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Abstract. Let us consider the composed random variable = >~/ _, &, where &, &, ...
are independent identically distributed random variables and v is a positive value random,
independent of all &.

In [1] and [2], we gave some the stabilities of the distribution function of 7 in the following
sense: the small changes in the distribution function of £, only lead to the small changes in
the distribution function of 7.

In the paper, we investigate the distribution function of 1 when we have the small changes of
the distribution of v.

1. Introduction

Let us consider the random variable (r.v):

n=> & (1)
k=1

where &1, &, ... are independent identically distributed random variables with the distribution function
F(x), v is a positive value r.v independent of all & and v has the distribution function A(z).

In [1] and [2], 7 is called to be the composed r.v and v is called to be its index r.v. If ¥(x) is
the distribution function of 1 with the characteristic function 1 (z) respecrively then (see [1] or [2])

¥(x) = alp(t)] (2)

where a(z) is the generating function of v and ¢(¢) is the characteristic function of &.

In [1] and [2], we gave some the stabilities of WU(z) in the following sence: the small changes
in the distribution function F'(z) only lead to the small changes in the distribution function ¥(z).

In this paper, we shall investigate the stability of n’s distribution function when we have the
small change of the distribution of the index r.v v.
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2. Stability theorem
Let us consider the r.v now:
v
m = Z k (3)
k=1

where 14 has the distribution function A;(z) with the generating function a;(z). Suppose & have the
stable law with the characteristic function

o(t) = explint — clt”[L — e w(tia)]) (1)
where ¢, i, a, 3 are real number, ¢ > 0; |3 < 1,
2>a>a1 >1; w(t;a):tg%t. (5)
For every € > 0 is given, such that i
e < (32" (©

o
where ¢3 = (c + |8l[tg "L + [p]).

We have the following theorem:

Theorem 2.1 (Stability Theorem). Assume that

p(A; Ar) = sup [A(z) — Ai(z)| <€
rzeR!

+00 +oo
wi= [ e <son i, = [ A < 4o, Va0 (7)
0 0

Then we have
p(W, W) < K/t

where K1 is a constant independent of €, V(x) and V1 (x) are the distribution function of n and 11

respectively.

Lemma 2.1. Let a is a complex number, a = pe'® | such that 0] < g; 0 < p < 1. Then we have the

following estimation:

V14]a -1

lat — 1) < YA 1L
(1—la—1])

(for every t > 0) (8)

Proof. Since a = p(cosf + isin@), it follows that a® = p(costd + isintd).
Hence
lat — 1|2 = (p' costh — 1) + (p' sinth)?, (9)
we also have
(ptcostd —1) = (p' — 1) costh + (costh — 1),
Notice that |1 — cos z| < |z| for all x, thus
|ptcostl — 1] < |pt — 1] + |t6].
On the other hand, since |sinu| < |u| for all u,

lat — 1% < 2|pt — 1% + 2t26% + p*'t26?, (10)
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we can see
la — 112 = (pcosh —1)? 4 (p?sin? 9).
It follows that
|psinf| < |a —1]. (11)
Furthermore,
lal =1/ <la—1]=lp-1|<la=1] = p=1—]a—1].

From (11) we obtain
la — 1| < la — 1]

inf| < < . 12
: T . 6]
Since [0] < 3= | sind| > oS0 that
2la — 1|
] < ————1 (13)
(I —la—1])
From (10) and (13), we have
8t2|a — 1|2 p*t2|a — 1)?
¢ 2 ¢ 2
—11°<2)p —1 4 . 14
s T M e )
For all ¢ > 0, the following inequality holds:
t(1 —
P
Using (11) and notice that |1 — p| = |1 — |a|| < |a — 1|, we shall have
tla—1
P
Hence by (14) we get
14t%)a — 12
¢ 2
—12< .
N &

Lemma 2.2. Under the notation in (2), let 0(¢) be sufficiently small postive number such that §(¢) — 0
when ¢ — 0 and

v, [t < 3(e).

s
arge(t)] < 5

Then
[(t) =@ < ClE| - VE, [t < d(e)
where C'is a constant independent of € and 11(t) is the characteristic function with the distribution

Sfunction W1 (t) respectively.
Proof. We have

|p(t) — ¢ (t)] = | /0+oo lp()*d[A(z) — Ai(2)]] < /0+oo ") = 1d[A(2) + Au(2)]. (17)
Notice that, for all t € R
e _ 1) < 3| sin(%”n < g|m| < 2Jta.
Hence, if we put

+00 oo
= / @ldF(2) < +oo;  o(t) = / ¢ P (z),

—0o0 —0o0
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then
() =1 < [ 16 = 11d < 2tlu.
From lemma 2.1, (with a = ¢(¢); [t| < d(e))

Vidz|p(t) — 1]
(1—lp(t) —1))

1
Because there exits moments (from (7)) and with ¢, |¢t| < 0(¢) we can see |1 — ¢(t)| < 3 therefore

T V1dz|p(t) — 1] B
1= o) — 1) HAE) + A2)] < AW Tdpp(pa + pa)ltl = Clt

lo(t) —1] < (18)

(1) — 1 (8)] < /0
(do |p(t) — 1] < purlt] )

where C' is a constant independent of ¢ and up = fj;o |z|dF(x) < oo.
Proof of Theorem 2.1.

For every N > 0 and ¢ € R, we have

“+o0
[p(t) = (t)] = I/ p"(t)d[A(2) — Ar(2)]|

< / — (@) + /N " o WdlAR) - M)
N “+o00
<IAG) - AN + / A) = @Ol me@ldz + [ dAR) + Ai(2)
0 N
=1L+ I+ Is. (19)
First, it easy to see that
I < 2. (20)

In order to estimate I, notice that ¢(¢) has form (4) with the condition (5) so we have

aT
[ Inp(@®)] < |ulltl + [t (c + clBlitg=-1) < lpllt] + Crft* (21)

am agm
where C :c—l—c|ﬁ||t97| < c+c|f|tg ;

If T = T(e) is a positive number which will be chosen later (7'(¢) — oo when € — 0), we can see
that

|Inp(t)] < |p|T 4+ C1T* < (Cr + |p))T < CoT Vi, |t| < T(e)
where Co = c—l—c|ﬁ||tga2£| +lul; (a>a3 >1).

Then N

6/ CgTadZ < Cg&TaN. (22)

0

Finally, with a from condition (5), we have

Ha + pa
Ig < ———. 23
y< A (23)
By using (19), (20), (21), (23), we conclude that
o _|_ o

[ (t) — ¥ (t)] < 2 + CpeToN + ZA T HAL (24)

Na
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1 1
Choosing T' = £ 3 adN=T= 5_3_a, we can see that
Ll 1
CQETQN < 026 3 3 = 0263,
1
(WA + p )N = (i + ph, )e3.
Thus
1 1 1
[(t) — 1 (t)] < 26 + Coe3 + (pg + 4, Je3 = Cae3 (25)
1
for every ¢t with [t| < T = e 3% and ('3 is a constant independent of ¢.
For all §(¢) > 0, we consider now
T _ 4(e)
t t t) — t t) — t
-7 ¢ ~5(e) ¢ §(e)<ItI<T t
Since
Inz =1In|z| +iarg(z) (0<argz < 2m),
for all complex number z, letting z = ¢(t), (|t| < d(¢))
large(t)] < [Inp(t)] < C20(e)
1 1
with §(e) = 3, we shall get |argp(t)] < Cee3 and from (6)
1
5 T ™
Cae3 < 3= large(t)] < 3 for every t, [t| < de.
Hence, using lemma 2.2, we obtain:
1
/ PO =010 1y < 90(e) = 2023, (26)
—5(2) t
On the other hand, using (25), we get
(1) (1) = (T at = T = 1 !
/ |%|dt<0353/ & = Cye3 I~ = Cse3 In(— ) < Caeb. (27)
5(e)<It<T t se) d(e) + o
e 3
From (26) and (27)
T (t) (t) 1 1 1
/ |%|dt < 203 + 046 < Cseb
-T

where Cj5 is constant independent of ¢.
Indeed, by using Essen’s inequality (see [3]) we have

1 1 1
p(U; W) < Cs5e6 + Ced < K16

where K is a constant independent of ¢.
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