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A NEW NUMERICAL INVARIANT OF ARTINIAN
MODULES OVER NOETHERIAN LOCAL RINGS
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Abstract. Let (R,m) be a commutative Noetherian local ring the maximal ideal m
and A an Artinian R-module with Ndim A = d. For each system of parameters z =
(1, ...,2q) of A, we denote by e(z, A) the multipility of A with respect to z. Let n =
(n1,na,...,ng) be a d-tuple of positive integers. The paper concerns to the function of

d-variables
I(a(n); A) = La(0 4 (&7, o 9)R) — e(af*, .24 A),

where {g(—) is the length of function. We show in this paper that this function may be
not a polynomial in the general case, but the least degree of all upper-bound polynomials
for the function is a numerical invariant of A. A characterization for co Cohen-Macaulay
modules in term of this new invariant is also given.
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1. Introduction

Throughout let (R, m) denote a commutative Noetherian local ring with the max-
imal ideal m and A an Artinian R-module with Ndim A = d > 0. For each system of
parameters £ = (z1,...,24) for A, we denote by e(z; A) the multiplicity of A with respect
to z in the sense of [3]. It has been shown by Kirby in [8] that there exist gq(n) € Q[z]
and ng € N such that ¢g(0 :g (z1,...,24)"A) = q(n), ¥Yn = ng. It is very important that
the degree of g(n) equals d and if a4 is the lead coefficient of ¢(n) then a4 - d! agrees with
e(z; A).

Let n = (n1,...,nq) € N% and consider

I(z(n); A) :=LRr(0:4 (27", .., z0*) —n1---ng - e(z; A)

as a function on ny, ..., ng. As shown in Example 3.7, this function, may be not a polynomial
on ny,...,ng (even when n large enough). The aim of this paper is to show that the
above function is still interesting to investigate. First, the least degree of all polynomials
bounding this function from above is a numerical invariant of A. Moreover, this invariant
carries informations on structure of A. The existence of our invariant is proved in the
third section. But before doing this, in the second section, we recall basic terminologies
and resuls which are needed later. Some relations between the new invariant with local
homology modules are presented in the last section.
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2. Preliminaries
In this section, K is a nonzero Artinian R-module.
2.1. The residuum, residual length and width of Artinian modules

We devote this subsection to recall some basic terminologies and results from [11]

and [13].
h

Let K = Z C; be a minimal secondary representation of K. Set

i=1

pi =0:r Ci(Vi=1,...,h), Att (K) = {p1,....,pn}, Ko = > C;.

pi€Att (K)—{m }
Then Att (K) and Ky are independent of the choice of minimal secondary representation
for K. Note that K/Kj has finite length. This length is called the residual length of K
and denoted by RI(K).

An element a € R is called K-coregular element if K = aK. The sequence of
elements aj,...,a, of R is called a K-cosequence if 0 :x (ai,...,an)R # 0 and a; is
0 :x (ai,...,a;—1)R-coregular element for every ¢ = 1,...,n. We denote by Width(K)
the supremum of lengths of all K-cosequences in m. It should be mentioned that a € R is
K-coregular if and only if a ¢ U p.

pEALt (K)
An element a € m is called pseudo-K -coregular if a & U p. We define the
pEAtE(K)—{m}
stability index s = s(K) of K to be the least integer i > 0 such that m‘K = m‘t1K.
Note that m* K = Ky, and that a* K = K for each pseudo-K-coregular element a € m.

2.2. The theory of Noetherian dimension, multiplicity for Artinian modules

We continue in this subsection by reviewing basic definitions and properties on
Noetherian dimension and multiplicity of Artinian modules. The interested reader should
consult to [9] and [3] for more details.

The Noetherian dimension of K, denoted by N — dimpg K, is defined inductively as
follows: when K = 0, put N — dimg K = —1. Then by induction, for an integer ¢ > 0,
we put N —dimp K = ¢ if N — dimg K < t is false and for every ascending sequence
Ky C K; C ... of submodules of K, there exists ng such that N — dimg(K,+1/K,) < t
for all n > ny.

A system z = (z1,... ,x;) of elements in m is called a multiplicity system of K if
lr(0:k (x1,...,2¢)R) < 0co. Assume that N — dimp K = d, then a multiplicity system of
K is called a system of parameter (s.o.p for short) for K if ¢t = d.

Let z = (z1,... ,z4) is a multiplicity system of K. The multiplicity e(z; K) of K
with respect to z is defined inductively as follows: when d = 0, we put e(0; K) = ¢r(K).
Let d > 0, then we put

@ K) = e(ta, .. 2430 ik 71) — (T, .. 23 K21 K).
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3. Main results

The following proposition gives an upper bound polynomial for the function I(z(n); A).

3.1. Proposition. Let z be an s.o.p of A and n = (ny,...,nq) € N%. Then

I(z(n); A) < ny---ngl(xq,...,zq; A).
Proof: By [6], Lemma 2

Cr(0:4y™) <mlr(0:4y),Vy € A,Ym € N.
Using an induction on d, we get
CR(0:4 (27, ...,z )R <ni---nglr(0:4 (z1,...,24)R)). (1)

On the other hand, according to [3] (3.8),

e(z(n); A) = ny -+ -nge(zy, ..., zq; A). (2)

The proposition then comes from (1) and (2).
The proposition 3.1 leads to an immediate consequence as follows.

3.2. Corollary. If I(z(n); L) is a polynomial, then it is linear in each n;, i =1,...,d.
The main result of this section is the following.

3.3. Theorem. Let z = (x1,...,24) be a s.o.p of A. Then, the least degree of all
polynomials in ni,...,nq bounding the function I(x}"*,...,x;*;A) from above does not
depend on x.

Proof: Denote by R the m-completion of R. Because A is Artinian R-module, it can be
considered as an R-module. Note that for each element a € R and each element z € A,
we can see that ax and az are the same, where @ is the image of a by the canonical
homomorphism R — R. On the other hand, when we regard this R-module as R-module
by means of the natural map R — ]:?, then we recover the orginal R-module structure on
A. Furthermore a subset of A is an R-submodule if and only if it is an R-submodule (see
[2] (10.2.9)). It is easy to see that, for each s.o.p (z1,...,x4) of R-module A, (z7,...,Zq)
forms a s.o.p of R-module A. Furthermore,

(0:4 (@1, ... Z)R) = (0 :4 (21, ..., 2a) R)

and therefore,
(@}, o’ A) = I(@T, ... Ta; A).

Hence, it suffices to prove our theorem with assumption that R is complete. In oder to
prove this theorem, we need three lemmas in which we always assume that R is complete.
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3.4. Lemma. Let z be a s.o.p of A. Then, there exists k € N such that
mF C zA + AnngA.
Proof: Taking | € N such that
m'R C Anng(0:4 (21, ..., 24)R).

Denote by — := Hompg(—, E(R/m)) the Matlis dual functor, where E(R/m) is injective
hull of R/m. Then, AV is a Noetherian over R and we have

m!R C Anng(0:4 (z1,...,24)R)Y = Anng(AY/(z1,...,24)AY)
C VAnng(AY/(z1,...,x4)AY) = \/(21,...,24) R + Anng(AV)
=/(z1,...,7q) R+ Anng(A).
Since R is Noetherian, there exists ¢ € N such that
(Vi@ 2R+ AnnR(A))>t C (21, -, 24)R + Anng(A)).

To finish our claim one just set k = tl. |

3.5. Lemma. Letz,xo,...,2q andyy,ys,...,yq be two s.o.p’sof R withz1 = y1,...,Tqg_1 =
Yd—1- Let ng, ...,ng € N. Then there exists a pseudo-A-coregular element, say z1, such that,
for all ny € N,

(2, 2h?, oz el )R = (21, 252, ., 2 )R (3)
and
Wt y5s e Yan Y )R = (21, 9% o yg 21y R (4)
Proof: By Lemma 3.4 we can write
m* C (z1, 202, .., 237, 2y )R + Anng(A) (5)

h
for some k € N. Let A = Z S; be a minimal secondary representation of A. Then
i=1

Anng(A) =

h h
0:r Y Si=()VOorSi= [) » (6)
i=1 =1

pEAtt(A)

It goes from (5) and (6) that

k n Ndg—1 _n n
m”® C (z1, 257, ..., 2", Yy )R+ ﬂ p.

pEALL(A)
This implies 1R + (252, ...,z," " 25y Y )R ¢ U p. Hence, by Theorem 124
peAtt (A)—{m}
in [7], there exists z € (z3?,...,x,* ", zh*.y}*) R such that 21 := z1 + z ¢ U p.

pEALt (A)—{m}
We have now z; is a pseudo-A-coregular. Furthermore, for each n; € N, one can find

Cny € (@52, .zt 2l y?) A such that 27" = 2 + ¢,,. This yields the equations (3)
and (4). [
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3.6. Lemma. Letz = (v1,...,24) be an s.o.p. for A. Let t € N such that m* C
zA + AnngA. Then, for any s.o.p y = (y1,...,ya) of A with 1 = y1,...,24-1 = yq—1 and
every n = (ni,...,ng) € N9, it holds

I(z(n); A) < tI(y(n); A).
Proof: We proceed induction on d. For d = 1, by [6] (Lemma 2),
I(z(n); A) = lr(A/z]*A) = lr(A/(x]* A+ AnngA)A)

< Lr(A/m™A) < Lr(AJypH* A) < tlr(A/yf* A) = tI(y(n); A).

Assume that d > 1 and our assertion is true for all Artinian R-module of N-dimension
smaller than d. Lemma 3.5 allow us to suppose that z; is an pseudo-A-coregular. Conse-
quently, for every n; € N, £r(L/z]*L) < oo and

e(z5?, ...,J:Zi‘ll,zrgd;L/:ﬂl“L) =0; e(yy?, ...,ygf‘ll,ygd;L/:z:?lL) =0.

Therefore,
e(x]', xy?, ...,msi’ll,xgd;/l) = e(z3?, ...,msi’ll,mgd;O A i)
and
e(yrt ys?, syt g A) = e(ys?, o gty un 0 e ).
Hence
I(z(n); A) = I(z5?, ...,:rgi‘ll,a:gd; 0:4 x7) (7)
and
I(y(n); A) = I(ys?, -y 1y 04 yf) = I(ys?, .,y %5 0 14 210). (8)
Because

mF C (27,252, .., 204 A+ Anng A C (232, ..., 2, ", 2 ) A+ Anng(0 : 4 z71),
we can apply the inductive hypothesis for 0:4 27" to obtain
I(@8?, .zt 2?50 ih 27) < tI(yg?, .y yy®;0 4 210). 9)

The proposition now follows from (7), (8) and (9). |

We now already to prove our main theorem.

Let y = (y1,...,ya) be arbitrary s.o.p of A. Then we can connect z and y by a
sequence of not more than (2d + 1) s.o.p’s of A with the property that two consecutive
ones differ by at most one element. By repeated applications of Lemma 3.6, one can find
natural numbers t1, ¢y such that, Vn € N¢,

I(z(n); A) < t11(y(n); A) and I(y(n); A) < t2l(z(n); A).
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The proof is then complete.

The above theorem means that the least degree of all polynomials bounding from
above I(z(n); A) is a numerical invariant of A. From now on, we denote this invariant
by ldgr(A) or 1d(A) (if there is no confusion). We stipulate that the degree of the zero-
polynomial is equal to —oo.

We close this section by an example in which we can easily calculate the invariant
1d. Besides, it shows that the function £z(0 :a (27*,...,z;*)R) may be not a polynomial
even when nq, ..., ng large enough.

3.7. Example. Let B = k[[Y1,Y2,Y3]]/(Y1Y3,Y2Ys), where k is a field and We denote

by x1,z9 the natural images of Y7 + Y3,Y5 + Y5 in B, then z = (21, z2) forms a system of

parameters for the Noetherian module B (as B-module). It can be verified that
lp(B/(x1*,x5%)B) = ning - eg(1, x2; B) + min{nq, na},

where eg(z; B) is the Hilber-Samuel multiplicity of Noetherian B with respect to z. Denote

by n the maximal ideal of the local ring B and E the injective hull of B/n. Set BY :=

Hompg(B; E), the Matlis dual of B. Then, BY is an Artinian B-module and z is also a
system of parameters for BY. It goes from basic facts of Matlist dual that

(p(B/(27",23°)B) = {p((B/(a]*,25*)B)") = £p(0 :pv (21", z3°)B).
Hence,
lp(0:pv (7', 25%)R) = ning - e(x1, z2; B) + min{n, na}.
Moreover, because
(5(B/(z1,72)'B) = £g((B/(x1,22)'B)Y) = £5(0 :gv (x1,22)'B),
for all t € N, we get eg(z; B) = e(z; BY) by [10] (Formular 14.1 page 107) and [3] (4.4).
Accordingly,
I(z}*,25%); BY) = min{nq,na}.

Therefore, 1d(BY) = 1.

4. Connect to local homology modules

We devote this section to show some ralations between the invariant 1d and local
homology modules. But let us first recall the definition of local homology which is first
introduced in [5].

4.1. Definition.Let I be an ideal in R and let ¢ is a non-negative integer. Then the
R-module h&lTorf(R/ I'; A) is called ith- local homology module of A with respect to I

and denotedt by HI(A).

Denote by R be the m-completion of R. As A is Artinian over R, for all ¢ > 0 and
t > 0, on can check that Tor?(R/I*; A) is an Artine R-module. Thus Torl*(R/I*; A) can
be regarded as an R-module and therefore H™(A) too. It have been shown in [5] that, for
all i >0, H™(A) is Noetherian over R and H™(A) = Hf‘ﬁ(A) as R-modules.
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4.2. Lemma. Let s = s(A) be the stability index of A. Then HJ'(A) = A/m?A.

Proof: HJ*'(A) = k%n (Torf(R/m'; A)) = &it_m(R/mt ®rA) = &it_m(A/mtA) = A/m°A.
4.3. Lemma. Assume that {g(HM™(A)) < oo for all i < d. Let k € N be such that
mFHM™(A) =0,Vi =0, ...,d — 1. Then there holds

d—1

00:4 zR) —e(z; A) =) (d; 1>eR(H;“(A))

=0

for all system of parameters xR contained in mk2’

Proof: It suffices to prove our lemma in the case R is complete. We make induction on
d. When d = 1, and m*HJ'(A) = 0 and let z = x; is a s.0.p of A with z; R C m?*. As
0=m*HP(A) = m*(4/m*A), we have m¥A C m®A and thus have k > s by the definition
of the stability index.

(r(0:4 zR) — e(z; A) = Lr(A/x1A) = Lr(A/m° A) = Lr(H{ (A)). (10)
On the other hand, choosing r € N such that m” C 1R + Anng(A), then
£r(0 24 2R) — e(z; A) = Lr(A/14) = LA/ (21 R + Anng(4))4) )
<AUp(A/m"A) < Lr(A/m°A) = Lr(H (A)). (11)
By (10) and (11), our assertion have proved in the case d = 1.
Now suppose that d > 1 and our statement is true for all Artine R-module of
N — dim smaller than d. Let x = (z1,...,24) be arbitrary s.o.p contained in mk2?, By

Lemma 3.5, we can assume that z; is a pseudo-A-coregular. Let us consider two following

exact sequences

0—21A—A— A/z;A—0 (12)
and
0— (0:4 z1R) — A 1A — 0. (13)

Because (r(A/x1A) < oo we get H™(A/x1A) = 0,Vi > 0. The exact sequence (12) then
implies that
HM(A) 2 H™(21A),Yi=1,....d — 1. (14)

By virtue of [5] (4.2), the exact sequence (13) yields the long exact sequence

coi = H™A) — H™ (0:4 1) — H™ (A) 25 H® [(A) — -+
— HM(A) — HP(0:4 1) — HMA) 25 HM(214) — 0. (15)

By our assumption, x1 H™(A) = 0,Vi < d, there is an isomorphism

Hi(0:4 z1) = H'(A)
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and for each i € {1,...,d — 1}, there is a short exact sequence
0— H"(A) — H",(0:4 1) — H™,(A) — 0.
Accordingly,
m* H™(0:4 21) =0,Vj =0,....,d — 2 (16)
and moreover,

CR(H1(0:4 21)) =Lr(HM(A)) + lr(H 1 (A)) < o0, Vi=1,..,d—1 and
(r(HG(0:4 1)) = Lr(HF(A)) < oo. (17)

Since
d d—1
(z2,...,xq)R C m* = m?*2"

(16) and (17) enable us to apply the inductive hypothesis for the s.0.p (x2,...,z4) of R-
module (0:4 z1) and then obtain

CR(0 :(0:z,) (%2, ..., Tq)R) — e(22, ..., 2450 14 1) =
d—1

j};:(df)e (H™(0:4 71)) Z( )gR HM(A)).

The inductive step completes by the observation that

Cr(0:4 z) — e(z; A) = LR(0 :(0: g2y) (%2, Ta)R) — (22, ..., 2450 14 21)
+ 6(5[)2, -0y Ld; A/xlA)

= LR(0 :(0: pay) (T2, ., Ta)R) — €(T2, ..., 2450 14 71)
as N — dim(A/z; A) = 0.

4.4. Lemma. Let z be a s.o.p of A. Let m = (m1,...,mq),n = (n1,...,nq) € N with
m; <n;,Vi=1,...,d. Then
I(z(m); A) < I(z(n); A).

Proof: As usually, we can assume addition that R is complete. Moreover, because the
function I(z(n); L) is not dependent on oder of z1, ..., x4, it reduces our lemma to the case
my =MN1,...,Mg_1 = Ng_1, Mg < Nng. We do induction on d. For d =1,

I(z(m); A) = £(A)z[" A) < L(A)z[* A) = I(z(n); A).

In the next step, we can apply the same method in proof of Lemma 3.6 and then comlete
the inductive progress.
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4.5. Corollary. Let z be arbitrary s.o.p of A. Then there holds

d—1

Cr(0 24 2R) — (s A) < Y (d; 1)fR<Hr<A>>.

=0

Proof: If Lr(HM™(A)) = 400 for some i € {0,...,d — 1}, then we have nothing to prove.
When (p(HM(A)) < oo,Vi < d we can find k € N such that m*(H™(A)) = 0,Vi < d.
Taking ni,...,nq € N with n; > k2¢,Vi = 1, ...,d. Then

Cr(0:4 zR) — e(z; A) < Lr(0:a (21, ..., z7")R) — e(al*, ..., z)"; A)
d—1

_ (d - 1)6R<H;“<A>>

i=0 !
by Lemma 4.4 and Lemma 4.3.
4.6. Theorem. Id(A) = —oo <= H"(A) =0,Vi < d.

Proof: If H™(A) = 0, Vi < d then it follows from Corollary 4.5 that 1d(A) = —oc.

We prove the inverse by induction on d. For d = 1 and let z = z; be a s.o0.p of A.
Then, because 1d(A) = —oo, we have £r(0:4 z1) — e(x1; A) = 0. By virtue of [3] (5.3), it
implies x1 is A-coregular so that

A=zFACmFAC AVEeEN.

Thus A = m*A,Vk € N and so HJ'(A) = A/m5(4) A = 0 by Lemma (4.2). Therefore our
statement have proved for the case d = 1.

Assume that d > 1 and our assertion is true for all Artinian R-module of N — dim
smaller than d. Let z = (z1,...,24) be a s.o.p of A. As ld(A) = —oo, then (0 :4
zR) —e(z; A) = 0. By [3] (5.3), z1 is A-coregular. The exact sequence 0 — (0:4 1) —
A 2 A — 0 then generates the long exact sequence

oo —> HM0:4 x1) — H(A) i>Hlm(A) — H™(0:421) -
— HM0:4 1) — H(A) 25 HP(A) — 0. (18)

As xq is A-coregular,

0=1/{r(0:4 (zR)) —e(z; A) = R0 :(0:2y) (T2, ..., Za)R) — (22, ..., 4;0 :4 1)
and thus 1d(0 :4 1) = —oo. Now we can apply the inductive hypothesis for (0 :4 z1) to
have H™(0 :4 z1) = 0,Vi = 0,...,d — 2. By this, the long exact sequence (18) gives an

isomorphism
HM™A) 25 HM(A), Vi < d.
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Hence, for every i < d, H™(A) = z1H™(A) and consequently, Yk € N,

H"(A) = i H*(A) C m"H*(A).
This deduces that
HMA)C (\m*HP(A) =0,Vi<d
k>0

by [5] (3.1) and the induction is finished.

Co Cohen-Macaulay modules is introduced in [17]. This class of Artinian modules
is in some sense dual to the well known theory of Cohen-Macaulay modules. We are going
to give a character for co Cohen- Macaulay modules in term of the invariant 1d.

4.7. Corollary. The following conditions are equivalent:
i) there exists a s.o.p z of A such that {r(0:4 zA) = e(z; A),
ii) I1d(A) = —o0,
iii) for arbitrary s.o.p z of A, we have (r(0:4 zA) = e(z; A),
iv) there exists a s.o.p of A which is also a A-cosequence,
v) Every s.o.p of A is also a A-cosequence,
vi) A is co Cohen-Macaulay, that is N — dimp A = WidthA,
vii) H"(A) =0, for alli =0, ...,d — 1.

Proof: The statements (i) <= (i7) and (i1) <= (4i7) yield from the definition of 1d.

(i71) <= (vii) is nothing else Theorem 4.6.

(1) <= (iv) and (ii1) <= (v) are essentially Theorem 5.3 in [[CN]].

In oder to prove (v) <= (vi) we first recall that Widthg(A) < N — dimpg(A4) by
[17] (2.11). Observe that every A-cosequence is also a subset of a system of parameter of
A (see [17] (2.14)). This proves (v) = (vi). The inverse is clear by definition of Width
and the previous observation.
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