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On stability of Lyapunov exponents
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Abstract. In this paper we consider the upper (lower) - stability of Lyapunov exponents of
linear differential equations in R™. Sufficient conditions for the upper - stability of maximal
exponent of linear systems under linear perturbations are given. The obtained results are
extended to the system with nonlinear perturbations.
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1. Introduction

Let us consider a linear system of differential equations
T =A(t)x; t>1ty>0. (1)

where A(t) is a real nxn - matrix function, continuous and bounded on [¢y; +00). It is well known that
the above assumption guarantees the boundesness of the Lyapunov exponents of system (1). Denote
by

A A% A (A< A< <N\

the Lyapunov exponents of system (1).

Definition 1. The maximal exponent X\, of system (1) is said to be upper - stable if for any given
€ > 0 there exists 6 = 6(e) > 0 such that for any continuous on [ty; +00) n X n - matrix B(t),
satisfying | B(t)|| < ¢, the maximal exponent i, of perturbed system

& = [A(t) + B(t)]z, (2)

satisfies the inequality
o < Ap + € (3)
If |B(t)|| <0 implies pi > A1 — € we say that the minimal exponent \i of system (1) is lower -

stable.

In general, the maximal (minimal) exponent of system (1) is not always upper (lower) - stable
[1]. However, if system (1) is redusible (in the Lyapunov sense) then its maximal (minimal) exponent
is upper (lower) - stable. In particular, if system (1) is periodic then it has this property [2,3]. A
problem arises: In what conditions the maximal (minimal) exponent of nonreducible systems is upper
(lower) - stable? The aim of this paper is to show a class of nonreducible systems, having this property.
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2. Preliminary lemmas

Lemma 1. Let system (1) be regular in the Lyapunov sense. The maximal exponent \, is upper -
stable if only if the minimal exponent of the adjoint system to (1) is lower - stable.
Proof.  We denote by

;0.0 (g > ag > > ap)
the Lyapunov exponents of the adjoint system to (1):
y=—A(t)y. (4)
According to the Perron theorem, we have
M+a =0, \y+a,=0. (5)

If the maximal exponent \,, of system (1) is upper - stable then the minimal exponent o, of system
(4) is lower - stable. In fact, denoting by

B1; B2 s B (B1 > P2 > ... > Bn)

the Lyapunov exponents of adjoint system to (2), we have

B+ p =0, Byn+ pn=0. (6)
Hence
Bn = —pn > -\, —€=ay —e if [|B*(t)|| <. (7)
Conversely, suppose that the minimal exponent «,, is lower - stable, then if (7) is satisfied we have
Bn > ap — €.
Then

o = —0n < —anp + €= X\, + €

Which proves the lemma.

Consider now a nonlinear system of the form
T =A(t)z + f(t,x). (8)

Lemma 2. (Principle of linear inclusion) [1] Let x(t) be an any nontrivaial solution of system (8).
There exists a matrix F(t) such that x(t) is a solution of the linear system

y=T[A®) + F®)ly.
Moreover, if f(t,z) satisfies the condition
1t 2) || < g(B)l[x]; VE = to; Vo € R",
then matrix F(t) satisfies the inequality
IE@)] < g(t); VE = to.

The proof of Lemma 2 is given in [1].



N.S. Bay, TTA. Hoa / VNU Journal of Science, Mathematics - Physics 24 (2008) 73-80 75

3. Main results

3.1. Stability of system with the linear perturbations

In this section we consider systems of two linear differential equations in R?:
T =A(t)x 9)
&= A(t)xr + B(t)x. (10)

We denote by pq; pe and A\1; A2 (1 < p2; A1 < Ag2) the exponents of systems (9) and (10) respec-
tively. Let:

bii(t)  bua(t)
Alt) = a11(t) alz(t)>, B(t) — ( 11 12
*) (azl(t) a(t))’ *) bai(t)  baa(t)
We suppose that A(t), B(t) are real matrix functions, continuous on [tg; +00) and sup;s,, [|A(t)[| =
M < +o0.

Theorem 1. Let system (9) be regular and there exists a constant C' > 0 such that

- \/[agg(t) — an(t)]z + [agl(t) + alg(t)]2 dt < C < +00,

to
then the maximal exponent Ay of system (9) is upper - stable.
Proof. Let

W (t) = Vlaza(t) — a1 (D)2 + [az () + ar2(1)]*.

According to the Perron theorem [1,4] there exists an orthogonal matrix function U(¢) (i.e. U*(t) =
U~L(t), Vt > tg) such that by the following transformation

v =U(t)y (11)
the system & = A(¢)z is reduced to

y= Pty (12)
where P(t) is a matrix of the triangle form:

p11(t) plz(t)>
P(t) = .
®) ( 0 p22(t)
The matrix P(t) is defined as P(t) = U1 (t)A(t)U(t) — U (1)U (¢).
Now we show that if matrix A(¢) is bounded on [to; +00), then matrix P(¢) is also bounded
on this interval, i. e. exists a constant My > 0 such that | P(t)|| < My, Vt > to. Indeed, let:
A(t) = (a;(1)) = U (AMUt); V() = (v(t) = U (OU (D).

It is easy to show that V*(¢) = —V/(¢). This implies v;;(t) = 0, Vi = 1, 2. Thus, we get

—(Nlji(t) if i<y

’L)Z’j(t) =<0 if = j
(Nlij(t) if 4> j.

Since A(t), U(t), U7'(t) are bounded, matrix P(t) is also bounded on [to; +00). Let ||P(t)] <
My, Vt > tg. Taking the same Perron transformation to system (10), we obtain

& =U(t)y + Uty = At)z + B(t)z
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& U(t)y = A(t)z + B(t)z — U(t)y
< U(t)y = AU ()y+B(t)U() Uty
& g=[UT HABOUE) - U U@y + U (OBOU ().
Denoting Q(t) = U~1(t)B(t)U(t), the last equation is in the form
i = POy + Q). (13)

Writing triangle matrix P(¢) as follows:

P (5 ) = (87 %i)+ (0 70)

and purting P = (P10 0 am o+ (o 7YY,

we have

j=P(t)y +Q(t)y. (14)
Taking the linear transformation y = Sz with

Moo
g )
b" )
from (14) we get the following equivalent equation
3 =8"1P(t)Sz+ S7'Q(t)Sz = P(t)z + ST1Q(t)S= (15)
Denoting by Q(7) the similar matrix of matrix Q(7), we have

O(r) = S71Q(1)S = S~1Q(1)S + 5~ (g p120(7)> S,
which gives
QI < 571 Q(M)S| + 115~ (g pa(r >> sl 16)

The solutions of the homogeneous system z = P(t)z is defined as follows
~ . H=0C ftt p11(T)dr
i= P(t): & (?1> _ ( pu(t) 0 > <z1> o ) =Cielo )
zZ92 0 pgg(t) z9 Zg(t) _ C’geffo paz(7)dr

Therefore
o eftto P11(s)ds—ft'; p11(s)ds 0
(t,7)= 0 eftto Pzz(s)ds—ftTO paa(s)ds

is the Cauchy matrix of this system.
The solution satisfied the initial condition z(¢y) = 2o of nonhomogeneous system (15) is given

by [5] t
z(t) = ®(t,to)z0 —I—/ ®(t, 7)S7LQ(T)S=(7)dr,

to

t
which is the same as d=1(t, to)2(t) = 20 + / B1(t, t0)(t, ) SO (1) S () dr

to

or ®71(t,t0)2(t) = 2 —I—/ B (to, 7)STIQ(T)SP(7, 1)@ (7, to) 2(T)dr.

to
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Then
t

1274t t0)2()]| < |20l + | @ (to, 7)S™ Q1) SP(r, to) || @ (7, to)2(7) | d7 (17)

to
(t=7,52>t)
Denoting by §;;(t) the elements of matrix Q(¢) and let

D = ®(ty,7)S ' Q(7)SP(7, ty),

we have
D— ¢~ Jigpu(e)ds 0 g1 (@11(7) 512(7')>S el P11 ()ds 0
0 e~ fto pa2(s)ds Go1(7) Goo(T) 0 efto paa(s)ds

_ qu1(7) @12(7')6% [p22(5)=pu (o)]ds

o qzl(T)eft:)[Pu(s)—fﬂzz(s)]ds 622(7') :
We can verify that

1)
_ 0 p12(7') 0 T _
Sl(o A >5 (( 02912()0\/M1 <5/ M.

Since
(NI = U (H)BOU @) < U OIIB@INU) < 1.61 =34,
denoting max{1 + / Mil; 14++/My} = Ms and chosing ¢ small enough such that 0 < § < 1, we have

3
1S~ lQ )S|| = H <Q11 Q12(7-)\/;1> < max{5(1 + / 5(1+ | M }

= max{\/g(\/g—l-cﬁl MLI; VO(V6 + M} < Vomax{l + ,/ Mil; 1+ +/M;} = VoM.

Q21 MT Q22(7' )
Consequently, applying the above inequalities to (16), we have ||Q(7)|| < 2M2V/3.
Now, we establish the norm of matrix D as follows:
It is known that in R? orthogonal matrix U(t) has just one of two the following forms:

[ coso(t) sing(t) . _ [coso(t) —sin @(t)
a) Ult)= (sin o(t) — CoS ¢(t)>’ b) Ut) = ( sin @(t) cos ¢(t) > '

Without loss of the generality we suppose that matrix U(t) has the form a). In this case, we have

- [ cos¢(t) sin ¢(t)
U0 = (sin o(t) — cos <;5(t)> '

Since in Perron transformation x = U(t)y, where U(¢) is a orthogonal matrix, the diagonal elements
of matrix P(t) and matrix U~!(¢) A(t)U (t) are the same p;1(t) and poo(t). Therefore we obtain that

p22(t) — p11(t) = [ag2(t)] — a11(t)] cos24(t) — [az1(t) + ai2(t)] sin2¢(¢).
It is easy to see that, there is a function ¢ (¢) such that
p22(t) = pu(t) = Vlazz(t)] — an ()] + [az1(t) + ar2(8)]? cos[26(t) + 4 (t)]
= W(t) cos[2¢(t) + 4 (1)].
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Since [1Gi;(t)[| < [[Q(8)]| < 2M2V/6, we have
Q11 () Gro () el lP2(®)—Pui(3))ds
q21

g (T)ef;(—) [p11(s)—p22(s)]ds q22

D]l =

< 2M2\/5[2 + efto [p22(s) Pu(s)]ds fto [p11(5)—p22(s) ]dS
_ 2M2\/5[2 + efto W (s) cos[2¢(s)+1p(s)]ds efto Wi(s) COS[2¢(S)+¢(S)—W]dS]'

From the assumptions fto W (t)dt < C < 400, we have

|D|| < 2MV8(2 +2¢°) = M3V where My := 2M(2 + 2¢°).
Applying the last inequality to (17), we get

171 (¢, t0)2(t)]| < llzoll + [ MsV[| @7 (7 to)=(7) 1 dr. (18)

to
(t>17,5>to)
According to the Gronwall - Belman inequality [1, 4, 5], we have

M:s\/gftto dr M3/5(t—to)

1271t o) 2(8)]] < l|zole = [lzolle

e Jio :nn(r)del(t) < ||z0||eM3\/g(t—tO) z1(t) < ||z0||eM3\/g(t—t0)eftto pu(r)dr
N <
e o PR (1) < |zt 2a(t) < 20| MavAlt—to)eo PO

Using properties of Lyapunov exponents, we get

xlz1] < xlllzolleMs V1)) 1 x[elto P DY) = My /5t limy oo T [} pra(r)dr
x[22] < X[l 20| MsVOC0] 4 x[ehio P2 = Mg /5 4 iy o 1 ) paa(r)dr

It is clear that in Perron transformations the Lyapunov exponents are unchanged [1,4]. Thus, for any
small enough given € > 0, chosing 0 < § < (57 )2 we obtain that

Xz =xla] < te o fm<he
xlz2] = x[z2] S Ao +e o < Ao+ e

The same result is proved for the case, when matrix U(t) has form b).
The proof of theorem is completed.

Corollary 1. Suppose that all assumptions of Theorem 1 hold. Then the minimal exponent of system
(9) is lower - stable.

Proof. From Lemma 1 it follows that minimal exponent of system (9) is lower - stable if the maximal
exponent of adjoint system & = —A*(¢)x to this system is upper - stable. According to Theorem 1,
the last requirement will be satisfied if the following inequality holds

\/ —ag(t) + a11(t)]2 + [—a21(t) — a1a(t)]? dt < C < 400

to

= \/ [aga(t) — a11(t)]? + [ag1(t) + a12(t)]? dt < C < +oo.

to
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This proves the corollary.
3.2. Stability of systems with nonlinear perturbations

We consider the following linear system with nonlinear perturbation in R™:
T =A(t)z+ f(t,x). (19)

Since the system (19) is nonlinear, it is dificult to study its spectrum [5]. However under the suitable
conditions we can obtain some results on it, for example, to study supremum of its all exponents. Let
us denote this supremum by fig,p.

Definition 2. The maximal exponent )\, of homogeneous system & = A(t)x is said to be upper -
stable under the nonlinear perturbation f(t,x) if for any given € > 0 there exists § = 6(e) > 0 such
that if following inequality holds || f(t, z)|| < d||z||, then

Hsup < Ap + €. (20)

We consider now the system (9) and (19) in R?. For this space the following result is obtained:
Theorem 2. Suppose that:
i) System (9) is regular and there exists a constant C > 0 such that

- \/[agg(t) — an(t)]z + [agl(t) + alg(t)]2 dt < C < +oo.

to

ii) Function f(t,x) is continuous on [to; +00) and there exists a function g(t) > 0, YVt > to,

satisfying the condition:
1f (@&, 2) < g()|]l, VE=to
Then maximal exponent Ao of system (9) under perturbation f(t,x) is upper - stable.
Proof.  We denote by z((t) = x(tg, xo, t) the solution of system (19), which satisfies initial condition
xo(tp) = xo. Denote by Fy,(t) the function matrix corresponding to this solution in the sense of
Lemma 2, i.e. for this solution there exists a function matrix Fy(t) such that xo(¢) is a solution of
the following linear system
i = A(t)x + Fy,(t)z, (x0 € R?), (21)

where || Fy, (t)|| < g(t), ¥t > to. We denote by p7® < ps° the elements of spectrum of nonlinear
system (19). According to Theomrem 1, for every given € > 0 there exists § > 0 such that

[Fao(8)[| <6 implies  45° < Ao + % Vo € R2.

From || Fy,(t)| < g(t) < 6, we have
ps® < Ay + %, Vzo € R%

Therefore, we obtain that

€
Hsup = SUP s’ < Ao+ = < Ag +e€.
moGRQ 2

The proof is therefore completed.
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Corollary 2. Suppose that conditions i) and ii) of Theorem 2 hold and the function ¢(t) in condition
i) satisfies the condition

tlgi-noo g(t) =0
Then maximal exponent Ao of system (9) under perturbation f(t,x) is upper - stable.
Proof. For every given € > 0 there exists § > 0 such that
|Fo(@)] <6 implies 120 < Ay + g Vo € R2.

Since limy_, o g(t) = 0, for § > 0 there exists 7' = T'(§) > top such that 0 < g(t) < 9, Vt > T.
Thus, if t > T then || F,,(¢)|| < g(t) < 4. Taking to limit as ¢ — +o00, we have

€
po® < Ao+ 2 Vzo € R%.
Taking to supremum over all 2o € R?, we have

€
Hsup = SUP s’ < Ao+ = < Ag + €.
moGRQ 2
The proof is therefore completed.
Example. Consider the system
. 1
xr1 = (1 + t—z):L'l

V3 2
T2 = t—zlL'l + (1 + t—z):L'g (22)

t>1.

It is easy to see that this system is nonredusible and nonperiodic. We can show that for this system:

1 t

A =Xy=1and lim —/ SpA(s)ds = 2.
t—+oo t Jq

Therefore, system (22) is regular. We can see also for this system:

W(t) = \/[(1 T (§>2 _2

Therefore, we get
t
2
/ W(s)ds:2—;§2, Vi > 1.
1

Thus, system (22) satisfies all conditions of Theorem 1. Its maximal exponent is upper - stable.
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