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Oscilation and Convergence for a Neutral Difference Equation
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Abstract. The oscillation and convergence of the solutions of neutral difference equation

T
Ay + 0xn—7) + Y ai(n)F(@n-m,) =0, n=0,1,--
i=1
are investigated, where m; € Ng, Vi = 1,7 and F is a function mapping R to R.
Keyworks: Neutral difference equation, oscillation, nonoscillation, convergence.

1. Introduction

It is well-known that difference equation
A(zy, + 0xp—7) + a(n)zyp—e =0, (1)

where n € N, the operator A is defined as Ax,, = x,4+1 — x5, the function a(n) is defined on N, ¢
is a constant, 7 is a positive integer and ¢ is a nonnegative integer, was first considered by Brayton
and Willoughby from the numerical point of view (see [1]). In recent years, the asymptotic behavior
of solutions of this equation has been studied extensively (see [2-7]). In [4, 6, 7], the oscillation of
solutions of the difference equation (1) was discussed.

Motivated by the work above, in this paper, we aim to study the oscillation and convergence of
solutions of neutral difference equation

T
Ay + 0xn—7) + Y i(n)F(&n-m,;) =0, (2)
i=1
for n € N,n > a for some a € N, where r, mi, mo, - -+, m, are fixed positive integers, the functions
a;(n) are defined on N and the function F' is defined on R.
Put A = max{r, my,---,m,}. Then, by a solution of (2) we mean a function which is defined
for n > —A and sastisfies the equation (2) for n € N. Clearly, if
Tp=an, n=-A-A+1---,-1,0

are given, then (2) has a unique solution, and it can be constructed recursively.

A nontrivial solution {z,}n>, of (2) is called oscillatory if for any n; > a there exists
ng > ny such that z,,x,,+1 < 0. The difference equation (2) is called oscillatory if all its solutions
are oscillatory. Otherwise, it is called nonoscillatory.
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2. Main results

2.1. The Oscillation

Consider neutral difference equation

A(zy, + 0Tp—r —I—E:ozZ N)Tn—m,; =0, (3)
=1
for n € N,n > a for some a € N, where r, mi, mo,---,m, are fixed positive integers and the

functions «;(n) are defined on N. It is clear that equation (3) is a particular case of (2). We shall
establish some sufficient criterias for the oscillation of solutions of the difference equation (3). First
of all we have

Theorem 1. Assume that

b 1)m+1 r
M liminf a;(n) > 1, (4)
mm ‘= n—oo
where 6 =0, a;(n) 2 0,n e N, 1< i< rand m= 12121 m;. Then, (3) is oscillatory.
<ir
Proof. We first prove that the inequality
Az, + Zal N)Tn—m;, <0, meN (5)

has no eventually positive solution. Assume, for the sake of contradiction, that (5) has a solution {x,, }

with x,, > 0 for all n > n1,n; € N. Setting v,, = "Emil and dividing this inequality by x,,, we obtain

1 r m;
—<1- Zai(n) an_g, (6)
n i=1 =1

where n > ny +m, m = max m,.
1<igr

Clearly, {z,,} is nonincreasing with n > ny + m, and so v, > 1 for all n > ny + m. From (4)
and (6) we see that {v,,} is a above bounded sequence. Putting lim inf v,, = (3, we get
n—oo

1 1 : -~
limsup — = = < 1 — liminf a;(n Un—¢,
n—»oop’Un ﬁ oo ; z( )1:[ n—~{
or
1 T
Z<1— imi () . g
<1 Z;hnnig}faz(n) g (7)
1=
Since
gz pm, Vi=T,
we have
liminf a;(n) ™ > liminf oy (n)3™, Vi=T1,r
n—oo n—oo
and

1-— Z liminfa;(n)g™ <1 — Zlim inf o (n) 8™,

i=1 i=1
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From (7) we have

T
I%Iggfz; ai(n) < g+t
1=
But

p—1_ mm
gl = (4 1)t

SO
T

~ 1 m+1
M liminfa;(n) < 1,
mm 7 n—00
1=
which contradicts condition (4). Hence, (5) has no eventually positive solution.

Similarly, we can prove that the inequality
T
A:L'n + Zai(n)mn—mi = 07 neN
i=1

has no eventually negative solution. So, the proof is complete.

Corollary. Assume that
r 1 mm
r{[[tminfai(m)]"> F=vm

i=1

where 6 =0, a;(n) 2 0,n e N, 1< i< randm= 1 2221 m;. Then, (3) is oscillatory.

T

135

(8)

Proof. We will prove that the inequality (5) has no eventually positive solution. Assume, for the sake
of contradiction, that (5) has a solution {z,} with z,, > 0 for all n > ny,ny € N. Using arithmetic

and geometric mean inequality, we obtain

1
Z liminf a;(n) - g™ > r (H lim inf al(n)ﬁml> ,
i=1 =1

which is the same as

S

i: linn_l)ggf a;(n)- M = (ﬁ linn_l)ggf ai(n)> g™,
This yields - - )
1-— i: l%rrigfai(n) AL = (ﬁ I%Irigfai(n)> Tﬁm.

By using the inequality ({7:)1we have -

r AT

r [H(lim inf o (n))] %g m

=1 T (i + 1)+t

which contradicts condition (8). Hence, (5) has no eventually positive solution.
Next, we consider the equation (3) in case J # 0. We have the following Lemma.

Lemma 1. Let a;(n) > 0 for all n € N and let {x,} be an eventually positive solution of (3).

Zn = Ty + 0Tp_r, we have

Put
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e (a) If -1 < <0, then z, > 0 and Az, < 0 eventually.
e B)If6 < —1and > ;2 >4 a;(€)] = oo, then z, < 0 and Az, < 0 eventually.

Proof. (a) Since a;(n) # 0, we have
Az, = — Zai(n):nn_mi <0
i=1

eventually, so z, cannot be eventually identically zero. If z,, < 0 eventually, then

zn <zy <0, VYn>N €N,
Since —1 < § < 0, we get

Zp =Ty + 0Tp—r > Ty — Tn—r,
which implies that

Tn < 2Zp + Tp—7 < ZN + Tp—r-
Therefore,

TN4rn < ZN + TN4rn—7 = ZN + TN47(n-1) <+ < NZN + TN.

Taking n — oo in the above inequality, we have xn 1., < 0, which is a contradiction to x, > 0.
(b) We have

T
Az, = — Zai(n):nn_mi <0,
i=1

for n sufficient large. We shall prove that z, < 0, eventually. Assume, for the sake of a contradiction,
that

Zn =%p +0xp_r =20, n>=N,
ie.

Tp =2 —0Tp_r, n =N,
which implies that
I N ) T S
5 5 j—hm e

On letting j — oo in the above inequality, we get x,, — oo as n — oco. But
T T
Azp == ai(n)an-m, < =M _ ai(n), (9)
i=1 i=1

for n sufficient large, where M > 0. Summing (9) from N to n, we obtain

Zn4l — ZN S -M Z[Z OZZ(E)],

/=N i=1
which implies that z, — —oo as n — oo. This contradicts the hypothesis that z,, > 0, n > V.

Theorem 2. Suppose that

T

> liminf a;(n) > 1, (10)
=1

1 (’ﬁl+ 1)fn+1
149 mm
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where —1 < § < 0, m = min m; and a;(n) > 0, a;(n) > a;(n — 1), for n sufficient large,
<i<gr

1< i< r. Then, (3) is oscillatory.

Proof. Assume the contrary and let {x,, } be an eventually positive solution of (3). Let z,, = x,, + 02y~

and w, = 2z, + dz,—,. Then, by the case (a) of Lemma 1, z,, > 0, Az, < 0 and w,, > 0. We have
Aw, = Azn + Az

T

= _g az $n m; 5§ azn_7)$n7 m; s

=1

_§ az $n m; 5§ az $n7m17

Aw, < _Zaz( )(:En m1+5$n T— mz)

N

Aw, < —Zai(n)zn_mi <0.

Putting lim z, = 3, we have § > 0 and
n—oo
lim w, =0+d6=(14+6)5=0
n—oo
Therefore, w,, > 0 for n sufficient large. On the other hand,

Wy = 2n + 0zn—r < (14 96)2p,
which implies that

- Wn—m;

n—m; = 1496 .

Hence, we obtain
T 1 r
Awn < — Z OZZ(’I’L)Zn_mZ < 1—_1_5 Z (07 (n)wn—mza
=1 =1

or

1 T

Aw, + 115 Zaz( n)Wn—m; < 0. (11)

By Theorem 1 and in view of condition (10), the inequality (11) has no eventually positive
solution, which is a contradiction.

Lemma 2. Assume that —1 < § < 0 and 7 > m + 1, where m = min m;. Then, the maximum

value of () = ﬁﬁm;fz(l +6437) on [1,00) is f(B*), in which 5* € (1,(—=6)"Y7) is a unique real
solution of the equation

1+68"+(B—1)[678" — (m+1)(1+37)] =0

Proof. The equation f'(3) = 0 is equivalent to
1+66"+(B—1[0r8" —(m+1)(1+57)] =0. (12)
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Put
e(B) =1+ 607 + (B —1)[6T87 — (m+1)(1+6437)].
It is easy to check that
¢(B) =617+ 657 [r — (1 + 1)] — (I + 1) + (B — 1)o7 [r — (m + 1)).
Since 7 > m + 1, we get ©’(3) < 0. On the other hand, we have p(1) =1+ 4§ > 0 and

ﬁlirjra w(B) = 611111 {1+667+(B-1)[007[r—(m+1)] - (m+1)]} = —oc0.
It implies that, ¢ is a decreasing function, starting from a positive value at 5 = 1, and hence (12)
has a unique real solution 5* € [1,00). Further, it is easy to see that 3* € (1,(—6)~/7) and
f(B) =0, VBe(1,(—6)"17), which implies that f(3*) is the maximum value of f(/3) on [1, c0).
The proof is complete

Theorem 3. Assume that —1 < § < 0; 7 > m+ 1; ay(n) > 0, a;(n) > a;(n — 7),
for n sufficient large, 1 < i <r, m = min m; and
1<ir
T
PR ﬁ* 1 *T—1
Zhnniggfozi(n) ﬁ —=m (14087, (13)
i=1

where 3* € [1,00) is defined as in Lemma 2. Then, (3) is oscillatory.

Proof. Suppose to the contrary, and let {z,,} be an eventually positive solution of (3). By the case (a)
of Lemma 1, we get z, > 0, Az, < 0 eventually. On the other hand,

Aw, = Azp + 02p—7) < Zal n)zn—m; < 0. (14)

> 1 for n sufficient large. Dividing (14) by z,, we get

Putting ~y,, = ==

T

1 _r _r .
<1+5|:Zn _M}_Zai(n)%_mz7
Tn+1 Zn Zn i1 Zn

or

Tn+1

r ms
<1+ 5|:7n—7+1 o Un T Yn—142 "Vn} - Z OzZ(’I’L) H'Vn—é' (15)
=1 /=0

Setting lim inf ~,, = 8, we get § > 1. It is clear that 3 is finite. From (15) we have
n—oo

1 1
lim sup == < 1+6877Y hm 1nf ai(n) - g™,
n—oo Yn+l ﬁ Z
d 1 1
Dolminfaq(n) - §7H < 14T (B 1) - 5 = (8- 1[5 +057)

i=1

S lmintai(n) < L4657 = £(9),

i=1
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By Lemma 2, we have
. o1 .
> liminfa(n) < f(6%) = 5 —ma (1 +6577),
i=1
which contradicts condition (13). Hence, (3) has no eventually positive solution.
Theorem 4. Suppose that
1 (T—m)™™
T e S 10
where a;(n) < «o;(n — T) for n sufficient large; 6 < —1, m, = maxm;, 7 > m, + 1 and

1<igr
S [Doi_; «i(0)] = oo. Then, (3) is oscillatory.

Proof. Assume the contrary. Without loss of generality, let {x,,} be an eventually positive solution of

(3). By the case (b) of Lemma 1, we have z, < 0 and Az, < 0. Putting
Wy = Zp + 02p—r,
we have
Wy, = Zp + 02n—7 < (1 + 5)Zn—7-7

which is the same as

Therefore, it follows that

Aw, = Azn—l—(?Azn -

T

= _g az :L'n m; 5§ azn_7)$n7 m; s

=1

WV

|
|'M

E

:En m; 52041 $n T—m;>»
Aw, > _Zaz( )(:En m1+5$n T— mz)

Aw, > —Zai(n)zn_mi >0,
so we get

< Awy, + Z az Zn m; < Awy, + 5 1 Z az wn m;+T-
=1

, we obtain

1 r T—my
N 5_1_—1 Zaz(n) H Tn—m;+7—L-
=1 /=1

— wn+1

Setting v,

(17)
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Putting # = lim inf ~,,, we have 3 > 1. Taking lower limit on both sides of (17), we obtain
n—oo

1 T
6>21——— Zliminfozi(n) BT
0+1 i n—00

or
T

B-1>——ro Zliminfozi(n) S pTTM (18)
i=1

Since

promez T Vi= 1,

5T ligrigfai(n)ﬁT_mi > aran ligr_l)g}f a;(n)f7 "™, Vi=1,r.

From (18) we get

T
T O i) < =
i
But
8—1 (T —my — 1)7 1
ﬁﬂ-—m* (7- —m )T—m* ’
)
1 (7 — My )™ !

which contradicts condition (16). Hence, (3) has no eventually positive solution.

Theorem 5. Suppose that

T

1 (r—my) .
5 - 1t 2 lminfai(n) > 1 (19)

T—Mx

where § < —1, my, = max m;, 7> my + 1 and 3,2 (>, a;(€)] = occ. Then, (3) is oscillatory.

1<igr

Proof. Suppose to the contrary, and let {x,,} be an eventually positive solution of (3). Put z, =
ZTp + 0xp_r. By the case (b) of Lemma 1, we obtain z, < 0 and Az, < 0. On the other hand, we
have z, > dx,_r Of Tp_, > %zn, which implies that z,,_,,, > %zmﬁ_mi. Hence,

1 T
Az, < ~3 ; @i(N) Zntr—m;- (20)

and dividing (20) by z,, we obtain

Setting v,, = Z’Zl

or
r T—m;—1

vy > 1— % Sain) [ Smiromet (21)

im1 7—0 Zn4r—m;—£—1
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Taking lower limit on both sides of (21) and putting $ = lim inf v,,, we have § > 1 and
n—oo

g—12> —% Zliminfozi(n) - AT
i=1

We can prove
1 (r—my)™T ™ —
5 (7 —my — Ly ;%Hi&?f ai(n) < 1
i
similarly as the proof of Theorem 4, which contradicts condition (19). Hence, (3) has no eventually
positive solution.

2.2. The Convergence

We give conditions implying that every nonoscillatory solution is convergent. To begin with,
we have

Lemma 3. Let {x,} be a nonoscillatory solution of (2). Put z, = Ty + 0Tp_r.

e (a) If {x,,} is eventually positive (negative), then {z,} is eventually nonincreasing (nonde-
creasing).
o (b) If {x,} is eventually positive (negative) and there exists a constant y such that

then eventually z, > 0 (z, < 0).

Proof. Let {z,,} be an eventually positive solution of (2). The case {z,} is an eventually negative
solution of (2) can be considered similarly.
T
(@) We have Az, = — > ai(n)F(Tp—m,) < 0 for all large n. Thus, {z,} is eventually
i=1
nonincreasing,
(b) Suppose the conclusion does not hold, then since by (a) {z,} is nonincreasing, it follows
T

that eventually either z, = 0 or z, < 0. Now z, = 0 implies that Az, = — > a;(n)F(xy—m,) =0,
=1

but this contradicts the fact that a;(n) # 0 for infinitely many n. If z, < OZ, then z,, < —d0x,—+ SO
0 < 0. From (22) it follows that —1 < v < 0 and x,, < —vyx,_,. Thus, by induction, we obtain
Tntjr < (=) 2, for all positive integers j. Hence, x,, — 0 as n — oco. It implies that {2,,} decreases
to zero as n — oo. This contradicts the fact that z,, < 0.

Theorem 6. Assume that

[e.e] T
Z Z a;(l) = oo, (23)
=1 i=1
and there exists a constant 1 such that
~1<n<68<0. (24)

Suppose further that, if |x| > c then |F(z)| > ¢1 where ¢ and ¢y are positive constants. Then, every
nonoscillatory solution of (2) tends to 0 as n — oo.
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Proof. Let {x,} be an eventually positive solution of (2), say z,, > 0, z,—r > 0 and x,,_p,, > 0 for
n = ng € N. Put z,, = &, +dx,_-. We first prove that z, — 0 as n — oo. Note that (24) implies (22)
with 7 replace by . By Lemma 3 we have {z,} is eventually positive and nonincreasing. Therefore,
there exists lim z,. Put lim z, = (. Now, suppose that 5 > 0. By (24), we have z,, < x,. Thus,

n—oQ n—oQ

there exists an integer n; > ng € N such that
ﬁngn—mlglL'n_ml, vn)’n/l,i:l"'"r,
Hence,

Az, = — Zai(n)F(mn_mi) < —MZai(n), Yn = ny
i=1 =1

for some positive constant //. Summing the last inequality, we obtain

n—1 r
Zn < 2Zpy — M Z Zai(f),

l=n7 i=1
which as n — oo, in view of (23), implies that z,, — —oo. This is a contradiction.
Since lim z, = 0, there exists a positive constant A such that 0 < z, < A and so, by (24) we

n—oo
have
Assume that {x,,} is not bounded. Then, there exists a subsequence {ny} of N, so that klim Ty, = 00
— 00
and x,, = max x;, k=1,2,---.From (25), for k£ sufficiently large, we get
no<J<ng

Tny, & —NTy, +A
and so
(1+n)zn, <A,
which as k£ — oo leads to a contradiction.
Now suppose that lim sup z,, = o > 0. Then, there exists a subsequence {ny} of N, with n;

n—oQ

large enough so that z,, > 0 for n > ny — 7 and x,, — « as k£ — oo. Then, from (24), we have
Zng 2 Ty T Nny—r
and so
Tpy—7 = —;(:L’nk — Zn, )

As k — oo, we obtain
. o
az limz, > ——.
k—o0 n

Since —n € (0, 1), it follows that « = 0, i.e. x, — 0 as n — oo. The arguments when {z,} is an
eventually negative solution of (2) is similar.

Theorem 7. Suppose there exists positive constants M, a;, 1= 1,2, r such that
ai(n) 2 a; 1=1,2,---,r, YneN, (26)
|F(z)| > Mlz|, VzeR, (27)

§>0. (28)
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Then, every nonoscillatory solution of (2) tends to 0 as n — oo.

Proof. Let {x,} be an eventually positive solution of (2), say z,, > 0, z,—r > 0 and x,,_p,, > 0 for
n > ng € N. By Lemma 3, {z,} is eventually positive and nonincreasing, so there exists lim z,.

n—oQ

Put lim z, = . Summing the equation (2) from n to co for n > ng, we obtain
n—oo

=B+ > > () F (), n>no.

l=n i=1

Now by (26) and (27), we get
aM Z Zai(ﬁ)xg_mi < Z Zai(f)F(:Eg_mi) <zp— B < oo,

t=n i=1 t=n i=1

which implies that z,, — 0 as n — oco. The proof is similar when {x,} is eventually negative.
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