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Abstract. A new procedure for calculation and analysis of XAFS (X-ray Absorption Fine 

Structure) cumulants of hcp crystals containing dopant atom has been derived based on quantum 

statistical theory with generalized anharmonic correlated Einstein model. Analytical expressions 

for effective local force constants, correlated Einstein frequency and temperature, first cumulant or 

net thermal expansion, second cumulant or Debye Waller factor and third cumulant of hcp crystals 

containing dopant atom have been derived. Morse potential parameters of pure crystals and those 

with dopant included in the derived expressions have been calculated. Numerical results for Zn 

doped by Cd are found to be in good agreement with experiment.  

1. Introduction 

To study thermodynamic properties of a substance it is necessary to investigate its effective local 

force constants, correlated Einstein frequency and temperature, net thermal expansion, mean square 

relative displacement (MSRD) or Debye Waller factor and third cumulant [1-14] which are contained 

in the XAFS [12]. Local force constants of transition metal dopants in a nickel host in XAFS has been 

investigated but only for comparision to Mossbauer studies [10]. 

The purpose of this work is to develop a method for calculation and evaluation of the effective 

local force constants, correlated Einstein frequency and temperature, first cumulant or net thermal 

expansion, second cumulant or MSRD characterizing Debye Waller factor and third cumulant of hcp 

crystals containing a dopant (D) atom as absorber in the XAFS process. Its nearest neighbors are the 

host (H) atoms. The derivation is based on the generalization of the anharmonic correlated Einstein 

model [7] which is considered at present as “the best theoretical framework with which the 

experimentalist can relate force constants to temperature dependent XAFS” [10] to the case for crystal 

containing dopant atom. For completing the ab initio calculation procedure the parameters of Morse 

potential of pure crystals and those with dopant have been also calculated. Numerical calculations for 

Zn doped by Cd atom have been carried out to show the thermodynamical effects of hcp crystal under 

influence of the doping atom. The calculated results are found to be in good agreement with 

experiment for Morse potential and for the other thermodynamic parameters [13]. 
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2. Formalism 

The expression for the MSRD in XAFS theory is derived based on the anharmonic correlated 

Einstein model [7] generalized to the case with a dopant atom according to which the effective 

interaction Einstein potential of the system consisting of an dopant (D) atom as absorber and the other 

host (H) atoms as scatterers is given by 
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Here x is deviation between the instantaneous bond length r and its equilibrium value ro , effk is 

effective local force constant, and 
3k  the cubic parameter giving an asymmetry in the pair distribution 

function, R̂  is bond unit vector. The correlated Einstein model is here generalized as a oscillation of a 

pair of atoms with masses DM  and HM  (e.g., of dopant atom as absorber and of host atom as 

backscatterer) in a given system. Their oscillation is influenced by their neighbors given by the 2nd 

term in the right side of the second of Eq. (1), where the sum i  is over absorber ( 1=i ) and 

backscatterer ( 2=i ), and the sum j  is over all their nearest neighbors, excluding the absorber and 

backsctterer themselves. The latter contributions are described by the term ( )
HDV x . The third equality 

is for hcp crystals containing dopant atom. 

  For weak anharmonicity in XAFS the Morse potential is used expanded to the 3
rd

 order 

 ( ) ( )2α α 2 2 3 32 1 α α
x xV(x) D e e D x x− −= − ≅ − + − +�  (3) 

for the pure material and 
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for the doping case, where Morse potential parameters have been obtained by averaging those of the 

pure materials and they are given by 
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Using the definition [2, 7] axy −= as the deviation from the equilibrium value of x the Eq. (1) is 

rewritten in the sum of the harmonic contribution and the anharmonic contribution Vδ as a 

purturbation 

 ( ) VykyV effeff δ+= 2

2

1
.  (6) 

Taking into account the atomic distribution of hcp crystal and using the above equations we obtain 

the effective local force constant 
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the cubic anharmonic parameter 
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the anharmonic contribution to the effective potential of the system 
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the correlated Einstein frequency and temperature  

 BEEeffE kk /,/ ωθµω �==  (10) 

  The cumulants have been derived by averaging procedure in quantum statistics, using the 

statistical density matrix ρ  and the canonical partition function Z in the form 
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where Bk  is Boltzmann constant and δρ  is neglected due to small anharmonicity in XAFS [2]. 

  Using the above results we calculate the second cumulant or Debye-Waller factor  
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where we express y in terms of anihilation and creation operators, â  and 
+â , i. e.,  
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and use harmonic oscillator state n  with eigenvalue En nE ω�= (ignoring the zero point energy for 

convenience). 

  Therefore, the expression for second cumulant (MSRD) or Debye-Waller factor is resulted as 
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Now we calculate the odd cumulants 
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  Using the calculated matrix elements and mathematical formulas for different transformations we 

obtain the expressions for the first cumulant (m=1) 

   ( ) ( ) ( )
( )

2
222

233

11231

4

3
)31(8

8

1
13

,
1

13
)(









++









−−

=
−

+
=−==

HHHDHD

EHHHDHD

oo
eff

DD

DD

z

z

k

k
Ta

αακ

ωαακ

σσσσ

�

,  (18) 



Nguyen Van Hung et al. / VNU Journal of Science, Mathematics - Physics 23 (2007) 28-34 

 

31 

and for the third cumulant (m=3)  
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From Eq. (18) we obtain the thermal expansion coefficient 
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In the above expressions ( ) ( )1 32
σ σ σo o o, ,  are zero-point contributions to the first, second and third 

cumulants, respectively. They characterize quantum effects occurred by using quantum theory in our 

calculation and influence on the obtained results, 0
Tα  is constant value which Tα approaches at high 

temperatures. The above derived values are contained in the XAFS including anharmonic 

contributions [7, 12]. If the doping atom is taken out from the host material all the above expressions 

will be changed into those of the pure hcp crystals [14]. 

3. Numerical results and comparison to experiment 

Now we apply the above derived expressions to numerical calculations for Zn doped by Cd atom 

as absorber in the XAFS process. Their Morse potential parameters have been calculated using the 

procedure presented in [15, 16]. The Calculated values of Morse potential parameters; correlated 

Einstein frequency and temperature; effective local force constant for the pure Zn, Cd and those for Zn 

doped by Cd atom are written in Table I. They agree well with experiment [13]. 

Table 1. Calculated  Morse potential parameters D, α ;Einstein frequency Eω  and temperature Eθ ; effective 

local force constant effk  for Zn-Zn, Cd-Cd, Zn-Cd compared to experiment [13]. 

 Bond D(eV) α (Å-1) ro (Å) ( )mNkeff /  )10( 13 HzE ×ω  ( )KEθ  

Zn-Zn, present 0.1698 1.7054 2.7931 39.5616 2.6917 205.6101 

Zn-Zn, exp.[13] 0.1685 1.7000 2.7650 39.0105 2.6729 204.1730 

Cd-Cd, present 0.1675 1.9069 3.0419 48.7927 2.2798 174.1425 

Cd-Cd, exp.[13] 0.1653 1.9053 3.0550 48.0711 2.2628 172.8499 

Zn-Cd, present 0.1687 1.8084 2.9175 36.7083 2.3057 176.1268 

Zn-Cd, exp.[13] 0.1669 1.8046 2.9100 36.1851 2.2893 174.8673 

 

Figure 1 illustrates our calculated Morse potential (a) and anharmonic effective potential (b) for 

Zn doped by Cd atom. The Morse potential for this case has the same form as for the pure material, the 

anharmonic effective potential becomes asymmetric due to the third order of the potential. All they 

agree well with experiment [13]. 
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a)             b) 
Figure 1. Calculated Morse potential (a) and anharmonic effective potential (b) for Zn doped by Cd atom 

compared to experiment [13].  

Figure 2 demonstrates the calculated first cumulant or net thermal expansion ( ) ( )1
σ T  (a), and  

second cumulant or Debye-Waller factor ( )2
σ T (b). The third cumulant ( ) ( )3

σ T  and cumulant relation 

( ) ( )321 / σσσ , which is oft studied in XAFS, are inllustrated in Figure 3 showing a good agreement 

with experiment [13] at 77K and 300K. In this doping material the relation ( ) ( )321 / σσσ  descreases 

fastly from the value 1.5 at 0K and then approaches a constant value ½ at high temperatures as for the 

hcp pure crystals [14] and for the other crystal structures such as fcc [7]. Hence, this cumulant relation 

is an important standard characteristic in XAFS technique not only for the pure crystals but also for 

the doping materials. Moreover, our calculated cumulants satisfy all their fundamental properties [17], 

i. e., they contain zero-point contributions due to quantum effects at low temperatures, the 1
st
 and 2

nd
 

cumulants are linearly proportional to the temperature and the 3rd one to the square of temperature at 

high temperatures. They agree well with experiment at 77K and 300K [13]. 

 

 

 

 

 

 

 

 

 

 

 
 

 

a)      b) 

Figure 2. Temperature dependence of our calculated 1st 
( ) ( )1
σ T  (a) and 2nd (b) 

( ) ( )2
σ T cumulant for Zn doped 

by Cd compared to experiment at 77K and 300K [13]. 
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  a)         b) 

Figure 3. Calculated second cumulant 
( ) ( )2
σ T  (a) and cumulant relation (b) for Zn doped by Cd compared to 

experiment at 77K and 300K [13]. 

4. Conclusions 

A new analytical method for calculation and evaluation of the thermodynamic properties of hcp 

crystals containing dopant atom has been developed based on the quantum statistical theory with the 

anharmonic correlated Einstein model generalized for the doping hcp crystal. 

  The derived expressions for the local effective force constants, anharmonic effective potential, 

correlated Einstein frequency and temperature, the first, second and third XAFS cumulant of hcp 

crystals containing dopant atom satisfy all standard properties of these quantities. The cumulant 

relation ( ) ( )321 / σσσ , which is oft studied in XAFS technique, for doping materials also has the same 

properties as for the pure crystals with different structures. 

The calculated Morse potential for the doping material has the same form as for the pure one, the 

anharmonic effective potential becomes asymmetric due to the anharmonicity. 

 The good agreement between the calculated and the experimental results demonstrates the 

efficiency and possibility of using the present developed procedure in XAFS data analysis. 
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