<i+j<n
La da thiic duy nhéat thda man diéu kién ctia bai toan noi suy Newton (2.7)
va ta goi da thitc nay 1a da thitc noi suy Newton cho ham hai bién so.
That vay, dé thay rang deg(N(z)) < n. Ngoai ra, ting véi moi cdp (i, 7) :
i+3j=0,1,2,..,n, theo tinh chat cta R'(zg,z1,...,z;_1,2) ¢ phan trudc,

ta co o
aH—]N

OxiOyJ

Cudi cling, ta chiing minh tinh duy nhat nghiém ctia bai toan noi suy

(x,y) =a;,4,j e Nyi+j=kk=0,1,2,... n.

Newton.

Gia s ton tai da thic N, (x,y) c6 bac deg Ny(z,y) < n cling théa méan
dieu kién ctia bai toan 2.7 thi khi do, da thic P(xz,y) = N(x,y) — Nu(z,y)
ciing c6 bac deg(P(x,y) < n va théoa man dicu kién

Ot p

&xi—@yﬂ'(xi’yj) =0,i+5j=k,k=0,1,2,...,n.
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Khi d6, theo cach xay dung da thic N(x,y) & trén, tng véi truong hop
ai; =0,Vi+j=kk=0,1,2...,n,47 €N, tasuy ra P(z,y) =0, va do
d6 N(z,y) = N.(z,y). .

Nhan xét 2.6. Nhu da luu y 6 trén rang da thiic noi suy Taylor 1a truong hop
rieng clia da thic noi suy Newton. Dé dang thay rang dicu dé ciing dang véi

truong hop ham da thic hai bién s6 khi x; = x0,y; = yo,Vi+j =0, 1, ..., n.
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CHUONG 3

MOT SO BAI TOAN AP DUNG

3.1 Khai trién Taylor ctia m6t sé6 ham so cip va ing
dung

3.1.1 Uéc lugng va danh gia sai s

Khai trién Taylor ctia ham s6 f(z) thuong dude sit dung trong trusng hop
dac biet zg = 0 va duge goi la cong thitc Maclaurin. Trong truong hgp nay,

cac phan du dang Cauchy va Lagrange c6 dang
f(n+1>(0x) n+1

Ro1(f;2) = mx , 0 <6 <1 (dang Lagrange).
(n+1) 0
Ry1(f;2) = f(nf(l)alj)(l - 9)”x"+1, 0 < # <1 (dang Cauchy).

Sau day ta xét khai trien Maclaurin déi véi mot s6 ham so cap va dua ra céc

danh gia vé phan du cia n6 ciing nhu mot s6 ing dung khéc.

Vi du 3.1. Hum f(z) =%,z € R ¢c6 f™(2) = e*,V2 € R. Do d6

2 n

v _ T
e —1—|—£C—|—2!—|— +n!+Rn(x),

_ 1 Oz, .n+1

Ta co
|n+1

|z
(n+1)!

Vi du 3.2. Ham f(x) =sinx ¢6

[Rn(2)] <

e’ = 0(n — o),z e R

) (z) = sin x+nz n=0,1,...,
2
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FED0) = sin |20+ 1T = (<1)"
Do dg 3 5 (—1)n1g2n-1
, x x —1)"
sing =z — o + I + n— 1] + Rons1(x),
sin [0z + (2n + 1)5] "
Ron - - ,0<6<1. 3.1
Suy ra
2n+1
o1 ()] < i — 0(n — o0),Vz € R.
R |

(2n + 1)!
Vi du 3.3. Ham f(z) = cosx ¢

f"(x) = cos (x + ng) , f™(0) = cos %,

£ (0) = cos <9x+ng> n=12....

Cong thiic Maclaurin theo céc lity thita cia x véi phan du dudi dang Lagrange

c6 dang
P J— £2(n=1)
=1l -+ - (D" Ry, (),
CoS T ot + (—1) 20 = 1) + Ry, ()
x?n

Rzn(l’) =

o) oS (0:1: + an) — 0(n — o0),Vz € R.

Vi du 3.4. Xét ham s6 f(x) = In(1 + z) xac dinh va kha vi vo han lan tng
2

n—1

T
Gimoi x> —1 v e (=1
v6i moi x va f(x) == 2—|— +( )n—l

hop nay ta viét hai cong tic phan du

+ R, (). Trong trudng

Rn(x) B (_1)n+ :L,n

=7 <1
n(1+0x)”’0 7=

(dang Lagrange);

n 1-0 n—1
— (=1 n+1 L 1
Bn(2) = (=1) (14 60x) (1—1—0:1:) 0<d<
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(dang Cauchy).
Gia st 0 < z < 1. Khi d6, ap dung cong thitc phan du dang Lagrange ta c6

1
IR, ()| < E\x\” — 0(n — 00).

Trong truong hop —1 < x < 0, cong thic phan du dang Lagrange khong
cho ta két luan veé dang dieu ciia R, (vi 6 day chi biéet 0 < 6 < 1 va
6 = 0(x,n)). St dung cong thitc phan du dang Cauchy ta c6

Rufe)] < 7 = 0 = 00),0 < o] < 1,
— |z
virang 0 < 1 _'__0 < 1.  Trong truong hop = > 1, R,(z) - 0 khin — oo.
x

Dé thay 16 diéu nay ta dat

S(x) :x—%2+-'-— (-1)715”_11.
Khi do

Sn(@) + Ry(z) = Spy1(z) + Ryt ()
va

Ra(e) = Rua (@) = ()15

V6i > 1 vi n — oo vé phai ctia ding thitc trén khong dan dén 0. Do
d6, R,(z) khong dan dén 0 khi n — oo vi khong théa man tieu chuan ton
tai giéi han Cauchy.

Nhu vay phan du R, (z) clia cong thitc Taylor ddi v6i ham In(1 + ) chi
dan dén 0 véi —1 < x < 1.

Xét ham f(x) = (1 + )™, D6i v6i ham nay ta chi can xét m € R\N. Ta
co

fz) =m(m—1)...(m—n+1)(1+z)"",

F(0) =m(m —1)...0m —n + 1).
Cong thic Taylor theo cac liy thira cia x ¢6 dang

—1 —1)...(m — 1
(I42)™ = 1+mx+—m(m )x2+- - .+m(m ).(m =+ ):c"_l
2! (n—1)!

+R,(x).
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Khi d6, phan du dudi dang Lagrange c6 dang

m(m —1)..(m —n+1)

n!

(14 0z)" ",

Va duéi dang Cauchy

~_m(m—1)..(m—-n+1) , o (1-6 n—1
o B e (1)

V6i 0 < x < 1, thi theo trén ta c6 véi n > m

im(m —1)...(m —n+1)|
n!

|[Rn| < 2" = 0(n — o0).

That vay, ta dit

m(m —1)...(m —n+ 1)x".

U, =
(n—1)!
Khi dé,
‘Un+1| _ ’m_nux‘
U, | n+1 """
Suy ra
m —nj
Uni1| = Un|.
Ul = a0
m —n]

Vé6in di 16n, vé phai nhé hon 1 vi — 1lkhin —ocoval <z <1

n+1
Do d6 day (U,) c6 gidi han u nao dé. Chuyén qua giéi han dang thic trén

khi n — oo, ta thu duge |u| = |z|.|u| hay v = 0. Do d6 R, — 0(n — o0)

voi 0 < o < 1.

V6i —1 < o < 0 thi tir cong thitc phan du dudi dang Cauchy ta co

im(m —1)...(m —n+1)|
(n—1)!

IR,| < C Ela (3.2)

Trong d6, C la s6 phu thuoc x nhung khong phu thuoc n.
That vay, dé udc luong |R,(x)|, ta xét

1—0\"" _ [1-6\""
< (— =1
1+ 6x —\1-—-40

va veim — 1 > 0 thi

(14 0z)" P <2m 1,
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Khim—-1<0 |

(1= faf)t=m
Tu d6 suy ra (3.2). Bang cach ching minh tuong tu nhu ¢ phan trude ta dé

(1+60x)" ! <

dang thay rang R, — 0 khi n — oo

Nhan xét 3.1. Van dé mau chét trong viéc tim cong thic Taylor dbi véi

ham f cho trudc 1a tinh cac hé s6 a, ctia n6. Cac hé s6 nay duge tinh theo

") (a
cong thic a, = / '< ) Tuy nhién cong thiic tong quat nay thuong it tién
n

lgi do viéc tinh toan cac dao ham cap cao qua cong kénh. Thong thudng cac

hé s6 clia da thitc Taylor T, (f; x) duge tinh bang cach sit dung cac khai trién
nhu da néu 6 trén.
Bay gis ta xét mot vai vi du. Dé cho tién lgi, ta tim cong thiic Taylor véi

phan du dué6i dang Peano.

Vi du 3.5. Khai trién ham f(z) = theo cong thitc Maclaurin dén s6

2x+ 3
hang o(x").
Ta co
11
o 2
23 30 4 =

St dung khai trién

1
= (=1DFzF + o(z™).
1+« —
Ta co .
1 - k 2 k n
k=0

Vi du 3.6. Ham f(z) = In(5 — 4x) ¢6
4
In(5 —4z) =In5+In (1 — 5:1:) :

Theo cong thiic khai trién & trén, ta thu dudc

n

In(5 — 4z) = In5 — Z% (%)kx’f + o(z™).

k=0
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Vi du 3.7. Xét ham sb
3+

2—x

f() =In

Trudc hét ta nhan xét rang néu

n

flx) =) arle —2p)" + o((x — )")

k=0

g(x) = Z be(z — 20)" + o((z — z0)").

Thi

n

fz)+g(z) = Z(ak + b)(z — x0)" + o((x — z0)™).

k=0
Tu déng thic

ﬂ@zﬂn§+M(l+E)—M(l—§)
2 3
suy ra
3.1 (1 (=) n
f(l’):hlﬁ-i‘ E(ﬁ—i_ 3k x -l—o(x)
k=0
Vi du 3.8. Xét ham s6
2?2 +5
Jx) = 22+ —12

Dé khai trién cong thiic Taylor cac ham hitu ty thong thuong, ta biéu dién
ham hitu ty dé dudi dang tong clia da thiic va cac phan thic téi gian. Ta co

3 2 3 2
—1- + =1- -
/() r+4 x-—3 4(1+%) 3(1—-%)
3 LN n
=1-72 (D' =3) S to”
k=0 k=0
5= (3(=D 2\ .
-~ 12 + < Ak+1 3k+1 2" + o(z")
k=0
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3.1.2 Tinh giéi han ham sb.

Nhu da thay 6 trén, khai trién Taylor cho ta cong thitc don gidn va ciing
rat tong quat dé xac dinh phan chinh ctia ham s6. Do d6, dé tim gi6i han,

ngudi ta thusng dung cong thic khai trién Taylor t6i mot cap nao do.

Vi du 3.9. Tinh gi6i han

" sin(sinx) — xv/'1 — 22
im .

z—0 565

Giai. Vi miu s6 la da thitc 2° nén ta can khai trién ti s6 thanh da thtc
Taylor véi do chinh xac dén o(2®) khi z — 0.
Visina ~ x khi # — 0 nén o(z’) = o(sin® z) khi z — 0.

Theo cong thitc Taylor, ta co6

a2 5
SINT = T — 5 + 120 + o(z”)
va
in(sin z) . sin3x+sin5x+(,5) 0
= — — U.
sin(sinx) = sinx 5 op Tolsmiz),x
Khi dé
» s B 3
sin® x = x—EwLm—F o(x )
= [z + a(2)]® = 2° + 32%a(z) + 3za’(z) + o’ (2),
trong do
w3 ad 23
a(x) _E+E+O( 7°) ~ 5
Suy ra
26 29
ra?(x) ~ o(z”) khi x — 0

36 = o) ) 216
Tiép theo, ta sé ching minh réng

sin’ x = 2° + o(2”), z — 0.

That vay, vi

alzr) = ——,x — 0.

sin’ x = 2° + o(2”),x — 0.
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Nhu vay, khi £ — 0 ta c6

o N !
sin(sinz) = x — 3 + 10 + o(x”).
Tuong tu
1
o/ 1 — a2 =2(1 - =a? — —a* + o(z"))
1 1
=z — -2 — ~2° + 0o(2°)),r — 0
Do do
sin(sinz) — zv/1 — 22 = —2° + o(2°)
Vay nén

. sin(sinz) —av1—22 . (19  o(z) 19
lim = lim | — = —
90 x® 90

z—0 ;L’5 x—0

Vi du 3.10. Tinh gi6i han

. V1+ 2tanx — e* + 22
im )

7—0 arcsin x — sin x

Giai. Tt s v mau s6 ctia phan thiic déu 1a nhiing vo ciing bé khi z — 0.

3

sinx = x — n + o(z?)

3
T
arcsinx = x + o +o(x), 7 — 0

nén mau so6 c6 dang

1'3

arcsinz — sinx = Y +o(z*),z — 0.
Tit d6, ta can khai trién tit s6 v6i do chinh xac dén o(z?). Ta c6
2 3

T _ QJ’_ v 3
e —1+x+2! +3 +o(z°),x — 0,

11 1
\/1+t:1+§t—§t2+ﬁt3+o(t3),t—>0.
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3
tanx:x+%+0(a:3),a:—>0.
Vay nén
V1+2tanz = 1—|—§(2tanx) — §(2tanaj) +1—6(2tana}) + o(tan’ z)

3 56'2 393

x
=1 -4z 3
+x+ D) + 5 + o(x?)
2
5!
:1+x—%+6x3+0(:c3),:c—>0.
Khi d6 tit s6 ¢6 khai trién 13
2
\/1+2tanx—6x+x2:§x3+0(ﬂc3),x—>0
T do suy ra
T T “ o)
, 1+ 2tanz — e + 22 , 3x O\x
hH(l) - - :hrr(l)l—:Z
z— arcsinx — sin x a— §$3+0($3)

Vi du 3.11. Tinh gi6i han

tan(tan z) — sin(sin z)

lim -
z—0 tanx — sinx

Giai. Theo cong thic Taylor v6i n = 3, ta ¢

3

tanz = x + % +o(z*), 2 — 0,
3

sinx =z — 5 +o(z?),z — 0.

Khi do, theo tinh chit ctia khai trién Taylor déi véi ham hop ta c6

3
tan(tan xr) = tan(x + % + o(z?))

3 1 z3 s
:a:-|—§+0(x3)—l—§ <x—|—§—|—0(x3)>

2
=x+ §x3+0(a:3),a: — 0,

3

sin(sin x) = sin(z — 5 + o(z?))
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1
=x— gx?’ +o(2%),z — 0.

Vay nén
tan(tan z) — sin(sin z)

lim :
z—0 tanx — sinx

3 3
iy SO0
x—0
- +o(a®)

2
Vi du 3.12. Tinh gi6i han

. 1 1
im
-0\ 22  sinlz

N Z 2 N 0
Giai. Gidi han can tim ¢6 dang "oo — o0”. Ta bién doi ve dang ” 6” nhu

sau
lim ( L ! )
—0\ 22  sin’g
_ lim (sm2x — :L‘2>
z=0 \ 22sin’z
[z — &+ o(2®))? — 2?
= ( 22[z + o(z)]2 )
—%4 + o(xt) 1
e <[ ¥ 0(932)]> E
Vay
lim (i _ ! ) _ 1
20\ 22 sin’zx 3

Vi du 3.13. Tinh gi6i han

mhj& W (\/E arctan 2 — Vbarctan \/%> (a>0,b>0).

. 0, .
Giai. Gidi han da cho c¢6 dang ”70.00”. Ta dua ve dang ”6” bang phép
doi bién.
Dit \/EztthitQ:xvakhia:—>0+th‘1t—>0+. Ta ¢6

xlirgh W <\/E arctan g — Vbarctan \/%>
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t t
; Vaarctan /L — v/barctan \/;
= lim :

t—0 t?’

Vi méu sb 1a da thitc bac ba nén ta can khai trién Taylor & tit s6 chinh xac
dén 0(¢?). Khi t — 0T thi

3

t t? t
aarctan\/7 Va \/5+t33\/53+0(3\/53) —t+3—a+ o(t®),t — 07,
t B 3 B .\
Vbarctan /- = Vb | —= + *3VD" + o(——=) | =t + = +o(t®),t — 0.
b Vb 3V 30
Khi do
lim ——= [ vaarctan - Vb arctan L
x—0t ZE\/_ a b
(t +L 4+ 0(t3)) — (t +£ 4 0(t3))
= lim
t—0 t?’
LB o’ a—b
= lim =% =
t—0 t3 3ab
Vay

—b
xlir(r)l+ W (\/E arctan g — Vbarctan \/%) = a3ab :

Vi du 3.14. Tinh gi6i han

lim(cos(z.e”) —In(1 — x) — a:)comg.

x—0
Giai. Gidi han can tim c¢6 dang 1°°. Ta c6

im 3 n
1im(cos(x'€x) _ ln(l . ZL‘) o x)cotx?’ _ 6iaocotx In f(x)

z—0
vOl
f(x) = cos(z.€”) —In(1 — x) — x.
Ta can tinh

hH(l) cot 2° In[cos(z.€”) — In(1 — z) — x].

Dé ¥ rang
1 1

cot 2% = = ,x — 0.
tanx3 a3+ o(x?)
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Do d6 ta can phai khai trien ham [f(x) — 1] theo cong thitc Taylor tuong

duong v6i o(x?) bang cach st dung cac khai trién sau

ze’ =1+ 2%+ o(z?),r — 0.

t2
cost =1 — — +o(t*),t — 0.

2!
Suy ra
72
cosze’ =1 — 5 2?4+ o(2%), 2 — 0.
2 3
—In(1 — ) :x—i—%—k%Jro(x?’),x — 0.
Ta thu ducc i
flz)—1= —gx?’ +o(z*), 2 — 0

va

y —22% + o(x?) 2

im = —

x—0 ZES + O(I'S) 3
Vay

)cot 23 — e~

wWlr

lir%(cos(a:.e”) —In(l—2z)—x

3.2 Khai trién Taylor- Gontcharov véi bai toan uéc
luong ham sb

Trong muc nay, ta sé xét khai trien Taylor - Gontcharov ctia mot s6 ham cu

thé ciing nhu danh gi& uéc lugng phan du ciia khai trién Taylor - Gontcharov.

Vi du 3.15. Xac dinh cac tam thiic bac hai f(z) théa man diéu kien

f(0) = =1 f'(3) = 0; f(5) = 5.
Giai. Theo cong thitc noi suy Newton trong trusng hop n = 2 ta c¢6

@) = £(0) + F(3)(x —0) + f'(5) [<x - 3)7 (0 - 3) ]

Hay
5)
f(z) = §x2 — 152 — 1.
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Vi du 3.16. Xac dinh da thiic bac ba f(z) théa man cac dieu kien
fMEn+1)=n*-3n2+n+1,n=0,1,2,3.
Giai. Da thitc f(x) can tim phai théa man cac dieu kién sau

FQ) =1; f(4) = 0; f'(7) = —1; fP(10) =

Theo cong thic néi suy Newton trong truong hgp n = 3, ta nhan dugce da
thiic can tim c6 dang
2 4 87 1135
=—2"— —2° 4+ 84r — ——
Vi du 3.17. Véi ham f(z) = €%,z € R ta c6 f™(z) = €%, Vo € R véi cac

moc noi suy xg = 0; 21 = 1;29 = 2 ta co

f0) =1 f(0) = e; f'(2) = €
Do d6, da thiic ndi suy Newton bac 2 cia f(z) ¢6 dang

x r t
—1)2 1
P2($):1+e/dt1—|—62//dt2dt1:1—1—61‘—1—62[%_51_
0 0 1

Tt d6, khai trién Taylor-Gontcharov ctia ham s6 f(z) = e” véi cAc mbc noi
suy trén c6 dang
(x—1)% 1

e’ =1+ ex + e [T—§] + R3(f; ).

Trong d6, phan du R3(f;z) duge xac dinh béi

(3)
ot i) = L0 gyt - L) )y — -
(3) 3 &1
—f 1('52)R2(.I0,331, x)(xe — x0) = %az?’ — %az — e [(:U — 1)2 — 1} .
Trong d6, £ nam gitta 2 va 0;&; € (0;1),& € (0;2).
Vidu 3.18. Xét ham f(x) = sin x v6i cdc moc noi suy xg = %; T = %; Tog =

s s Ta o
—x3 = —.Taco
3’ 2

FO ) =sin(e +ng),n=0,1,2,....
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Mat khac

V2
2

V3,
2 )

FCy= 510 =

. G =G =0

Do do6, phan du trong khai trién Taylor-Gontcharov dén bac 3 ctia ham s6

f(x) =sinx la

T z 01
(4) - (4) 3 (4) 72
Ru(fiz) =1 4!(5) (x—5)' = ! 3(!&)1728/dt_ ! 2(!&)'%//6&26%1

s

=2}

.Q?tl tz

_f(4>1(!53)g///dtg.dtg.dtl

¢ 13
sinﬁ( 77)4 siné; 7 ( 7r) sin & 72 ( 7T)2 72
= —) _ —_ — I\ — — _—— _ — _ —
4! 6 3! 1728 6 2 72 4 144
sinés m 1( 77)3 w2 ( 7'(') m
— —l=zlc—=)—=—=r—=) — ——=
11 316 3 288 4 1296
s - LT T T T
Trong d6, £ nim gitta x va 2 &1 € (53 7). & € (5 3):&6 € (5i5)-

Vi du 3.19. Cho N(z) la da thic c6 bac deg N(z) < 3 va thod méan cac
diéu kien
IN®(R) <1, k=0,1,2,3.

Chiing minh rang
11
IN(z)| < 5 Va € [0, 3].

Giai. Ap dung cong thic noi suy Newton tai cdc nat noi suy x; = i — 1,
1=1,2,3,4,tacod
N(z) = N(0) + N'()R(0, ) + N”(2)R*(0,1,2) + NP (3)R*(0, 1,2, 2),

trong do

R(0,2) = / dt = 1.

0
X tl T
32(0,1,9[;):/ / dtdt; = —(x — 2),
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X tl tQ
R*(0,1,2,z) = / / / dtdtydt, = f'(a; —3)2
0 1 2 3!

(2 —2) + NO(3) (2 — 3)2.

N(z) = N(0) + N'(1)z + N"(2)= 31

21
T gid thiét bai toan ta suy ra

IN()| <1+ 2] + %(x— )|+ |5~ 37

X 2
<1—|—x+2'(x—2) 3'( —3)°.
Dat
T
1 1 3
Khdo sat ham s6 f(x) tren [0,3] ta duge
11
fla) < f3) =+
Vay 11
[N(2)| = 5

Vi du 3.20. Cho N(x) la da thiic ¢6 bac deg N(z) < 5 ¢6 dang
N(z) = asa® + aszt + azx® + asx® + ajx + a
va thod man cac dieu kién
INW@) <1, INO(5) < 1.

Tim gia tri 16n nhat cta |[N@(z)| tren [-1,6].

Giai. Ta nhan thay N (4)(,7:) la ham s6 bac nhat nén gia tri 16n nhat cta
N(x) trén [—1, 6] sé dat dugc tai © = —1 hoac = = 6.

Do vay |[NW(z)| ciing sé dat gia tri 16n nhat trén [—1,6] tai mot trong
hai dau mat = —1 hoac z = 6.

Ap dung cong thitc noi suy Newton tai cdc nat noi suy x; = i — 1,
1=1,2,3,4,5,6, ta co

N(z) = N(0) 4+ N'(1)R(0,z) + N”(2)R*(0,1,z) + N®(3)R*(0, 1,2, z)
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+NDA)RY0,1,2,3,2) + NO(5)R%(0,1,2,3,4, 2),
trong do

X 1 t2 t3
R*0,1,2,3,x :////dtdtgdtgdtl — 4|(:c—4)3,
1 2 .

ty ta t3 ty

R5(0,1,2,3,4,az)://///dtdt4dt3dt2dt1:%(x—f))‘l.
0 1 2 3 4 .

Suy ra
NW(4) + NO(5)(z — 4).

=
N

S

N—
[

Khi do

Tt gid thiét bai toan, ta suy ra
INO(=1)| = [NW(4) - 5NP)(5)] <6,

INW(6)| = [NU(4) + 2N (5)] < 3.
Vay gi4 tri 16n nhét cia |[N@(x)| bing 6 tai = = —1.

Tuwong tu nhu véi khai trien Taylor, v6i khai trién Taylor- Gontcharov ta

cting c6 nhan xét sau

Nhan xét 3.1. Van dé mau chdt trong viéc tim cong thitc danh gia phan
du ctia cong thitc khai trién Taylor - Gontcharov déi v6i ham f cling véi cac
mébc noi suy z; cho trude la viec tinh dao ham cap cao clia ham f va biéu
thic R¥(xg,21,. .., 25 1,7). Tuy nhién, viéc tinh dao ham cap cao ciia mot
ham s6 nhiéu khi khong don gidn. Bén canh d6, khi mdc noi suy tang lén thi
viéc tinh toan biéu thic R¥(xg, z1,..., 2 1,2) kha phiic tap. Do dé, trong
cac vi du & trén, vi gié tri cla moc noi suy nhé nén ta méi dua ra duge biéu
thitc danh gia phan du ctia f(x) mot cach chinh xac. Con trong trudng hgp
tong quét, ta chi c6 thé dua ra danh gia dé dusi dang Lagrange va Cauchy
nhu trong (2.12) va (2.14).
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Tuy nhién, trong trudsng hgp ham f(x) ¢6 dao ham gidi noi
[f"(x)] < M,V € [a;b],n=0,1,2,...
ta c6 két qua sau

Bai toan 3.1. Gia stt ham s6 f(x) lien tuc trén [a;b], ¢c6 dao ham moi cap
tren [a; b] va x; € [a;b],i =0,1,2,...,n. Khi d6, néu IM > 0 sao cho

f) ()] < M, Vo € [a;b],n =0,1,2, ...
thi R,1(f;2) — 0 khi n — oo.

Giai. Theo cong thitc xac dinh ctia R, .1(f;x) ta c6

Fr )

(n+1)! -

Ryi(fiz) = (z — o

~ f(E)

— |Rk(azo,x1,...,:ck_l,a:)(:v—azo)

n—k+1
p (n—k+1)!

Mat khac:

tr—1

r 11
‘Rk(xg,xl,...,:ckl,a:)‘ = ’// / dtkdtkfl...dtl
Tp—1

To T1

b tk—1
1

M —a)th) M 1 -
((n+1)! + '.—'(b—a)k(b—a) k+1

Do do

Rua(fia)] <

= M(b—a)"tV




Vine€Znénn=2p—+1i,(i=0,1). Khi dé ta c6

R (fio)| < M(b— a0 [ vl

, + :
Cp+i+ 1) plp+i+1)
Trudng hop 1. Néui =0, ta c6

(b—a)? [(b — a)p}Q (b— a)2p}
(2p+ 1)! P! C(p+1)

o (fi)| < M| 0(p — o).

Truong hop 2. Néui =1, ta c6

, (b—a)?** (b—a)fq2 (b—a)*2p+1)
’R”“(f’x)‘ = M{ (2p + 2)! P! I (p+1)(p+2) } 0p — ).
Vay R,1(f;x) — 0 khi n — oo. O
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KET LUAN

Luan van da trinh bay va thu dugc

- Mot s6 két qua co ban vé bai toan noi suy Taylor, khai triéen Taylor,

danh gia cong thitc phan du va su hoi tu ciia khai trien Taylor.

- Dua ra cong thiic nghiém ctia bai todn noi suy Newton, biéu dién ham
s6 f(x) theo cong thitc khai trién Taylor- Gontcharov v diic biét dua ra cac
danh gia phan du ctia khai trién Taylor - Gontcharov ctia ham f(z) dudi hai
dang Lagrange va Cauchy. Bén canh do, luan van da danh gia sy hoi tu cua
khai trien Taylor - Gontcharov va khai quat héa bai todn noi suy Newton

dbi v6i ham da thitc nhieu bién.

- Mot s6 ting dung ciia khai trién Taylor va khai trién Taylor - Gontcharov

trong viéc udc luong va danh gia sai s6, tinh gidi han ham so....

- Mot s6 huéng nghien cttu c6 thé phat trién tit dé tai nay la
1. Khai trien Taylor - Gontcharov déi v6i ham nhiéu bién va danh gia phan
du ctia no.
2. Cac tng dung ciia khai trien Taylor - Gontcharov trong phuong trinh vi

phan, trong 1y thuyét cac bai toan bien....

Vi thoi gian va kién thitc con han ché nén luan van chic chan khong tranh
khoi nhitng thiéu sé6t. Tac gid rat mong nhan dudc sy quan tam, déng goép
v kién ctia cac thay co6 va cac ban dong nghiép dé ban luan vin dugc hoan
thién hon.

Tac gia xin chan thanh cadm on!
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